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PREFACE

This book is designed for a two-semester sequence in time-harmonic electro-
magnetics that is beyond an introduction to electromagnetostatics. Although the
first part of the book is intended primarily for undergraduates and beginning
graduates in electrical engineering and physics, the last part is intended for ad-
vanced graduate students and practicing engineers and scientists. The majority of
Chapters 1 to 10 can be covered in the first semester, and most of Chapters 11 to 14
can be covered in the second semester. To cover all of the material in the proposed
time frame would be, in many instances, a very ambitious task. Sufficient topics
have been included, however, to make the text complete and to allow the instructor
the flexibility to emphasize, de-emphasize, or omit sections or chapters.

The discussion presumes that the student has a general knowledge of vector
analysis, differential and integral calculus, and electromagnetostatics either from an
introductory electrical engineering or physics course. Mathematical techniques
required for understanding some advanced topics, mostly in the later chapters, are
incorporated in the individual chapters or are included as appendixes.

This is a very detailed student-oriented book. The analytical detail, rigor, and
thoroughness allows many of the topics to be traced to their origin. In addition to
the coverage of traditional classical topics, the book includes state of the art
advanced topics on Integral Equations (IE), Moment Method (MM), Geometrical
Theory of Diffraction (GTD), and Green’s functions. Electromagnetic theorems, as
applied to the solution of boundary-value problems, are also included and dis
cussed. Co

The material is presented in a sequential and unified manner, and each chapter
is subdivided into sections or subsections for which the individual heading clearly
identifies the topic discussed, examined, or illustrated. The book also includes
numerous examples, illustrations, references, and end-of-chapter problems. The
examples and end-of-chapter problems have been designed to illustrate basic
principles and to challenge the knowledge of the student. An exhaustive list of
references is included at the end of each chapter to allow the interested reader to
research each topic. A number of appendixes of mathematical identities and special
functions, some represented also in tabular and graphical forms, are included to aid
the student in the solution of the examples and assigned problems. Moment Method
(MM) and Geometrical Theory of Diffraction (GTD) FORTRAN computer pro-
grams are included, respectively, at the end of Chapters 12 and 13, and they can be
used for the solution of simple and complex problems. Also, information is provided
about other national moment method computer programs. A solutions manual for
all end-of-chapter problems is available for the instructor.

In Chapter 1 the book covers the classical topics on Maxwell’s equations,
constitutive parameters and relations, circuit relations, boundary conditions, and
power and energy relations. The electrical properties of matter, both direct-current
and alternating-current, are covered in Chapter 2, and the wave equation and its
solution in rectangular, cylindrical and spherical coordinates are discussed in
Chapter 3. Electromagnetic wave propagation and polarization is introduced
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in Chapter 4. Reflection and transmission at normal and oblique wave incidences
are considered in Chapter 5. Chapter 6 covers the auxiliary vector potentials and
their use toward the construction of solutions for radiation and scattering problems.
The theorems of duality, uniqueness, image, reciprocity, reaction, volume and
surface equivalences, induction, and physical and physical optics equivalents are
introduced and applied in Chapter 7. Rectangular cross section waveguides and
cavities, including dielectric slabs, striplines, and microstrips, are discussed in
Chapter 8. Those of circular cross section, including the fiber optics cable, are
examined in Chapter 9, and those of spherical geometry are introduced in Chapter
10. Scattering by strips, plates, circular cylinders, wedges, and spheres is analyzed in
Chapter 11. Chapter 12 covers the basics and applications of Integral Equations
(IE) and Moment Method (MM) and also includes a computer program for wire
radiation and scattering. The techniques and applications for the Geometrical
Theory of Diffraction (GTD) are introduced and discussed in Chapter 13, including
computer programs for diffraction coefficients of conducting wedges. The classic
topic of Green’s functions is introduced and applied in Chapter 14.

Throughout the book an e/“* time convention is assumed, and it is suppressed
in almost all of the chapters. The International System of Units, which is an
expanded form of the rationalized MKS system, is used throughout the text
discussion. In some instances, the units of length are given in meters (or centime-
ters) and feet (or inches). Numbers in parentheses ( ) refer to equations, whereas
those in brackets [ ] refer to references. For emphasis, the most important equa-
tions, once they are derived, are boxed.

I acknowledge the invaluable suggestions, corrections, and constructive criti-
cisms of the reviewers of this book: Roger D. Radcliff of Ohio University, Christos
G. Christodoulou of University of Central Florida, Prabhakar H. Pathak of Ohio
State University, and Thomas E. Tice of Arizona State University. The writing of
this book has been a very ambitious task, and its completion would not have been
possible without the contributions of many of my graduate students. It is a pleasure
to acknowledge those of Kefeng Liu for the development of the moment method
computer programs and for the proofreading of parts of the manuscript, and those
of Lesley A. Polka, Frank L. Whetten, Mark S. Frank, James P. Gilb, and Craig R.
-Birtcher for proofreading parts of the manuscript. A special tribute is owed to Thuy
Griesser for the expert typing of all phases of the entire manuscript. I am also
grateful to Christina Kamra, Wiley editor of electrical engineering and computer
science, for her interest in the production and publication of this book. To the
companies and authors that provided the copyright permissions, I am most appre-
ciative. In a book of this size, there inevitably will be errors that have been
overlooked. I would appreciate having any errors brought to my attention.

Constantine A. Balanis
Tempe, Arizona
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1.1

CHAPTER

1

TIME-VARYING AND
TIME-HARMONIC
ELECTROMAGNETIC FIELDS

INTRODUCTION

Electromagnetic field theory is a discipline concerned with the study of charges, at
rest and in motion, that produce currents and electric—-magnetic fields. It is,
therefore, fundamental to the study of electrical engineering and physics, and
indispensable to the understanding, design, and operation of many practical systems
using antennas, scattering, microwave circuits and devices, radio-frequency and
optical communications, broadcasting, geosciences and remote sensing, radar, radio
astronomy, quantum electronies, solid-state circuits and devices, electromechanical
energy conversion, and even computers. Circuit theory, a required area in the study
of electrical engineering, is a special case of electromagnetic theory and it is valid
when the physical dimensions of the circuit are small compared to the wavelength.
Circuit concepts, which deal primarily with lumped elements, must be modified to
include distributed elements and coupling phenomena in studies of advanced
systems. For example, signal propagation, distortion, and coupling in microstrip
lines used in the design of sophisticated systems (such as computers) can be
accounted for properly only by understanding the electromagnetic field interactions
associated with them. .

The study of electromagnetics includes both theoretical and applied concepts.
The theoretical concepts are described by a set of basic laws formulated primarily
through experiments conducted during the nineteenth century by many
scientists—Faraday, Ampere, Gauss, Lenz, Coulomb, Volta, and others. They were
then combined into a consistent set of vector equations by Maxwell. These are the
widely acclaimed Maxwell’s equations. The applied concepts of electromagnetics
are formulated by applying the theoretical concepts to the design and operation of
practical systems.



2  TIME-VARYING AND TIME-HARMONIC ELECTROMAGNETIC FIELDS

1.2

1.2.1

In this chapter we will review Maxwell’s equations (both in differential and
integral forms), describe the relations between electromagnetic field and circuit
theories, derive the boundary conditions associated with electric and magnetic field
behavior across interfaces, relate power and energy concepts for electromagnetic
field and circuit theories, and specialize all these equations, relations, conditions,
concepts, and theories to the study of time-harmonic fields.

MAXWELL’S EQUATIONS

In general, electric and magnetic fields are vector quantities that have both magni-
tude and direction. The relations and variations of the electric and magnetic fields,
charges, and currents associated with electromagnetic waves are governed by physi-
cal laws, which are known as Maxwell’s equations. These equations, as we have
indicated, were arrived at mostly through various experiments carried out by
different investigators, but they were put in their final form by James Clerk
Maxwell, a Scottish physicist and mathematician. These equations can be written
either in differential or in integral form.

Differential Form of Maxwell’s Equations

The differential form of Maxwell’s equations is the most widely used representation
to solve boundary-value electromagnetic problems. It is used to describe and relate
the field vectors, current densities, and charge densities at any point in space at any
time. For these expressions to be valid, it is assumed that the field vectors are
single-valued, bounded, continuous functions of position and time and exhibit
continuous derivatives. Field vectors associated with electromagnetic waves possess
these characteristics except where there exist abrupt changes in charge and current
densities. Discontinuous distributions of charges and currents usually occur at
interfaces between media where there are discrete changes in the electrical parame-
ters across the interface. The variations of the field vectors across such boundaries
(interfaces) are related to the discontinuous distributions of charges and currents by
what are usually referred to as the boundary conditions. Thus a complete description
of the field vectors at any point (including discontinuities) at any time requires not
only Maxwell’s equations in differential form but also the associated boundary
conditions.
In differential form, Maxwell’s equations can be written as

%
VXE= M = M~ M= — M, 1-1)
12 X7
VXH=Jitfet o =Ft =S I =7, (1-2)
VD=g, \‘ (1-3)

V%=g,, (1-4)
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where
jic=/i+¢¢c (1'53‘)
09
Fa= 7 (1'5b)
0%
=5 (1-5¢)

All these field quantities—&, o, 2, 8, £, #, and g, —are assumed to be
time-varying, and each is a function of the space coordinates and time, that is,
& = &(x, y, z; t). The definitions and units of the quantities are

= electric field intensity (volts /meter)
= magnetic field intensity (amperes/meter)
= electric flux density (coulombs/square meter)
# = magnetic flux density (webers/square meter)
. = impressed (source) electric current density (amperes/square meter)
#. = conduction electric current density (amperes/square meter)
#, = displacement electric current density (amperes/square meter)
M, = impressed (source) magnetic current density (volts/square meter)
M , = displacement magnetic current density (volts/square meter)
¢, = electric charge density (coulombs /cubic meter)

#mp = Magnetic charge density (webers /cubic meter)

The electric displacement current density £, = d2/dt was introduced by
Maxwell to complete Ampere’s law for statics, V. X # = #. For free space £, was
viewed as a motion of bound charges moving in “ether,” an ideal weightless fluid
pervading all space. Since ether proved to be undetectable and its concept was not
totally reasonable with the theory of relativity, it has since been disregarded.
Instead, for dielectrics, part of the displacement current density has been viewed as
a motion of bound charges creating a true current. Because of this, it is convenient
to consider even in free space the entire d2,/d¢ term as a displacement current
density.

Because of the symmetry of Maxwell’s equations, the 3% /d¢ term in (1-1) has
been designated as a magnetic displacement current density. In addition, impressed
(source) magnetic current density #; and magnetic charge density ¢,,, have been
introduced, respectively, in (1-1) and (1-4) through the “generalized” current con-
cept. Although we have been accustomed to viewing magnetic charges and im-
pressed magnetic current densities as not being physically realizable, they have been
introduced to balance Maxwell’s equations. Equivalent magnetic charges and cur-
rents will be introduced in later chapters to represent physical -problems. In
addition, impressed magnetic current densities, like impressed electric current
densities, can be considered as energy sources that generate the fields and whose
field expressions can be written in terms of these current densities. For some
electromagnetic problems, their solution can often be aided by the introduction of
“equivalent” impressed electric and magnetic current densities. The importance of
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FIGURE 1-1 Circuits with electric and magnetic current
densities. (a) Electric current density. (b) Mag-
netic current density.

both will become more obvious to the reader as solutions to specific electromagnetic
boundary-value problems are considered in later chapters. However, to give the
reader an early glimpse of the importance and interpretation of the electric and
magnetic current densities, let us consider two familiar circuit examples.

In Figure 1-1a an electric current source is connected in series to a resistor
and a parallel-plate capacitor. The electric current density /¢, can be viewed as the
current source that generates the conduction current density ¢, through the resistor
and the displacement current density £, through the dielectric material of the
capacitor. In Figure 1-1b a voltage source is connected to a wire that, in turn, is
wrapped around a high permeability magnetic core. The voltage source can be
viewed as the impressed magnetic current density that generates the displacement
magnetic current density through the magnetic material of the core.

In addition to the four Maxwell’s equations, there is another equation that
relates the variations of the current density ,#,, and the charge density Fovr
Although not an independent relation, this equation is referred to as the continuity
equation because it relates the net flow of current out of a small volume (in the limit,
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a point) to the rate of decrease of charge. It takes the form

d¢.,
AL 1-6
o (1-6)

The continuity equation 1-6 can be derived from Maxwell’s equations as given by
(1-1) through (1-5c¢).

v.fic':*

Integral Form of Maxwell’s Equations

The integral form of Maxwell’s equations describes the relations of the field vectors,
charge densities, and current densities over an extended region of space. They have
limited applications and are usually utilized only to solve electromagnetic
boundary-value problems that possess complete symmetry (such as rectangular,
cylindrical, spherical, etc., symmetries). However, the fields and their derivatives in
question do not need to possess continuous distributions.

The integral form of Maxwell’s equations can be derived from its differential
form by utilizing the Stokes’ and divergence theorems. For any arbitrary vector A
Stokes’ theorem states that the line integral of the vector A along a closed path C is
equal to the integral of the dot product of the curl of the vector A with the normal to the
surface S that has the contour C as its boundary. In equation form, Stokes’ theorem
can be written as

A-dl = (V x A) - ds (1-%)
pa-ai=ff,

The divergence theorem states that for any arbitrary vector A the closed surface
integral of the normal component of vector A over a surface S is equal to the volume
integral of the divergence of A over the volume V enclosed by S. In mathematical form,
the divergence theorem is stated as

@A-dpfffvv “Ady (1-8)

Taking the surface integral of both sides of (1-1), we can write

)% 3
ffs(v xé’)-ds=——ffs.lli-ds—ffs - -ds=—ffsﬁi-ds—5t—ffs.@-ds
(1-9)

Applying Stokes’ theorem, as given by (1-7), on the left side of (1-9) reduces it to

9%5-d|=—f[9ﬂi-ds—%fsg~ds (1-9a)

which is referred to as Maxwell’s equation in integral form as derived from Faraday’s
law. In the absence of an impressed magnetic current density, Faraday’s law states
that the electromotive force (emf) appearing at the open-circuited terminals of a
loop is equal to the time rate of decrease of magnetic flux linking the loop.

Using a similar procedure, we can show that the corresponding ihtegral form
of (1-2) can be written as

¢C.9£”-dl=ffsjic-ds+%fS@-ds=fijic-ds+fL/d-ds (1-10)
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which is usually referred to as Maxwell’s equation in integral form as derived from
Ampere’s law. Ampere’s law states that the line integral of the magnetic field over a
closed path is equal to the current enclosed.

The other two Maxwell equations in integral form can be obtained from the
corresponding differential forms, using the following procedure. First take the
volume integral of both sides of (1-3); that is,

I/ V- Ddo = I/ Ferdo =2, (1-11)

where 2, is the total electric charge. Applying the divergence theorem, as given by
(1-8), on the left side of (1-11) reduces it to

gfé@ . ds = fff/w dv = 2,  (1-11a)

which is usually referred to as Maxwell’s electric field equation in integral form as
derived from Gauss’s law. Gauss’s law for the electric field states that the total electric
flux through a closed surface is equal to the total charge enclosed.

In a similar manner, the integral form of (1-4) is given in terms of the total
magnetic charge £, by

#g cds=2, (1-12)
S

which is usually referred to as Maxwell’s magnetic field equation in integral form as
derived from Gauss’s law. Even though magnetic charge is nonphysical, it is used as
an equivalent to represent physical problems. The corresponding integral form of
the continuity equation, as given by (1-6) in differential form, can be written as

@;n ds = — %fff/w dy = — ai‘* (1-13)

Maxwell’s equations in differential and integral form are summarized and
listed in Table 1-1.

TABLE 1-1
Maxwell’s equations and the continuity equation in differentiai
and integral forms for time-varying fields

Differential form ‘ Integral form

Vxé":—v/{i—% | 95Cé”-dl=—ffs.lli-ds—~a%ffs.@-ds

Vx.;f’=j,.+/c+% ¢C.;f-dl=ffsf,-ds+f/;jc-ds+%/fS@-ds

V-@=y, S@@-d;;@

V-%=g4, #g.@f-ds=,@m

€

99, ] 82
V-f,«c=—% #g/ic-ds=~szfyyﬂ,dv=— Y
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CONSTITUTIVE PARAMETERS AND kRELATIONS

Materials contain charged particles, and when these materials are subjected to

~ electromagnetic fields, their charged particles interact with the electromagnetic field

vectors, producing currents and modifying the electromagnetic wave propagation in
these media compared to that in free space. A more complete discussion of this is in
Chapter 2. To account on a macroscopic scale for the presence and behavior of
these charged particles, without introducing them in a microscopic lattice structure,
we give a set of three expressions relating the electromagnetic field vectors. These
expressions are referred to as the constitutive relations, and they will be developed in
more detail in Chapter 2.

One of the constitutive relations relates in the time domain the electric flux
density 2 to the electric field intensity & by

P = ixé (1-14)

where £ is the time-varying permittivity of the medium (farads/meter) and

indicates convolution. For free space
-9

E=¢=8854x10""= (farads /meter) (1-14a)

k)

and (1-14) reduces to a product.

Another relation equates in the time domain the magnetic flux density % to
the magnetic field intensity € by .
B = v (1-15)

where‘,& 'is the time-varying permeability of the medium (henries/meter). For free
space
i = o = 47 X 107 (henries /meter) (1-15a)

and (1-15) reduces to a product.

Finally, the conduction current density /%, is related in the domain to the
electric field intensity & by

F.=8%8 (1-16)

where 6 is the time-varying conductivity of the medium (siemens/meter). For free
space

<Q>

-0 (1-16a)

In the frequency domain or for frequency nonvarying constitutive parameters,
the relations of (1-14), (1-15) and (1-16) reduce to products. For simplicity of
notation, they will be indicated everywhere from now on as products, and the
( ~ ) in the time-varying constitutive parameters will be omitted.

Whereas (1-14), (1-15), and (1-16) are referred to as the constitutive rela-
tions, &, fi, and '8 are referred to as the constitutive parameters, which are, in
general, functions of the applied field strength, the position within the medium,
the direction of the applied field, and the frequency of operation.

The constitutive parameters are used to characterize the electrical properties of
a material. In general, materials are characterized as dielectrics (insulators), magnet-
ics, and conductors depending on whether polarization (electric displacement current
density), magnetization (magnetic displacement current density), or conduction
(conduction current density) is the predominant phenomenon. Another class of
material is made up of semiconductors, which bridge the gap between dielectrics and
conductors where neither displacement nor conduction currents are, in general,
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predominant. In addition, materials are classified as linear versus nonlinear, homo-
geneous versus nonhomogeneous (inhomogeneous), isotropic versus nonisotropic (an-
isotropic), and dispersive versus nondispersive according to their lattice structure
and behavior. All these types of materials will be discussed in detail in Chapter 2.

If all the constitutive parameters of a given medium are not functions of the
applied field strength, the material is known as linear; otherwise it is nonlinear.
Media whose constitutive parameters are not functions of position are known as
homogeneous; otherwise they are referred to as nonhomogeneous (inhomogeneous).
Isotropic materials are those whose constitutive parameters are not functions of
direction of the applied field; otherwise they are designated as nonisotropic (aniso-
tropic). Crystals are one form of anisotropic material. Material whose constitutive
parameters are functions of frequency are referred to as dispersive; otherwise they
are known as nondispersive. All materials used in our everyday life exhibit some
degree of dispersion, although the variations for some may be negligible and for
others significant. More details concerning the development of the constitutive
parameters can be found in Chapter 2.

CIRCUIT-FIELD RELATIONS

The differential and integral forms of Maxwell’s equations were presented, respec-
tively, in Sections 1.2.1 and 1.2.2. These relations are usually referred to as field
equations since the quantities appearing in them are all field quantities. Maxwell’s
equations can also be written in terms of what are usually referred to as circuit
quantities; the corresponding forms are denoted circuit equations. The circuit equa-
tions are introduced in circuit theory texts, and they are special cases of the more
general field equations.

Kirchhoff’s Voltage Law

According to Maxwell’s equation 1-9a, the left side represents the sum voltage drops
(use the convention where positive voltage begins at the start of the path) along a
closed path C, which can be written as

o= 95«5’ - d1 (volts) (1-17)

The right side of (1-9a) must also have the same units (volts) as its left side. Thus in
the absence of impressed magnetic current densities (./l = 0), the right side of
(1- 9a) can be wrltten as

d a:
37 fj;.@ cds = — %ﬂ- = — E(Lsa') = —Ls—; (webers/second = volts)
" (1-17a)

because by definition ¢, = L/ where L, is an inductance (assumed to be constant)
and / is the associated current. Using (1-17) and (1-17a), we can write (1-9a) with
M, =0 as
ay ad dc
=—— " e ——(Li)= —L — 1-17b

Equation 1-17b states that the voltage drops along a closed path of a circuit are
equal to the time rate of change of the magnetic flux passing through the surface
enclosed by the closed path or equal to the voltage drop across an inductor L, that
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is used to represent the stray inductance of the circuit. This is the well-known
Kirchhoff loop voltage law which is used widely in circuit theory, and its form
represents a circuit relation. Thus we can write the following field and circuit
relations:

Field Relation Circuit Relation
9 vy, v, a9
edl = — — g = — —" =" L (117
¢Cé" dl a7 ffs.@ ds FPai Yo o -y (1-17¢)

In lumped-element circuit analysis, where usually the wavelength is very large
(or the dimensions of the total circuit are small compared to the wavelength) and
the stray inductance of the circuit is very small, the right side of (1-17b) is very
small and it is usually set equal to zero. In these cases (1-17b) states that the voltage
drops (or rises) along a closed path are equal to zero, and it represents a very widely
used relation to most of us.

To demonstrate Kirchhoff’s loop voltage law, let us consider the circuit of
Figure 1-2 where a voltage source and three ideal lumped elements (a resistance R,
an inductor L, and a capacitor C) are connected in series to form a closed loop.
According to (1-17b)

dé

—v,togto, o= —Lsa = —uy (1-18)
where L, shown dashed in Figure 1-2, represents the total stray inductance
associated with the current and the magnetic flux generated by the loop that
connects the ideal lumped elements (we assume that the wire resistance is negligible).
If the stray inductance L, of the circuit and the time rate of change of the current is
small (the case for low-frequency applications), the right side of (1-18) is small and
can be set equal to zero.

Kirchhoff’s Current Law

The left side of the integral form of the continuity equation, as given by (1-13), can
be written in circuit form as

Yo b ds (1-19)
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where X/ represents the sum of the currents passing through closed surface S. Using
(1-19) reduces (1-13) to

o 02 7 ez o
‘__81__8t(sv)__s—¢9_t ('a)

since by definition 2, = C» where C, is a capacitance (assumed to be constant) and
» is the associated voltage.

Equation 1-19a states that the sum of the currents crossing a surface that
encloses a circuit is equal to the time rate of change of the total electric charge
enclosed by the surface or equal to the current flowing through a capacitor C, that is
used to represent the stray capacitance of the circuit. This is the well-known
Kirchhoff node current law which is widely used in circuit theory, and its form
represents a circuit relation. Thus we can write the following field and circuit
relations:

Field Relation Circuit Relation

9 92 32 9o
eds = — — = - —=° = ——f = _Cc— (11
#gfw as= -7/ oo ® = =G @ Li= —5n = —Gg (1-19)

In lumped-element circuit analysis, where the stray capacitance associated with the
circuit is very small, the right side of (1-19a) is very small and it is usually set equal
to zero. In these cases (1-19a) states that the currents exiting (or entering) a surface
enclosing a circuit are equal to zero. This represents a very widely used relation.

To demonstrate Kirchhoff’s node current law, let us consider the circuit of
Figure 1-3 where a current source and three ideal lumped elements (a resistance R,
an inductor L, and a capacitor C) are connected in parallel to form a node.
According to (1-19a)

dv

—i,tigti+ L'C’= _CS(')_Z = —iy (1-20)

where C,, shown dashed in Figure 1-3, represents the total stray capacitance
associated with the circuit of Figure 1-3. If the stray capacitance C, of the circuit
and the time rate of change of the total charge 2, are small (the case for
low-frequency applications), the right side of (1-20) is small and can be set equal to
zero. The current /. associated with the stray capacitance C, also includes the
displacement (leakage) current crossing the closed surface S of Figure 1-3 outside of
the wires.

FIGURE 1-3 RLC parallel network.
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Element Laws

In addition to Kirchhoff’s loop voltage and node current laws as given, respectively,
by (1-17b) and (1-19a), there are a number of current element laws that are widely
used  in circuit theory. One of the most popular is Ohm’s law for a resistor (or a

~ conductance G), which states that the voltage drop v across a resistor R is equal to

the product of the resistor R and the current iy flowing through it (vp = Rép or
‘g = vr/R = Gup). Ohm’s law of circuit theory is a special case of the constitutive
relation given by (1-16). Thus

Field Relation Circulit Relation
F.=08 o ip= ROR™ Gup (1-21)

Another element law is associated with an inductor L and states that the voltage
drop across an inductor is equal to the product of L and the time rate of change of the
current through the inductor (v, = Ld:, /dt). Before proceeding to relate the induc-
tor’s voltage drop to the corresponding field relation, let us first define inductance.
To do this we state that the magnetic flux ¢, is equal to the product of the -
inductance L and the corresponding current ¢. That is ¢, = L.. The corresponding
field equation of this relation is (1-15). Thus

Field Relation Circuit Relation

B=p¥ o ,=Li (1-22)
Using (1-5¢) and (1-15), we can write for a homogeneous and non-time-varying
medium that

LY B v aH
4= 5 = 3t(u )_”_at (1-22a)

where .#, is defined as the magnetic displacement current density [analogous to the
electric displacement current density £, = 02/0t = d(&6)/dt = €&/ dt]. With
the aid of the right side of (1-9a) and the circuit relation of (1-22) we can write

d ay,, d diy

— || Brds=—=—(L¢;)=L—— = -

at ffs T o at(L‘L) Ly =w (1-22b)
Using (1-22a) and (1-22b), we can write the following relations:

Field Relation Circuit Relation

) 9;
My=p—— = vy = La_zL (1-22¢)

Using a similar procedure, for a capacitor C we can write the field and circuit
relations analogous to those of (1-22) and (1-22¢):

Field Relation  Circuit Relation

D=6 & 2,=Co, (1-23)
3& T e
Fimegr = Oy (124

A summary of the field theory relations and their corresponding circuit
concepts are listed in Table 1-2.
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BOUNDARY CONDITIONS

As previously stated, the differential form of Maxwell’s equations are used to solve
for the field vectors provided the field quantities are single-valued, bounded, and
possess (along with their derivatives) continuous distributions. Along boundaries
where the media involved exhibit discontinuities in electrical properties (or there
exist sources along these boundaries), the field vectors are also discontinuous and
their behavior across the boundaries is governed by the boundary conditions.

Maxwell’s equations in differential form represent derivatives, with respect to
the space coordinates, of the field vectors. At points of discontinuity in the field
vectors, the derivatives of the field vectors have no meaning and cannot be properly
used to define the behavior of the field vectors across these boundaries. Instead the
behavior of the field vectors across discontinuous boundaries must be handled by
examining the field vectors themselves and not their derivatives. The dependence of
the field vectors on the electrical properties of the media along boundaries
of discontinuity is manifested in our everyday life. It has been observed that radio
or television reception deteriorates or even ceases as we move from outside to inside
an enclosure (such as a tunnel or a well-shielded building). The reduction or loss of
the signal is governed not only by its attenuation as it travels through the medium
but also by its behavior across the discontinuous interfaces. Maxwell’s equations in
integral form provide the most convenient formulation for derivation of the bound-
ary conditions.

Finite Conductivity Media

Initially let us consider an interface between two media, as shown in Figure 1-4a4,
along which there are no charges or sources. These conditions are satisfied provided
that neither of the two media is a perfect conductor or that actual sources are not
placed there. Media 1 and 2 are characterized, respectively, by the constitutive
parameters &, g, 0, and &,, i,, 6,.

At a given point along the interface, let us choose a rectangular box whose
boundary is denoted by C, and its areas by S,. The x, y, z coordinate system is
chosen to represent the local geometry of the rectangle. Applying Maxwell’s
equation 1-9a, with ., = 0, on the rectangle along C, and on S,, we have

¢%£-dl= —% fsz?-ds (1-25)
0

As the height Ay of the rectangle becomes progressively shorter, the area S, also
becomes vanishingly smaller so that the contributions of the surface integral in
(1-25) are negligible. In addition, the contributions of the line integral in (1-25)
along Ay are also minimal so that in the limit (Ay — 0) (1-25) reduces to

& 4, Ax—8&,-d, Ax=0
6, =6, =0=08,=26, (1-26)

or

AX (& —-6)=0 0,, 6, are finite (1-26a)
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(a)

(b)

FIGURE 1-4 Geometry for boundary conditions of tangential and normal components.
(a) Tangential components. (b) Normal components.

In (1-26), &,, and*&,, represent, respectively, the tangential components of the
electric field in media 1 and 2 along the interface. Both (1-26) and (1-26a) state that
the tangential components of the electric field across an interface between two media
with no impressed magnetic current densities along the boundary of the interface are
continuous.

Using a similar procedure on the same rectangle but for (1-10), assuming
F. =0, we can write that

'}iﬁlz - XZ: =0=,=7, (1‘27)

or

AX(H,— H#,)=0 0,, 0, are finite (1-27a)
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which state that the tangential components of the magnetic field across an interface
between two media, neither of which is a perfect conductor, are continuous. This
relation also holds if either or both media possess finite conductivity. Equations
1-26a and 1-27a must be modified if either of the two media is a perfect conductor
or if there are impressed (source) current densities along the interface. This will be
-done in the pages that follow.

In addition to the boundary conditions on the tangential components of the
electric and magnetic fields across an interface, their normal components are also
related. To derive these relations, let us consider the geometry of Figure 1-4b where
a cylindrical pillbox is chosen at a given point along the interface. If there are no
charges along the interface, which is the case when there are no sources or either of
the two media is not a perfect conductor, (1-11a) reduces to

D-ds=10 (1-28)
Ao, A

As the height Ay of the pillbox becomes progressively shorter, the area 4; also
becomes vanishingly smaller so that the contributions to the surface integral of
(1-28) by 4, are negligible. Thus (1-28) can be written in the limit (Ay — 0) as

D, 8,4y~ D, 4,4y =0 |
‘@271 - @in =0= ‘@2n = gln (1-29)

or

A (2,-92,)=0 0,, 0, are finite (1-29a)

In (1-29), 2,, and 2,, represent, respectively, the normal components of the
electric flux density in media 1 and 2 along the interface. Both (1-29) and (1-29a)
state that the normal components of the electric flux density across an interface
between two media, both of which are imperfect electric conductors and where there are
no sources, are continuous. This relation also holds if either or both media possess
finite conductivity. Equation 1-29a must be modified if either of the media is'a
perfect conductor or if there are sources along the interface. This will be done in the
pages that follow.

In terms of the electric field intensities, (1-29) and (1-29a) can be written as

& &
6,8, = §6), = &, = —6, = &, = — &, (1-30)
) S8
or
(6,8, —e8)=0| 0,0, are finite © (1-30a)

which state that the normal components of the electric field intensity across an
interface are discontinuous.

Using a similar procedure on the same pillbox but for (1-12) with no charges
along the interface, we can write that

g2n - gln =0= ‘%Zn = ‘@1n (1'31)
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1.5.2

or

A (B, — B) =0 (1-31a)

which state that the normal components of the magnetic flux density across an
interface between two media where there are no sources are continuous. In terms of the
magnetic field intensities, (1-31) and (1-31a) can be written as
by
Mz%n =y, = A, = ‘U‘-‘;?ln = H, = “_9?2
2 1

(1-32)

n

or

e (ppdts — my) =0 (1-32a)

which state that the normal components of the magnetic field intensity across an
interface are discontinuous.

Infinite Conductivity Media

If actual electric sources and charges exist along the interface between the two
media, or if either of the two media forming the interface displayed in Figure 1-4 is
a perfect electric conductor, the boundary conditions on the tangential components
of the magnetic field [stated by (1-27a)] and on the normal components of the
electric flux density or normal components of the electric field intensity [stated by
(1-29a) or (1-30a)] must be modified to include the sources and charges or the
induced linear electric current density (#,) and surface electric charge density (g¢,,).
Similar modifications must be made to (1-26a), (1-31a), and (1-32a) if magnetic
sources and charges exist along the interface between the two media, or if either of
the two media is a perfect magnetic conductor.

To derive the appropriate boundary conditions for such cases, let us refer first
to Figure 1-4a and assume that on a very thin layer along the interface there exists
an electric surface charge density ¢,, (C/m’) and linear electric current density #,
(A/m). Applying (1-10) along the rectangle of Figure 1-4a, we can write that

9§Qx-d1=f[9/w - ds + —ff@ - ds (1-33)

In the limit as the height of the rectangle is shrinking, the left side of (1-33) reduces
to

lim 95 Hdl=(#, - #,) 4, Ax (1-33a)
Ay—07J¢, ’

Since the electric current density #,. is confined on a very thin layer along the
interface, the first term on the right side of (1-33) can be written as

Ay-éo-/—[ Fic ds

= lim [#,.-d,AxAy] = lim [(#,.Ay)-d,Ax] =4, +d,Ax (1-33b)
Ay—0 Ay—0
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Since S, becomes vanishingly smaller as Ay — 0, the last term on the right side of
(1-33) reduces to

— = lim — 9 - 1-33
1;11)10 at /f ?-ds = AyrEO at ff (1-33¢)
Substituting (1-33a) through (1-33c) into (1-33), we can write it as

(#1_‘#2).ﬁxAx=js.ﬁzAx

or
(#,—H,)-4,—F,-d,=0 (1-33d)
Since
d,=d,Xa, (1-34)
(1-33d) can be written as
(#,— #,)-(a,xa,) - F-a,=0 (1-35)
Using the vector identity
A-BXC=C-AXB (1-36)

on the first term in (1-35), we can then write it as
a,-[(#,— #,) xd,| ~F-d. =0 (1-37)
or
{[a,% (#,— #)] - £} d,=0 (1-37a)
Equation 1-37a is satisfied provided
[iy)< (”2_ ”1) —jszo (1-38)
or
a,x (#,—#)=F, (1-38a)

Similar results are obtained if the rectangles chosen are positioned in other
planes. Therefore we can write an expression on the boundary conditions of the
tangential components of the magnetic field, using the geometry of Figure 1-44, as

AX(H,— H,) =2, (1-39)

Equation 1-39 states that the tangential components of the magnetic field across an
interface, along which there exists a surface electric current density §; (A/m), are
discontinuous by an amount equal to the electric current density.

If either of the two media is a perfect electric conductor, (1-39) must be
reduced to account for the presence of the conductor. Let us assume that medium 1
in Figure 1-4a possesses an infinite conductivity (o; = 00). With such conductivity
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&, = 0, and (1-26a) reduces to

AXE=0=&,=0 (1-40)

Then (1-1) can be written as
0%,

VX&=0=-— =>% =0=># =0 (1-41)
provided p, is finite,

In a perfect conductor its free charges are confined to a very thin layer on the
surface of the conductor, forming a surface charge density #0s (with units of
coulombs /square meter). This charge density does not include bound (polarization)
charges (which contribute to the polarization surface charge density) that are usually
found inside and on the surface of dielectric media and that form atomic dipoles
having equal and opposite charges separated by an assumed infinitesimal distance.
Here instead the surface charge density #os Tepresents actual electric charges
separated by finite dimensions from equal quantities of opposite charge.

When the conducting surface is subjected to an applied electromagnetic field,
the surface charges are subjected to electric field Lorentz forces. These charges are
set in motion and thus create a surface electric current density F, with units of
amperes per meter. The surface current density £, also resides in a vanishingly thin
layer on the surface of the conductor so that in the limit as Ay — 0 in Figure 1-4a
the volume electric current density ,# (A/m?) reduces to

Jim (FAy) =, (1-42)

Then the boundary condition of (1-39) reduces, using (1-41) and (1-42), to

ﬁx‘;f2=js=‘}f2t= K (1'43)

which states that the tangential components of the magnetic field intensity are
discontinuous next to a perfect electric conductor by an amount equal to the induced
linear electric current density.

The boundary conditions on the normal components of the electric field
intensity and the electric flux density on an interface along which a surface current
density ¢, resides on a very thin layer can be derived by applying the integrals of
(1-11a) on a cylindrical pillbox shown in Figure 1-4b. Then we can write (1-11a) as

A]yirilo 4o, Alg T8 Alyir—n»o ff//"; dU . 144

Since the cyliﬁdrical surface 4, of the pillbox diminishes as Ay — 0, its contribu-
tions to the surface integral vanish. Thus we can write (1-44) as

(92 - -@1) *Ady = Al)%r—r:o [(%u AJ’)AO] = 7esAo (1'45)

which reduces to

fie (@2 -9, = Fes = Dy — Dy, = Pes (1'453)
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Equation (1-45a) states that the normal components of the electric flux density on an
interface along which a surface charge density resides are discontinuous by an amount
equal to the surface charge density.

In terms of the normal components of the electric field intensity, (1-45a) can
be written as

fie (525’2 - 51‘9@1) = Pes (1'46)

which also indicates that the normal components of the electric field are discontinuous
across a boundary along which a surface charge density resides.

If either of the media is a perfect electric conductor (assuming that medium 1
possesses infinite conductivity 6, = o), (1-45a) and (1-46) reduce, respectively, to

fi e @2 = Fos = @2n = Pes (1‘473)

i g2 = 7es/£2 = éo2n = 7es/£2 . (1'47b)

Both (1-47a) and (1-47b) state that the normal components of the electric flux density
and corresponding electric field intensity are discontinuous next to a perfect electric
conductor.

Sources along Boundaries

If electric and magnetic sources (charges and current densities) are present along the
interface between the two media with neither one being a perfect conductor, the
boundary conditions on the tangential and normal components of the fields can be
written as

AX (& - &) =H, (1-48a)
Ax (o, — H) =, (1-48b)
A (D, — D) = g, (1-48c)
A (B, — B)) = gms (1-48d)

where (A, #,) and (g, ¢.,) are the magnetic and electric linear (per meter)
current and surface (per square meter) charge densities, respectively. The derivation
of (1-48a) and (1-48d) proceeds along the same lines, respectively, as the derivation
of (1-48b) and (1-48c) in Section 1.5.2, but begins with (1-9a) and (1-12).

A summary of the boundary conditions on all the field components is found in
Table 1-3, which also includes the boundary conditions assuming that medium 1 is a
perfect magnetic conductor. In general, a magnetic conductor is defined as a
material inside of which both time-varying electric and magnetic fields vanish when
it is subjected to an electromagnetic field. The tangential components of the
magnetic field also vanish next to its surface. In addition, the magnetic charge
moves to the surface of the material and creates a magnetic current density which
resides on a very thin layer at the surface. Although such materials do not physically
exist, they are often used in electromagnetics to develop electrical equivalents that
yield the same answers as the actual physical problems.
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TABLE 1-3
Boundary conditions on instantaneous electromagnetic fields
Finite
conductivity media, Medium 1 of Medium 1 of
no sources or infinite infinite
charges electric magnetic
01,0, * 0 conductivity conductivity
F=0g4,=0 0; = 00; 0y *+ 0 (=0
General M =04, =0 M=0;4,=0 F=04,.=0
Tangential
electric field |
intensity —AX(& - &) =M, X (& —-&)=0 nxXé& =0 —AX & =
Tangential
magnetic
field
mtensity AX(H, — H) =2, aAX(H, - H#)=0 AX H, = ¢, AX A, =
Normal electric
flux density A (D, — D) =g, n(2,-2)=0 WD, =g, ne9,=
Normal magnetic »
flux density A (B, — By)= g, ne(#,—#)=0 n-%,=0 By =g,

1.6 POWER AND ENERGY

- In a wireless communication system, electromagnetic fields are used to transport
information over long distances. To accomplish this, energy must be associated with
electromagnetic fields. This transport of energy is accomplished even in the absence
of any intervening medium.

To derive the equations that indicate that energy (and forms of it) is associated
with electromagnetic waves, let us consider a region V characterized by ¢, u, 6 and
enclosed by the surface S as shown in Figure 1-5. Within that region there exist
electric and magnetic sources represented, respectively, by the electric and magnetic
current densities ,#, and .#,. The fields generated by £, and .#, that exist within §
are represented by &, #. These fields obey Maxwell’s equations, and we can write
using (1-1) and (1-2) that

FY3 3
VXE=—M~— = M= M~ M (1-49a)
09 &
VXH=FAI At oo =Fitob+e—=F +F +F, (1-4%)

FIGURE 1-5 Electric and magnetic fields within S generated
by £, and #,.
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Using scalar multiplication on (1-49a) by 4 and on (1-49b) by &, we can
write that

H(VXE)=—H(M+ M) (1-50a)
E-(VXH)=E(F,+ I+ F) (1-50b)

Subtracting (1-50b) from (1-50a) reduces to

K (VXE)-E(VXH)=—-H(M+M)—E(F+I +F,)
(1-51)
Using the vector identity

V.- (AXB)=B:(V XA)—-A-(V XB) (1-52)

on the left side of (1-51), we can write that
VeA(EXH)=-H(M+M)—E(F.+F.+F,) (1-53)

or

Ve(EXH)Y+H-(M+ M)+ E(F,+F.+F;)=0] (1-53a)

Integrating (1-53) over the volume V' leads to
J[[v(exaya=—[[[[# (M, + M)+ (F+ I +5,) v
v : v
(1-54)
Applying the divergence theorem of (1-8) on the left side of (1-54) reduces it to
fPex #)ds=—[[[[-(M+ M)+ (F+F.+5)] b (1-55)
'S 14

or

#;(gx.#)'ds+fffy['#'(ﬂi+"”d)+g.(fi+jc+jd)]dv=0

(1-55a)

Equations 1-53a and 1-55a can be interpreted, respectively, as the differential and
integral forms for the conservation of energy. To accomplish this, let us consider each
of the terms included in (1-55a).

The integrand in the first term of (1-55a) has the form

P=EXH (1-56)

which has the units of power density (watts/square meter), since & (V/m) and #
(A/m) with & (V = A/m?> = W /m?). Thus the first term of (1-55a), written as

gvfﬁé(éax X)-ds=#§5f-ds (1-57)

represents the total power &, exiting the volume ¥ bounded by the surface S.
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The other terms in (1-55a), which represent the integrand of the volume
integral, can be written as

fo=—(H M+ EF,) (1-58a)
M= w22 u#-e—{ = lumz = i(l” 2) -2, (1-58b)
at dt 20 ot ar\2 ot "
pa=E+F.=E+(0&) = 0&> (1-58¢)
co‘"°]d=€"g=£6’ g—liﬁ—i(lsfz):—a—w (1-584d)
at at 2 9t at at ¢
where
«,, = 2p#? = magnetic energy density (J/m’) (1-58¢)
w, = 1e6? = electric energy density (J/m’) (1-58f)
ho= —(# M + &+ F¢,) = supplied power density (W,/m*) (1-58g)
#q4 =06 = dissipated power density (W/ m3)ﬁ (1-58h)

Integrating each of the terms in (1-58a) through (1-58d), we can write the corre-
sponding forms as

P = —fffV(.%”-.I{i+ (S’-fi)du=fff fodv  (1-59)
fffV(éf-.I{d)dv=%fffV2 2dU~—fffw du——w/ (1-59b)
@d=fff(£-jc)du=fffagzdu=fff fadv (1-59¢)
fffV(cf-/d)du— atfffy—wf"z dv = —/ffw dv = ——“//e (1-59d)

where #,, = magnetic energy (J)
W, = electric energy (J)

#_ = supplied power (W)
P, = exiting power (W)
P, = dissipated power (W)

Using (1-57) and (1-59a) through (1-59d), we can write (1-55a) as ‘
d
P—-P+P,+ E(“/I/e+1//,,l)=0 ‘ (1-60)
or
d
P =P +P,+ E(W"Jr ¥,,) (1-60a)

which is the conservation of power law. This law states that within a region V
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bounded by S the supplied power £, is equal to the power &2, exiting S plus the
power 2, dissipated within that region plus the rate of change (increase if positive)
of the electric (#,) and magnetic (#},) energies stored within that same region.

A summary of the field theory relations and their corresponding circuit
concepts is found listed in Table 1-2.

TIME-HARMONIC ELECTROMAGNETIC FIELDS

Maxwell’s equations in differential and integral forms for general time-varying
electromagnetic fields were presented in Sections 1.2.1 and 12.2. In addition,
various expressions involving and relating the electromagnetic fields (such as the
constitutive parameters and relations, circuit relations, boundary conditions, and
power and energy) were also introduced in the preceding sections. However in many
practical systems involving electromagnetic waves the time variations are of cosinu-
soidal form and are referred to as time-harmonic. In general, such time variations
can be represented by! e/*%, and the instantaneous electromagnetic field vectors can
be related to their complex forms in a very simple manner. Thus for time-harmonic
fields, we can relate the instantaneous fields (represented by script letters) to their
complex forms (represented by roman letters) by

&(x, y, z:1) = Re[E(x, y, z)e] (1-61a)
H(x,y,z;1) = Re[H(x, y, z)e™'] (1-61b)
D(x, y,2:1) = Re[D(x, y, 2)e™] (1-61c)
A(x,y,z;1) = Re[B(x, y, z)e’] (1-61d)

S (x,,58) = Re[I(x, y, 2) e (1-61e)
g(x,7,2;1) = Req(x, y, z)e’] (1-61f)

where &, ', D, #, ¥, and ¢ represent the instantaneous field vectors while E, H,
D, B, J, and ¢ represent the corresponding complex spatial forms which are only a
function of position. In this book we have chosen to represent the instanta-
neous quantities by the real part of the product of the corresponding complex
spatial quantities with e/“’. Another option would be to represent the instantaneous
quantities by the imaginary part of the products. It should be stated that throughout
this book the magnitudes of the instantaneous fields represent peak values that are
related to their corresponding root-mean-square (rms) values by the square root of 2
(peak = Y2 rms). If the complex spatial quantities can be found, it is then a very
simple procedure to find their corresponding instantaneous forms by using (1-61a)
through (1-61f). In what follows, it will be shown that Maxwell’s equations in
differential and integral forms for time-harmonic electromagnetic fields can be
written in much simpler forms using the complex field vectors.

Another representation form of time-harmonic variations is e /' (most scientists prefer ¢’ or e™'*
where i = y/~1). Throughout this book we will use the ¢/’ form, which when it is not stated will be
assumed. The e/’ fields are related to those of the ¢/“’ form by the complex conjugate.
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1.7.1

1.7.2

Maxwell’s Equations in Differential and Integral Forms

It is a very simple exercise to show that, by substituting (1-61a) through (1-61f) into
(1-1) through (1-4) and (1-6), Maxwell’s equations and the continuity equation in
differential form for time-harmonic fields can be written in terms of the complex
field vectors as shown in Table 1-4. Using a similar procedure, we can write the
corresponding integral forms of Maxwell’s equations and the continuity equation
listed in Table 1-1 in terms of the complex spatial field vectors as shown in Table
1-4. Both of these derivations have been assigned as exercises to the reader at the
end of the chapter.

By examining the two forms in Table 1-4, we see that one form can be
obtained from the other by doing the following.

1. Replace the instantaneous field vectors by the corresponding complex spatial
forms, or vice versa. :

2. Replace d/9¢ by jw (3/3t « jw), or vice versa.

The second step is very similar to that followed in circuit analysis when Laplace
transforms are used to analyze RLC a.c. circuits. In these analyses 9/d¢ is
replaced by s (d/dt < s). For steady-state conditions 9/d¢. is replaced by
Jw (3/9t & 5 & jw). As we all remember, the reason for using Laplace transforms
was to transform differential equations to algebraic equations, which are simpler to
solve. The same intent is used here to write Maxwell’s equations in forms that are
easier to solve. Thus if it is desired to solve for the instantaneous field vectors of
time-harmonic fields, it is easier to use the following two-step procedure instead of
attempting to do it in one step using the general instantaneous forms of Maxwell’s
‘equations:

L. Solve for the complex spatial field vectors (E,H,D,B,J, ¢), using Maxwell’s
equations from Table 1-4 that are written in terms of the complex spatial field
vectors.

2. Determine the corresponding instantaneous field vectors using the relations 1-61a
through 1-61f.

Step 1 is obviously the most difficult, and once it is completed the solution in
many instances ceases there. Step 2 is very elementary and straightforward and is
often omitted. In practice, the time variations of e’/*! are stated at the outset, then
suppressed. '

Boundary Conditions

| The boundary conditions for time-harmonic fields are identical to those of general

time-varying fields, as derived in Section 1.5, and they can be expressed simply by
replacing the instantaneous field vectors in Table 1-3 with their corresponding
complex spatial field vectors. A summary of all the boundary conditions for
time-harmonic fields, referring to Figure 1-4, is found in Table 1-5.

In addition to the boundary conditions found in Table 1-5, an additional
boundary condition on the tangential components of the electric field is often used
along an interface when one of the two media is a very good conductor (material
that possesses large but finite conductivity). This is illustrated in Figure 1-6 where it
is assumed that medium 1 is a very good conductor whose surface, as will be shown
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FIGURE 1-6 Surface impedance along the surface of a very good conductor.

in Section 4.3.1, exhibits a surface impedance Z; (ohms) given approximately by

(4-42) or
o
Z, =R, +jX,=(1 +j)\/2— (1-62)
o

with equal real and imaginary (inductive) parts (o is the conductivity of the
conductor). At the surface there exists a linear current density J; (A/ m) related to
the tangential magnetic field in medium 2 by

J =AaxH, - (1-63)

Since the conductivity is finite (although large), the most intense current density
resides at the surface, and it diminishes (in an exponential form) as the observations
are made deeper into the conductor. This is demonstrated in Example 5.7 of Section
5.4.1. In addition, the electric field intensity along the interface cannot be zero
(although it may be small). Thus we can write that the tangential component of the’
electric field in medium 2 along the interface is related to the electric current density
J_ and tangential component of the magnetic field by

@p
E,=2J =ZAxH,=4xHy/ - (1+)) (1-64)
g

For time-harmonic fields all the boundary conditions are not independent
from each other since they are related and they are solutions to Maxwell’s equa-
tions. In fact, if the tangential components of the electric and magnetic field
intensities satisfy the boundary conditions, the normal components of the same
fields automatically satisfy their appropriate boundary conditions. For example, if
the tangential components of the electric field are continuous across a boundary, the
derivatives (with respect to the coordinates on the boundary surface) of these
tangential components are also continuous. This, in turn, ensures continuity of the
normal component of the magnetic field.

To demonstrate that, let us refer to the geometry of Figure 1-6 where the local
surface along the interface is described by the x, z coordinates with y being normal
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to the surface. Let us assume that E, and E, are continuous, which ensures that
their derivatives with respect to x and z (9E,/dx, dE,./3z, 0E,/dx, dE_/3z) are
also continuous. Therefore according to Maxwell’s curl equation of the electric field

a, 4, 4,

Y, vxE=vx(éxEx+dzEZ)=i 0 9

X Ix dz

E. 0 E,

JE, OJE,
=4.(0) + dy( 7 o ) +4,(0)
JE, JE,
VXE-= dy( 77 x ) = —jopuH (1-65)
or
1 (JE, OE,

By=[.l,Hy= '-J—‘:(—az— - Ix ) (1-653.)

According to (1-65a), B, the normal component of the magnetic flux density along
the interface, is continuous across the boundary if JE,/dz and JE,/dx are also
continuous across the boundary.

In a similar manner, it can be shown that continuity of the tangential
components of the magnetic field ensures continuity of the normal component of
the electric flux density (D).

1.7.3 Power and Energy

In Section 1.6 it was shown that power and energy are associated with time-varying
electromagnetic fields. The conservation of energy equation, in differential and
integral forms, was stated, respectively, by (1-53a) and (1-55a). Similar equations
~ can be derived for time-harmonic electromagnetic fields using the complex spatial
forms of the field vectors. Before we attempt this, let us first rewrite the instanta-
neous Poynting vector % in terms of the complex field vector.
By definition, the instantaneous Poynting vector was defined by (1-56) and is
repeated here as

F=EXH (1-66)

The electric and magnetic fields of (1-61a) and (1-61b) can also be written as
&(x,y, z;’ t) = Re [E(x, y, z)e/| = 1[Ee™ + (Ee/)*]  (1-67a)
H(x,y,z;t) = Re [H(x, y, z)e’'| = L[He/ + (He/*')*]  (1-67b)

where the asterisk (*) indicates complex conjugate. Substituting (1-67a) and (1-67b)
into (1-66), we have that

F=EX H = L(Ee/ + E*e ') X L(He ™ + Hre /')
= %{%[E X H* + E* X H] + %[E X He 2! + E* X H*e‘jz“"‘]}

F=3{3[Ex H* + (E x H*)*] + 1[E x He/> + (E x He/2)*]}
(1-68)
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Using equalities of the (1-67a) or (1-67b) form in reverse order, we can write
(1-68) as

&= 1[Re(E x H*) + Re (E X He/2)] (1-69)

Since both E and H are not functions of time and the time variations of the second
term are twice the frequency of the field vectors, the time-average Poynting vector
(average power density) over one period is equal to

#. =S =1 Re[E x H*] (1-70)

Since E X H* is in general complex and the real part of E X H* represents the
real part of the power density, what does the imaginary part represent? As will be
seen in what follows, the imaginary part represents the reactive power. With (1-69)
and (1-70) in mind, let us now derive the conservation of energy equation in
differential and integral forms using the complex forms of the field vector.

From Table 1-4, the first two of Maxwell’s equations can be written as

VXE=-M, — jopH (1-71a)
VXH=J+1J, +jweE =J, + oE + jwcE - (1-71b)
Dot multiplying (1-71a) by H* and the conjugate of (1-71b) by E, we have that
H*-(V XE) = —H*-M, — jopH - H* (1-72a)
E+-(V XH*) =E-J* + oE - E* — jw¢E « E* (1-72b)
Subtracting (1-72a) from (1-72b), we can write that
E-(V x H*) - H* - (V X E)
=H**M,+ E+J*+ oE+E* — joeE « E* + jopH - H*  (1-73)
Using the vector identity of (1-52) reduces (1-73) to
V «(H*XE) =H* M, + EJ* + o[E|> + jopH|* — jweE|* (1-74)
or
~V«(ExXH*)=H*M, + E-J*+ olE|” + jo(pH]> — eE|?) (1-74a)

Dividing both sides by 2, we can write that

~V +(3E X H*) = 1H* * M, + 1E - J* + 1o[E|> + j2e (ipH|> — 1¢E|?)

(1-75)

For time-harmonic fields (1-75) represents the conservation of energy equation in
differential form.

To see that (1-75) represents the conservation of energy equation in differential
form, let us first take the volume integral of both sides of (1-75) and then apply the
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divergence theorem of (1-8) to the left side. Doing both of these steps reduces (1-75)
to

)=l i)
=3fff Mg @
+3[f[ 0P o+ 20 [ Gl = {elEP) do

or

—%fffV(H*'MﬁE~J,»*)du=g§§(%ExH*)-ds+gfffVa|E|2du

e ) a0 170

which can be written as

P,= P, + P+ j20(W, ~ W,) (1-76a)
where
P= - %f/f (H* - M, + E - J*) dv = supplied complex power (W) (1-76b)
Vv
P, = #(%E X H*) + ds = exiting complex power (W) (1-76¢)
s !
pP,=1 / f f o|E|? dv = dissipated real power (W) (1-76d)
V N
W = 1 2 30— 4 .

W, = f f f ‘uMH|* dv = time-average magnetic energy (J) (1-76¢)

v
W, = f f f 1e[E|? dv = time-average electric energy (J) (1-76f)

v

For an electromagnetic source (represented in Figure 1-5 by electric and magnetic
current densities J; and M,) supplying power in a region within S, (1-76) and
(1-76a) represent the conservation of energy equation in integral form. Now it is
also much easier to accept that (1-75), from which (1-76) was derived, represents the
conservation of energy equation in differential form. In (1-76a), P, and P, are in
general complex and P, is always real, but the last two terms are always imaginary
and represent the reactive power associated, respectively, with magnetic and electric
fields. It should be stated that for complex permeabilities and permittivities the
contributions from their imaginary parts to the integrals of (1-76e) and (1-76f)
should both be transferred and combined with (1-76d), since they both will
represent losses associated with the imaginary parts of the permeabilities and
permittivities.

The field and circuit theory relations for time-harmonic electromagnetic fields
are similar to those found in Table 1-2 for the general time-varying electromagnetic
fields, but with the instantaneous field quantities (represented by script letters)
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Relations between time-harmonic electromagnetic field and steady-state a.c. circuit theories

Field theory

Circuit theory

. E (electric field intensity)

. H (magnetic field intensity)
. D (electric flux density)

. B (magnetic flux density)

. J (electric current density)

AN AW N

. M (magnetic current density)

. (electric displacement
7o Ja = JoeE o rent density)

(magnetic displacement

8- My =jerH * ) rent density)
9. Constitutive relations

(electric conduction
oE

(@) &= current density)

(b) D = ¢E (dielectric material)
(¢) B = pH (magnetic material)

10. ¢CE e dl = __jwffsB . ds (Maxwell-Faraday

equation)

11, B, - ds = ~jofff gudo=

(continuity equation)

12. Power and energy densities

E and H represent

1 v gs (
@ 2 #é(E x HY) + ds peak values)

®) 3 f f fVa|E|2 dv (dissipated real power)

time-average electric
© %ffquEP dv ¢ &

stored energy)

time-average magnetic
@ & ff[ pHr do ( e

stored energy)

10.

11.

12.

Li=je

. v=jwLi

v (voltage)

i (current)

. q,, (electric charge density)
. g, (magnetic charge density)
. i, (electric current)

. i,, (magnetic current)

Co (current through a
capacitor)

(voltage across an
inductor)

. Element laws '

1
(a) i=Gv = i (Ohm’s law)

(b) Q. = Cv (charge in a capacitor)
(¢) ¥ = Li (flux of an inductor)

(Kirchhoff’s

Lo = —joli=0 voltage law)

Yi=—jwQ,= —joCv =0

(Kirchoff’s current law)

Power and energy
(v and i represent peak values)

. (power—voltage—current

‘ =1
@ P=:u relation)
1 1 vz ( r dissi
— 2 -~ (power issipated
® 2 G 2 R in aresistor)
(©) +cv? (energy stored in a
4

capacitor)

4 ;.2 (energy stored in an
(d) 3Li inductor)

replaced by their corresponding complex field quantities (represented by roman and
italic letters) and with d/3¢ replaced by jw (d/dt < jw). These are shown listed in

Table 1-6.

Over the years many excellent introductory books on electromagnetics—|1]
through [18]—and advanced books—[19] through [29]—have been published. Some
of them can serve both purposes, and a few may not still be in print. Each is
contributing to the general knowledge of electromagnetic theory and its applica-
tions. The reader is encouraged to consult them for an even better understanding of

the subject.
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PROBLEMS

1.1. Derive the differential form of the continuity equation, as given by (1-6), from
Maxwell’s equations 1-1 through 1-4.

1.2. Derive the integral forms of Maxwell’s equations and the continuity equation, as
listed in Table 1-1, from the corresponding ones in differential form.

1.3. The electric flux density inside a cube is given by (a) D =4,(3 + x), (b) D =
a4+ »?). Find the total electric charge enclosed inside the cubical volume when
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1.5.

1.6.

1.7.

1.8.
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the cube is in the first octant with three edges coincident with the x, y, z axes and
one corner at the origin. Each side of the cube is 1 m.

The electric field inside a circular cylinder of radius a and height 4 is given by

E-dl-S+ G2 — )
=d e

where ¢ and b are constants. Assuming the medium within the cylinder is free
space, find the total charge enclosed within the cylinder.

FIGURE P1-4

The instantaneous electric field inside a source-free, homogeneous, isotropic, and
linear medium is given by

€= [éxA(x +y)+d,B(x - y)] cos (wt)
Determine the relations between A and B.
The magnetic flux density produced on its plane by a current-carrying circular loop
of radius a = 0.1 m, placed on the xy plane at z = 0, is given by
0—12

# =4, cos (15007t) Wb /m?

1+ 25

where p is the radial distance in cylindrical coordinates.
(a) Find the total flux in the z direction passing through the loop.
(b) Find the electric field at any point p within the loop. Check your answer by
using Maxwell’s equation 1-1.
The instantaneous magnetic flux density in free space is given by
#B =4 B cos(2y)sin(wt — mz) + d,B,cos(2y) cos (wt — 7z)
where B, and B, are constants. Assuming there are no sources, determine the
electric displacement current density.

The displacement current density within a source-free (,¢; = 0) cube centered about
the origin is given by

F.=ad.yz+ c?yy2 + d,xyz
Each side of the cube is 1 m and the medium within it is free space. Find the

displacement current leaving, in the outward direction, through the surface of the
cube.
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1.9.

1.10.

1.11.

1.12.

1.13.

The electric flux density in free space produced by an o'séillating electric charge
placed at the origin is given by

107° 1
D =3a4,———cos(wt— fr) .
4o r

where B = wyue,. Find the time-average charge that produces this electric flux
density.

The electric field radiated at large distances in free space by a current-carrying small
circular loop of radius a, placed on the xy plane at z = 0, is given by
cos (wt — Byr
é°'=ﬁ¢EOsin0—————( 0 ), r>a
r .

where E; is a constant, 8; = wy/pe,,  is the radial distance in spherical coordi-
nates, and @ is the spherical angle measured from the z axis that is perpendicular to
the plane of the loop. Determine the corresponding radiated magnetic field at large
distances from the loop (r > a).

A time-varying voltage source of v(z) = 10cos(wt) is connected across a parallel
plate capacitor with polystyrene (¢ = 2.56g,, 0 = 3.7 X 10~* S/m) between the
plates. Assuming a small plate separation of 2 cm and no field fringing, determine at
(a) f=1 MHz, (b) f= 100 MHz the maximum values of the conduction and
displacement current densities within the polystyrene and compare them.

A dielectric slab of polystyrene (¢ = 2.56¢,, p = p,) of height 2/ is bounded above
and below by free space, as shown in Figure P1-12. Assuming the electric field
within the slab is given by

&= (4,5 + ,10) cos (wt — Bx)

where B = wyp,e, determine (a) the corresponding magnetic field within the slab
and (b) the electric and magnetic fields in free space right above and below the slab.

FIGURE P1-12

A finite conductivity rectangular strip, shown in Figure P1-13, is used to carry
electric current. Because of the strip’s lossy nature, the current is nonuniformly
distributed over the cross section of the strip. The current density on the upper and
lower sides is given by

F =4,10%cos (27 X 10%) A/m?

and it rapidly decays in an exponential fashion from the lower side toward the
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0.5 mm

FIGURE P1-13

center by the factor e~ 1%, or
F = 6.10% 1% cos (27 X 10%) A/m?
A similar decay is experienced by the current density fiom the upper side toward

the center. Assuming no variations of the current density with respect to x,
determine the total current flowing through the wire.

The instantaneous electric field inside a conducting rectangular pipe (waveguide) is
given by

T
& = a E,sin (;x) cos (wt — B,z)

where B, is the waveguide’s phase constant. Assuming there are no sources within
the free-space-filled pipe, determine (a) the corresponding instantaneous magnetic
field components inside the conducting pipe and (b) the phase constant ..

The instantaneous electric field intensity inside a source-free coaxial line with inner
and outer radii of a and b, respectively, that is filled with a homogeneous dielectric
of e = 2.25¢y, p = pg, and o = 0 is given by

100
€= cip(——) cos (103 — Bz)
p

where B is the phase constant and p is the cylindrical radial distance from the
center of the coaxial line. Determine (a) the corresponding instantaneous magnetic
field 2, (b) the phase constant f, and (c) the displacement current density 7.

A coaxial line resonator with inner and outer conductors at @ = 5 mm and b = 20
mm, and with conducting plates at z = 0 and z = ¢, is filled with a dielectric with
g, = 2.56, p, = 1, and o = 0. The instantaneous magnetic field intensity inside the
source-free dielectric medium is given by

2 T
H = d¢(;) cos(—{z) cos (47 x 10%)

Find the following:

(a) The electric field intensity within the dielectric.

(b) The surface current density ¢, at the conductor surfaces at p = a and p = b.

(c) The displacement current density £, at any point within the dielectric.

(d) The total displacement current flowing through the circumferential surface of
the resonator.

Using the instantaneous forms of Maxwell’s equation and the continuity equations
listed in Tables 1-1 and 1-4, derive the corresponding time-harmonic forms (in
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1.18.

1.19.

1.20.

1.21.

differential and integral forms) listed in Table 1-4. Use the definitions of (1-61a)
through (1-61f).

Show that the electric and magnetic fields of (1-61a) and (1-61b) can be written,
respectively, by (1-67a) and (1-67b).

An electric line source of infinite length and constant current, placed along the z
axis, radiates in free space at large distances from the source (p — large) a
time-harmonic complex magnetic field given by :

e ~/Bop

H= d¢HO—\/T’ p — large

where H,, is a constant, B, = w\nye,, and p is the radial cylindrical distance.
Determine the corresponding electric field.

The time-harmonic complex electric field radiated in free space by a linear radiating
element is given by
E =4.E, + 4,4E,
cos 0 1 ]
1+ —— [e o
r? JBor
E - Bsind 1 1 1
’ * HBor (Bor)?
where 4, and 4, are unit vectors in the spherical direction r and 8, E, is a

constant, and B, = w/pq¢,. Determine the corresponding spherical magnetic field
components.

E, = E,

The time-harmonic complex electric field radiated by a current-carrying small
circular loop in free space is given by

E E sin ¢ ) 1 P
=4 + — —JPo”
o0 r JBor ¢

FIGURE P1-22
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where 4, is the spherical unit vector in the ¢ direction, E, is a constant, and
B, = w/pogo - Determine the corresponding spherical magnetic field components.

The electric field inside an infinite length rectangular pipe, with all four vertical
sides perfectly electric conducting, as shown in Figure P1-22, is given by

T 7
E=4,01 +j)sin(—x)sin(—y)
a b

Assuming that there are no sources within the box and a = A, b = 0.5\, and
B = po, where A, = free space, infinite medium wavelength, find the (a) conductiv-
ity and (b) dielectric constant of the medium within the box. '

A time-harmonic electromagnetic field in free space is perpendicularly incident
upon a perfectly conducting semi-infinite planar surface, as shown in Figure P1-23.
Assuming the incident E? and reflected E” complex electric fields on the free-space
side of the interface are given by

i — A ,— Bz
E' =4 e o
r_— _ A ,+iBoz
E" = —4.e"ro
where
.80 = WyMoEy

determine the current density J, induced on the surface of the conducting surface.
Evaluate all the constants.

“
£0) M0

Incident

Reflected

FIGURE P1-23

The free-space incident E’ and reflected E” fields of a time-harmonic electromag-
netic field obliquely incident upon a perfectly conducting semi-infinite planar

Reflected

£0s KO

Incident FIGURE P1-24
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1.25.

1.26.

1.27.

1.28.

1.29.

1.30.

surface of Figure P1-24 are given by

i— 4 ~jBo(xsin;+zcos 8;)
E' = d,Ege /s

r_ 2 —jBo(x sinf;,—z cos b,
E" = G E,T)e o )

where E; is a constant and B, = w14, . Determine the coefficient T},

For Problem 1.24, determine (a) the corresponding incident and refiected magnetic
fields and (b) the electric current density along the interface between the two media.

Repeat Problem 1.24 when the incident and reflected electric fields are given by
E'= (4, cos 8, — d,sin §,) Eje /Polxsinb;rzcosby
E" = (4,cos b, + 4,sin )T E,e /Polxsinb—zcosd)

where E, is a constant and B, = wy/py¢,. Determine the coefficient T, by applying
the boundary conditions on the tangential components.

Repeat Problem 1.26 except that T, should be determined using the boundary
conditions on the normal components. Compare the answer with that obtained in
Problem 1.26. Explain.

For Problem 1.26 determine (2) the corresponding incident and reflected magnetic
fields and (b) the electric current density along the interface between the two media.

A time-harmonic electromagnetic field traveling in free space and perpendicularly
incident upon a flat surface of distilled water (e = 8lg,, p = p), as shown in Figure
P1-29, creates a reflected field on the free-space side of the interface and a
transmitted field on the water side of the interface. Assuming the incident (E’),
reflected (E”), and transmitted (E’) electric fields are given, respectively, by

Ei = 4 _Ege /Po*
E’ = 4, T Eget/Por
E' =4 T Ee P

determine the coefficients Iy and T,,. Ej is a constant, 8, = w{pogy, B = w/pee.

Reflected Incident

Yy

€00 MO

FIGURE P1-29

When a time-harmonic electromagnetic field is traveling in free space and is
obliquely incident upon a flat surface of distilled water (¢ = 81g,, p = u,), it creates
a reflected field on the free-space side of the interface and a transmitted field on the
water side of the interface. Assume the incident, reflected, and transmitted electric
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Incident Reflected

FIGURE P1-30

and magnetic fields are given by

Ei = éyEOe_jBO(XSin0'+ZC°50')

. £o B (xsi '
(—d,cos@, + a,siné,) Vo Ege/Bo(xsind;+zcosb)
Ko

Er = d\yI‘hEOe—jBO(xsinﬂ,»—zcosﬂ,—)

Hi

| . 80 ) )
H" = (d,cos8,+ d,sind,) \/—:rhEOejﬁo(xsmﬂi—zC()sgi)
Fo
E'=4 ThEoe —jBo(xsind; +z\/ismo
H' = (—a \/ITSHIQ'FQ \/‘snla)‘/ T,E.e —jBo(xsinb;+z —0~sm20)

where E, is a constant and B; = wypy¢,. Determine the coefficients I, and T, by
applying the boundary conditions on the tangential components. Evaluate all the
constants. '

1.31. Repeat Problem 1.30 except that I, and 7}, should be determined using the
boundary conditions on the normal components. Compare the answers to those
obtained in Problem 1.30. Explain.

1.32. Repeat Problem 1.30 when the incident, reflected, and transmitted electric and
magnetic fields are given by

E' = (d4,cos 8, — d,sinf,) Eje/Polxsinbi “c"s")

H = / -jBD(xsmﬂ +zcos8,)

E" = (d,cos 6, + 4,sin §,) T, Ege/Bo(xsinb;—zcosb)
o

H = [ 1‘ JBO(x sin#;—z cos §,)

E' = [ Vl - —sm 0, — d,y il smH]TEe 150(“1“0”\/_0'3‘“0)
&
Ht = éy [ — TE e —JjB,(x sinb; +z]/ —sin8;)

lI

o
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1.33.

1.34.

1.35.

1.36.

1.37.

I, and 7, should be determined using the boundary conditions on the tangential
components.

Repeat Problem 1.32 except that T, and Te should be determined using the
boundary conditions on the normal components. Compare the answers to those
obtained in Problem 1.32. Explain.

For Problem 1.10 find (a) the average power density at large distances and (b) the
total power exiting through the surface of a large sphere of radius r (r > a).

The time-harmonic complex fields inside a source-free conducting pipe of rectangu-
lar cross section (waveguide) shown in Figure P1-35 filled with free space are given
by

T )
E=dyEOsin(;x)e‘fﬁzz, 0<x<a,0<y<b

o AO ’
,32—130\/1_ (E)

E, is a constant, and B, = 27/A, = w/py¢, . For a section of waveguide of length #

where

~along the z axis, determine (a) the corresponding complex magnetic field, (b) the

supplied complex power, (c) the exiting complex power, (d) the dissipated real
power, (e) the time-average magnetic energy, and (f) the time-average electric
energy. Ultimately verify that the conservation of energy equation in integral form
is satisfied for this set of fields inside this section of the waveguide.

H |
Y ——

For the waveguide and its set of fields of Problem 1.35, verify the conservation of
energy equation in differential form for any observation point within the waveguide.

FIGURE P1-35

At microwave frequencies high Q resonant cavities are usually constructed of
enclosed conducting pipes (waveguides) of different cross sections. One such cavity
is that of rectangular cross section that is enclosed on all six sides, as shown in
Figure P1-37. One set of complex fields that can exist inside such a source-free
cavity filled with free space is given by

E i E, si i in (2
= Smj|—x)sm| —z
@yFo ( a ) ( ¢ )
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FIGURE P1-37

VG

where E, is a constant and w, is referred to as the resonant radial frequency. Within
the cavity, determine (a) the corresponding magnetic field, (b) the supplied complex
power, (c) the dissipated real power, (d) the time-average magnetic energy, (¢) the
time-average electric energy. Ultimately verify that the conservation of energy
equation in integral form is satisfied for this set of fields inside this resonant cavity.

such that

W= =
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CHAPTER

2

ELECTRICAL PROPERTIES
OF MATTER

INTRODUCTION

An atom of an element consists of a very small but massive nucleus that is
surrounded by a number of negatively charged electrons revolving about the
nucleus. The nucleus contains neutrons, which are neutral particles, and protons,
which are positively charged particles. All matter is made up of one or more of the
102 different elements that are now known to exist. Of this number, only 92 occur in
nature. If the substance in question is a compound, it is composed of two or more
different elements. The smallest constituent of a compound is a molecule, which is
composed of one or more atoms held together by the short-range forces of their
electrical charges.

For a given element, each of its atoms contains the same number of protons in
its nucleus. Depending on the element, that number ranges from 1 to 102 and
represents the atomic number of the element. For an atom in its normal state, the
number of electrons is also equal to the atomic number. The revolving electrons that
surround the nucleus exist in various shells, and they exert forces of repulsion on
each other and forces of attraction on the positive charges of the nucleus. The outer
shell of an atom is referred to as the valence shell (band) and the electrons
occupying that shell are known as valence electrons. They are of most interest here.
The portrayal of an atom by such a model is referred to as the Bohr model [1].
Atoms and their charges for some typical elements of interest in electronics (such as
hydrogen, aluminum, silicon, and germanium) are shown in Figure 2-1.

For an atom, all the electrons in a given shell (orbit) exist in the same energy
level (fixed state). Since there are several shells (orbits) around the nucleus of an
atom, there exist several discrete energy levels (fixed states) each representing a
given shell (orbit). In general, there are more energy levels than electrons. Therefore
some of the energy levels (orbits, shells, bands) are not occupied by electrons. The
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FIGURE 2-1 Atoms of representative elements of most interest in electronics. (a) Hydrogen
atom. (») Aluminum atom. (¢) Silicon atom. (d) Germanium atom. (Source: R. R.
Wright and H. R. Skutt, Electronics: Circuits and Devices, 1965; reprinted by
permission of John Wiley and Sons, Inc.)

Bohr model of an atom states that

1. Electrons of any atom exist only in discrete states and possess only discrete
amounts of energy corresponding to the discrete radii of their corresponding
orbital shells.

2. If an electron moves from a lower- to a higher-energy level (orbit), it absorbs a
discrete quantity of energy (referred to as quanta).

3. If an electron moves from a higher- to a lower-energy level (orbit), it radiates a
discrete quantity of energy (referred to as quanta).

4. If an electron maintains its energy level (orbit), it neither absorbs nor radiates
energy. :
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2.2

ELECTRICAL PROPERTIES OF MATTER

When a molecule is formed with two or more atoms, forces between the atoms
result in new arrangements of the charges. For an electron to be freed from an atom,
it must acquire sufficient energy to allow it to escape its atomic forces and become a
free body. This is analogous to the energy required by a prOJectlle to escape the
earth’s gravity and become a free body.

DIELECTRICS, POLARIZATION, AND PERMITTIVITY

Dielectrics (insulators) are material whose dominant charges in atoms and molecules
are bound negative and positive charges that are held in place by atomic and
molecular forces, and they are not free to travel. Thus ideal diclectrics do not
contain any free charges (such as in conductors), and their atoms and molecules
are macroscopically neutral as shown in Figure 2-2a. However, when external fields
are applied, these bound negative and positive charges do not move to the surface of
the material, as would be the case for conductors, but their respective centroids can
shift slightly in positions (assumed to be an infinitesimal distance) relative to each
other, thus creating: numerous electric dipoles. This is illustrated in Figure 2-25b. In
conductors positive and negative charges are separated by macroscopic distances,
and they can be separated by a surface of integration. This is not permissible for
bound charges and illustrates a fundamental difference between bound charges in
dielectrics and true charges in conductors.

For dielectrics, the formation of the electric dipoles is usually referred to as
orientational polarization. The effect of each electric dipole can be represented by a
dipole, as shown in Figure 2-3, with a dipole moment dp; given by

- o4 | (21)

where Q is the magnitude (in coulombs) of each of the negative and positive charges
whose centroids are displaced vectorially by distance Z,.

When a material is subjected to an electric field, the polarization dipoles of the
material interact with the applied electromagnetic field. For dielectric (insulating)
material, whether they are solids, liquids, or gases, this interaction provides
the material the ability to store electric energy, which is accomplished by the shift
against restraining forces of their bound charges when they are subjected to external
applied forces. This is analogous to stretching a spring or hftmg a weight, and it
represents potential energy.

. 7
E E

FIGURE 2-2 Typical atom in (a) the absence of and
(a) (b) (b) under an applied field.
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1

li dpl:Qll

\ FIGURE 2-3 Formation of a dipole between two opposite charges
-Q of equal magnitude Q.

The presehce of these dipoles can be accounted for by developing a micro-
scopic model in which each individual charge and dipole as represented by (2-1) is
considered. Such a procedure, although accurate if performed properly, is very
impractical if applied to a dielectric slab because the spatial position of each atom
and molecule of the material must be known. Instead; in practice, the behavior of
these dipoles and bound charges is accounted for in a qualitative way by introduc-
ing an electric polarization vector P using a macroscopic scale model involving
thousands of atoms and molecules.

The total dipole moment p, of a material is obtained by summing the dipole
moments of all the orientational polarization dipoles each of which is represented
by (2-1). For a volume Av where there are N, electric dipoles per unit volume, or a
total of N, Av electric dipoles, we can write that

N, Av

p= ) dp, (2-2)
i=1 -

The electric polarization vector P can then be defined as the dipole moment per unit
volume, or

N, Av
P = lim [Klz;p’] = AU_)O l ! Z dp,] (C/m?) (2-3)

Av—0

The units of P are coulomb-meters per cubic meter or coulombs per square meter,
which is representative of a surface charge density. It should be noted that this is a
bound surface charge density (g,,), and it is not permissible to separate the positive
and negative charges by an integration surface. Therefore within a volume an
integral (whole) number of positive and negative pairs (dipoles) with an overall zero
net charge must exist. Hence the bound surface charge should not be included in
(1-45a) or (1-46) to determine the boundary conditions on the normal components
of the electric flux density (or normal components of the electric field intensity).
Assuming an average dipole moment of

dpi = dpav = Qlav (2-4)

per molecule, the electric polarization vector of (2-3) can be written, when all
dipoles are aligned in the same direction, as

1 N, Av
P = lim lAU Z dpz] = Ne dpav = Nteav (2'5)

i=1

Electric polarization for dielectrics can be produced by any of the following
three mechanisms, as demonstrated in Figure 2-4 [2]. Few materials involve all three
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Mechanism No applied field Applied fietd
Dipole or A 7 4
orientational 1 \ \ T T E,
polarization

lonic or ‘
molecular E
polarization a
Electronic

polarization E,

©
FIGURE 2-4 Mechanisms producing electric polarization in di-
electrics.
- mechanisms:

1. Dipole or Orientational Polarization: This polarization is evident in material that,
in the absence of an applied field and owing to their structure, possess permanent
dipole moments that are randomly oriented. However when an electric field is
applied, the dipoles tend to align with the applied field. As will be discussed
later, such materials are known as polar materials; water is a good example.

2. Ionic or Molecular Polarization: This polarization is evident in materials, such as
sodium chloride (NaCl), that possess positive and negative ions and that tend to
displace themselves when an electric field is applied.

3. Electronic Polarization: This polarization is evident in most materials, and it
exists when an applied electric field displaces the electric cloud center of an atom
relative to the center of the nucleus.

If the charges in a material, in the absence of an applied electric field E , are
averaged in such a way that positive and negative charges cancel each other
throughout the entire material, then there are no individual dipoles formed and the

-total dipole moment of (2-2) and electric polarization vector P of (2-3) are zero.
However, when an electric field is applied, it exhibits a net nonzero polarization.
Such a material is referred to as nonpolar, and it is illustrated in Figure 2-54. Polar
materials are those whose charges in the absence of an applied electric field E, are
distributed so that there are individual dipoles formed, each with a dipole moment
p; as given by (2-1) but with a net total dipole moment p, = 0 and electric
polarization vector P = 0. This is usually a result of the random orientation of the
dipoles as illustrated in Figure 2-5b. Typical dipole moments of polar material are
of the order of 107%° C-m. Materials that, in the absence of an applied electric field
E_, possess nonzero net dipole moment and electric polarization vector P are
referred to as electrets.

There is also a class of dielectric materials that are usually referred to as
ferroelectrics [3]. They exhibit a hysteresis loop of polarization (P) versus electric
field (E) that is similar to the hysteresis loop of B versus H for ferromagnetic
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FIGURE 2-5. Macroscopic scale models of (@) nonpolar and (b) polar material.

material, and it possesses a remnant polarization P, and coercive electric field E,. At
some critical temperature, referred to as ferroelectric Curie temperature, the sponta-
neous polarization in ferroelectrics disappears. Above the Curie temperature the
relative permittivity varies according to the Curie—Weiss law; below it the electric
flux density D and the polarization P are not linear functions of the electric field £
[3]. Barium titanate (BaTiO,) is one such material.

When an electric field is applied to a nonpolar or polar dielectric material, as
shown in Figures 2-5a and 2-5b, the charges in each medium are aligned in such a
way that individual dipoles with nonzero dipole moments are formed within the
material. However, when we examine the material on a microscopic scale, the
following items become evident from Figures 2-5a and 2-5b.

1. On the lower surface there exists a net positive surface charge density g

~ (representing bound charges).

. 2. On the upper surface there exists a net negative surface charge density ¢
(representing bound charges).

3. The volume charge density ¢, inside the material is zero because the positive and
negative charges of adjacent dipoles cancel each other.
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{b)

FIGURE 2-6 Dielectric slab subjected to an applied electric field E,.
(a) Total charge. (b) Net charge.

The preceding items can also be illustrated by macroscopically examining
Figure 2-6a where a d.c. voltage source is connected and remains across two parallel
plates separated by distance s. Half of the space between the two plates is occupied
by a dielectric material whereas the other half is free space. For a better illustration
of this point, let us assume that there are five free charges on each part of the plates
separated by free space. The same number appears on the part of the plates
separated by the dielectric material. Because of the realignment of the bound
charges in the dielectric material and the formation of the electric dipoles and
cancellation of adjacent opposite charges shown circled in Figure 2-6b, a polariza-
tion electric vector P is formed within the dielectric material. Thus the polarization
vector P is a result of the bound surface charge density —g, found on the upper
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and +g,, found on the lower surface of the dielectric slab. Let us assume that there
are two pairs of bound charges that form the bound surface charge density ¢, on
the surface of the dielectric slab of Figure 2-6a (negative on top and positive on the
bottom). Because the surfaces of the slab are assumed to be in contact with the
plates of the capacitor, the two negative bound charges on the top surface will tend
to cancel two of the positive free charges on the upper capacitor plate; a similar
phenomenon occurs at the bottom. If this were to happen, the net number of
charges on the top and bottom plates of the capacitor would diminish to three and
the electric field intensity in the dielectric material between the plates would be
reduced. Since the d.c. voltage supply is maintained across the plates, the net charge
on the upper and lower parts of the capacitor and the electric field intensity in the
dielectric material between the plates are also maintained by the introduction of two
additional free charges on each of the capacitor plates (positive on top and negative
on bottom). For identification purposes, these two induced free charges have been
circled in each of the two plates in Figure 2-6. \

In each of the situations discussed, the net effect is that between the lower and
upper, surfaces of the dielectric there is a net electric polarization vector P directed
from the upper toward the lower surfaces, in the same direction as the applied
electric field E , whose amplitude is given by

P=gq, ‘ - (26)

Whereas the applied electric field E, maintains its value, the electric flux density
inside the dielectric material differs from what would exist were the dielectric
material replaced by free space. In the free-space part of the parallel plate capacitor
of Figure 2-6, the electric flux density Dy, is given by

D, = ¢,E, (2-7)

In the dielectric portion, the electric flux density D is related to that in free space
D, by

D=¢E,+P (2-8)

where the magnitude of P is given by (2-6). The electric flux density D of (2-8) can
also be related to the applied electric field intensity E, by a parameter that we
designate here as ¢, (farads/meter). Thus we can write that

D=¢E, (2-9)

Comparing (2-8) and (2-9), it is apparent that P is also related to E, and can be
expressed as

P =¢x,E, ‘ (2-10)
or
1 P
Xe= o F (2-10a)

where x, is called the electric susceptibility (dimensionless quantity).
Substituting (2-10) into (2-8) and equating the result to (2-9), we can write that

D = ¢k, + £,x.E, = £o(1 + x,)E, = ¢ E, (2-11)
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or that
e, =eo(1+x,) (2-11a)
In (2-11a) ¢, is the static permittivity of the medium whose relatlve value e,
(compared to that of free space g;) is given by
g, ,
€= = 1+ Xe \ (2'12)
€

which is usually referred to as the relative permittivity, better known in practice as

TABLE 2-1

' ‘Approximate static dielectric constants (relative permittivities)

of dielectric materials

Material Static dielectric constant (e,)
Air 1.0006
Styrofoam 1.03
Paraffin 2.1
Teflon 2.1
Plywood 21
RT /duroid 5880 2.20
Polyethylene 2.26
RT/duroid 5870 2.35
Glass-reinforced teflon (microfiber) 2.32-2.40
Teflon quartz (woven) 247
Glass-reinforced teflon (woven) 2.4-2.62
Cross-linked polystyrene (unreinforced) 2.56
Polyphenelene oxide (PPO) 2.55
Glass-reinforced polystyrene 2.62
Amber 3
Soil (dry) 3
Rubber 3
Plexiglas 34
Lucite 3.6
Fused silica 3.78
Nylon (solid) 3.8
Quartz 3.8
Sulfur 4
Bakelite 438
Formica 5
Lead glass 6
Mica 6
Beryllium oxide (BeO) 6.8-7.0
Marble ' 8
Sapphire e, =g, =94
g, =116
Flint glass 10
‘Ferrite (Fe,0;) 12-16
Silicon (Si) 12
Gallium arsenide (GaAs) 13
Ammonia (liquid) 22
Glycerin 50
Water 81
Rutile (TiO,) g, =¢,=89

)

1]
S
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the dielectric constant. Scientists and engineers usually designate the square root of
the relative permittivity as the index of refraction. Typical values of dielectric
constants at static frequencies of some prominent dielectric materials are listed in
Table 2-1.

Thus the dielectric constant of a dielectric material is a parameter that
indicates the relative (compared to free-space) charge (energy) storage capabilities of
a dielectric material; the larger its value, the greater its ability to store charge
(energy). Parallel plate capacitors utilize dielectric material between their plates to
increase their charge (energy) storage capacity by forcing extra free charges to be
induced on the plates. These free charges neutralize the bound charges on the
surface of the dielectric so that the voltage and electric field intensity is maintained
constant between the plates.

Example 2-1. The static dielectric constant of water is 81. Assuming the
electric field intensity applied to water is 1 V/m, determine the magnitudes of
the electric flux density and electric polarization vector within the water.

Solution. Using (2-9), we have
D =¢E,=81(8.854 X 1071%)(1) = 7.17 x 10719 C/m?
Using (2-12), we have
X, =¢&,—1=81~-1=280
Thus the electric polarization vector is given, using (2-10), by

P = e,x.E, = 8.854 x 10712(80)(1) = 7.08 X 10~ 12 C/m>

The permittivity of (2-11a), or its relative form of (2-12), represents values at
static or quasistatic frequencies. These values vary as a function of the alternating
field frequency. The variations of the permittivity as a function of the frequency of
the applied fields are examined in Section 2.8.1.

MAGNETICS, MAGNETIZATION, AND PERMEABILITY

Magnetic materials are those that exhibit magnetic polarization when they are
subjected to an applied magnetic field. The magnetization phenomenon is repre-
sented by the alignment of the magnetic dipoles of the material with the applied
magnetic field, similar to the alignment of the electric dipoles of the dielectric
material with the applied electric field.

Accurate results concerning the behavior of magnetic material when they are
subjected to applied magnetic fields can only be predicted by the use of quantum
theory. This is usually quite complex and unnecessary for most engineering applica-
tions. Quite satisfactory quantitative results can be obtained, however, by using
simple atomic models to represent the atomic lattice structure of the material. The
atomic models used here represent the electrons as negative charges orbiting around
the positive charged nucleus, as shown in Figure 2-7a4. Each orbiting electron can be
modeled by an equivalent small electric current loop of area ds whose current flows
in the direction opposite to the electron orbit, as shown in Figure 2-7b. As long as
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FIGURE 2-7 Atomic models and their equivalents, representing the atomic lattice structure of

magnetic material. (a) Orbiting electrons. (b) equivalent circular electric loop.
(¢) Equivalent square electric loop.

the loop is small, its shape can be circular, square, or any other configuration, as
shown in Figure 2-7¢. The fields produced by a small loop of electric current at large
distances are the same as those produced by a linear bar magnet (magnetic dipole)
of length d. i

By referring to the equivalent loop models of Figure 2-7, the angular momen-
tum associated with an orbiting electron can be represented by a magnetic dipole
moment dm; of

dm; = I,ds, = IA,ds; = #,1, ds; (A-m?) (2-13)

For atoms that possess many orbiting electrons, the total magnetic dipole moment
m, is equal to the vector sum of all the individual magnetic dipole moments each
represented by (2-13). Thus we can write that

N,, Av N,, Av
m,= Y dm,= Y Al.ds, (2-14)
i=1 i=1

where N, is equal to the number of orbiting electrons (equivalent loops) per unit
volume. A magnetic polarization (magnetization) vector M is then defined as

1 1 Nalo . Av .
N F RN o B PR [
(2-15)
Assuming for each of the loops an average magnetic moment of
dm,=dm,, =#A(Ids),, (2-16)

the magnetic polarization vector M of (2-15) can be written (assuming all the loops
are aligned in the parallel planes) as

1 N, Av
M= lim [— Y dm,|=N,dm, =iN,(Id 2-17
A:TOl:Av z m,} Ay, = AN, (1ds)a (2-17)
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FIGURE 2-8 Random orientation of magnetic dipoles and their alignment (a) in the absence of and
(b) under an applied field.
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A magnetic material is represented by a number of magnetic dipoles and thus
by many magnetic moments. In the absence of an applied magnetic field the
magnetic dipoles and their corresponding electric loops are oriented in a random
fashion so that on a macroscopic scale the vector sum of the magnetic moments of
(2-14) and the magnetic polarization of (2-15) are equal to zero. The random
orientation of the magnetic dipoles and loops is iltustrated in Fig. 2-8a. When the
magnetic material is subjected to an applied magnetic field, represented by the
magnetic flux density B, in Figure 2-8b, the magnetic dipoles of most material will
tend to align in the direction of the B, since a torque given by

|AT| = |dm; X B,| = |dm,| |Ba|sm(‘»bi) =|(ﬁili ds;) X Bu| =lIi ds; B, Sin(‘l’i)l
(2-18)

will be exerted in each of the magnetic dipole moments. This is shown in the insert
to Figure 2-8b. Ideally, if there were no other magnetic moments to consider, torque
would be exerted. The torque would exist until each of the orbiting electrons shifted
in such a way that the magnetic field produced by each of its equivalent electric
loops (or magnetic moments) was aligned with the applied field and its value
represented by (2-18) vanished. Thus the resultant magnetic field at every point in
the material would be greater than its corresponding value at the same point when
the material is absent.

The magnetization vector M resulting from the realignment of the magnetic
dipoles is better illustrated by considering a slab of magnetic material across which
a magnetic field B, is applied, as shown in Figure 2-9. Ideally, on a microscopic
scale, for most magnetic material all the magnetic dipoles will align themselves so
that their individual magnetic moments are pointed in the direction of the applied
field, as shown in Figure 2-9. In the limit, as the number of magnetic dipoles and
their corresponding equivalent electric loops become very large, the currents of the
loops found in the interior parts of the slab are canceled by those of the neighboring
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FIGURE 2-9 Magnetic slab subjected to an applied magnetic field and
the formation of the magnetization current density J,,..

loops. On a macroscopic scale a net nonzero equivalent magnetic current, resulting
in an equivalent magnetic current surface density (A/m), is found on the exterior
surface of the slab. This equivalent magnetic current density J,,,; is responsible for
the introduction of the magnetization vector M in the direction of B,.

The magnetic flux density across the slab is increased by the presence of M so
that the net magnetic flux density at any interior point of the slab is given by

B = po(H, + M) (2-19)

It should be pointed out that M, as given by (2-15), has the units of amperes per
meter and correspond to those of the magnetic field intensity. In general, we can
relate the magnetic flux density to the magnetic field intensity by a parameter that is
designated as u, (henries/meter). Thus we can write that

B =pH, (2-20)
Comparing (2-19) and (2-20) indicates that M is also related to H, by
M =x,H, (2-21)

where x,, is called the magnetic susceptibility (dimensionless quantity).
Substituting (2-21) into (2-19) and equating the result to (2-20) leads to

B =po(H, + x,H,) = po(l + x,,)H, = pH, (2-22)

Therefore we can define

By =po(1 + x,,) (2-22a)
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Approximate static relative permeabilities of magnetic materials

Material Class Relative permeability (u,,)
Bismuth Diamagnetic 0.999834
Silver Diamagnetic 0.99998
Lead Dianagnetic 0.999983
Copper Diamagnetic 0.999991
Water Diamagnetic 0.999991
Vacuum Nonmagnetic 1.0

Air Paramagnetic 1.0000004
- Aluminum Paramagnetic 1.00002
Nickel chloride ~ Paramagnetic 1.00004
Palladium " Paramagnetic 1.0008
Cobalt Ferromagnetic 250
Nickel Ferromagnetic 600
Mild steel Ferromagnetic 2,000
Iron Ferromagnetic 5,000
Silicon iron Ferromagnetic 7,000
Mumetal Ferromagnetic 100,000
Purified iron Ferromagnetic 200,000
Supermalloy Ferromagnetic 1000,000

55

In (2-22a) p, is the static permeability of the medium whose relative value u,,
(compared to that of free space ) is given by

H’sr=_=1+Xm

B
Ko

Static values of u,, for some representative material are listed in Table 2-2.
Within the material, a bound magnetic current density J,, is induced that is
related to the magnetic polarization vector M by

J,=V XM (A/m’)

(2-23)

(2:24)

To account for this current density, we modify the Maxwell-Ampere equation
1-71b and write it as

VXxH=J+J +3J,+J,=J,+0E+V XM + jweE

On the surface of the material, the bound magnetization surface current density

is related to the magnetic polarization vector M at the surface by

A

where #

Jms =M X ﬁ'surface (A/m)

(2-24a)

J

ms

(2-25)

is a unit vector normal to the surface of the material. The bound

magnetization current I, flowing through a cross section S, of the material can be
obtained by using

Im=ffSJm-ds=ffso(V x M) * ds (A)

(2-26)
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N

In addition to orbiting, the electrons surrounding the nucleus of an atom also
spin about their own axis. Therefore magnetic moments of the order of +9 x 10~ 2*
A-m? are also associated with the spinning of the electrons that aid or oppose the
applied magnetic field (the + sign is used for addition and the — for subtraction).
For atoms that have many electrons in their shells, only the spins associated with
the electrons found in shells that are not completely filled will contribute to the
magnetic moment of the atoms. A third contributor to the total magnetic moment
of an atom is that associated with the spinning of the nucleus, which is referred to as
nuclear spin. However, this nuclear spin magnetic moment is usually much smaller
(typically by a factor of about 107?) than those attributed to the orbiting and the
spinning electrons.

Example 2-2. A bar of magnetic material of finite length, which is placed
along the z axis as shown in Figure 2-10, has a cross section of 0.3 m in the x
direction (0 < x < 0.3) and 0.2 m in the y direction (0 < y < 0.2). The bar is
subjected to a magnetic field so that the magnetization vector inside the bar is
given by

M=4,(4y)

Determine the volumetric current density J,, at any point inside the bar, the
surface current density J,,, on the surface of each of the four faces, and the
total current I, per unit length flowing through the bar face that is parallel to
the y axis at x = 0.3 m.

Solution. Using (2-24), we have

FIGURE 2-10 Magnetic bar of rectangular cross
section subjected to a magnetic field.
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Using (2-25), we have
Jms =M X ﬁ'surface

Therefore at

x=0: A
3, =(34y) X (—a)| .o = —4,(4y) for0 <y <02
y=0: /
3 =(a4y) X (=4,)|,_,=d,(4y) =0 for0 < x < 0.3
| x=0.3:
3. =(a4y) X (d,)|,_05 = 4,(4y) for0 <y <02
y=0.2

s =(84y) x (4,)|,_p, = —8.(4y) = 4,08 for0<x<03

According to (2-26) the current (per unit length) flowing through the bar face
at x = 0.3 is given by

x = 0.3: '

I, = ffSJm - ds = folfoo‘z(ax4) (4. dydz) = 4(1)(02) = 0.8

Consistent with the relative permittivity (dielectric constant), the values of p,
and thus g, vary as a function of frequency. These variations will be discussed in
Section 2.8.2. The values of p, listed in Table 2-2 are representative of frequencies

- related to static or quasistatic fields. Excluding ferromagnetic material, it is appar-
ent that most relative permeabilities are very near unity, so that for engineering
problems a value of unity is almost always used.

According to the direction in which the net magnetization vector M is pointing
(either aiding or opposing the applied magnetic field), material are classified into
two groups, Group A and Group B as shown:

Group A Group B
-Diamagnetic Paramagnetic
Ferromagnetic
Antiferromagnetic
Ferrimagnetic

In general, for material in Group A the net magnetization vector (although
small in magnitude) opposes the applied magnetic field, resulting in a relative
permeability slightly smaller than unity. Diamagnetic materials fall into that group.
For material in Group B the net magnetization vector is aiding the applied magnetic
field, resulting in relative permeabilities greater than unity. Some of them ( para-
magnetic and antiferromagnetic) have only slightly greater than unity relative
permeabilities whereas others ( ferromagnetic and ferrimagnetic) have relative per-
meabilities much greater than unity.

In the absence of an applied magnetic field, the moments of the electron spins
of diamagnetic material are opposite to each other as well as to the moments
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associated with the orbiting electrons so that a zero net magnetic moment m, is
produced on a macroscopic scale. In the presence of an external applied magnetic
field, each atom has a net nonzero magnetic moment, and on a macroscopic scale
there is a net total magnetic moment for all the atoms that results in a magnetiza-
tion vector M. For diamagnetic material, this vector M is very small, opposes the
applied magnetic field, leads to a negative magnetic susceptibility x,,, and results in
values of relative permeability that are slightly less than unity. For example, copper
is a diamagnetic material with a magnetic susceptibility x,,= —9 X 1076 and a
relative permeability p, = 0.999991.

In paramagnetic material, the magnetic moments associated with the orbiting
and spinning electrons of an atom do not quite cancel each other in the absence of
an applied magnetic field. Therefore each atom possesses a small magnetic moment.
However, because the orientation of the magnetic moment of each atom is random,
the net magnetic moment of a large sample (macroscopic scale) of dipoles, and the
magnetization vector M, are zero when there is no applied field. When the paramag-
netic material is subjected to an applied magnetic field, the magnetic dipoles align
slightly with the applied field to produce a small nonzero M in its direction and a
small increase in the magnetic flux density within the material. Thus the magnetic
susceptibilities have small positive values and the relative permeabilities are slightly
greater than unity. For example, aluminum possesses a susceptibility of x, =

-2 X 107° and a relative permeability of g, = 1.00002.

The individual atoms of ferromagnetic material possess, in the absence of an
applied magnetic field, very strong magnetic moments caused primarily by uncom-
pensated electron spin moments. The magnetic moments of many atoms (usually as
many as five to six) reinforce one another and form regions called domains, which
have various sizes and shapes. The dimensions of the domains depend on the
material’s past magnetic state and history, and range from 1 um to a few millime-
ters. On a macroscopic scale, however, the net magnetization vector M in the
absence of an applied field is zero because the domains are randomly oriented and
the magnetic moments of the various atoms cancel one another. When a ferromag-
netic material is subjected to an applied field, there are not only large magnetic
moments associated with the individual atoms, but the vector sum of all the
magnetic moments and the associated vector magnetization M are very large,
leading to extreme values of magnetic susceptibility x,, and relative permeability.
Typical values of p, for some representative ferromagnetic material are found in
Table 2-2. When the applied field is removed, the magnetic moments of the various
atoms do not attain a random orientation and a net nonzero residual magnetic
moment remains. Since the magnetic moment of a ferromagnetic material on a
macroscopic scale is different after the applied field is removed, its magnetic state
depends on the material’s past history. Therefore a plot of the magnetic flux density
% versus 5 leads to a double-valued curve known as the hysteresis loop. Material
with such properties are very desirable in the design of transformers, induction
cores, and coatings for magnetic recording tapes.

- Materials that possess strong magnetic moments, but whose adjacent atoms
are about equal in magnitude and opposite in direction, with zero net total magnetic
moment in the absence of an applied magnetic field, are called antiferromagnetic.
The presence of an applied magnetic field has a minor effect on the material and
leads to relative permeabilities slightly greater than unity.

If the adjacent opposing magnetic moments of a material are very large in
magnitude but greatly unequal in the absence of an applied magnetic field, the
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material is known as ferrimagnetic. The presence of an applied magnetic field has a
large effect on the material and leads to large permeabilities (but not as large as
those of ferromagnetic material). Ferrites make up a group of ferrimagnetic materi-
als that have low conductivities (several orders smaller than those of semiconduc-
tors). Because of their large resistances, smaller currents are induced in them that
result in lower ohmic losses when they are subjected to alternating fields. They find
wide applications in the design of nonreciprocal microwave components (isolators,
hybrids, gyrators, phase shifters, etc.) and they will be discussed briefly in Section
2.8.3.

CURRENT, CONDUCTORS, AND CONDUCTIVITY

The prominent characteristic of dielectric materials is the electric polarization
introduced through the formation of electric dipoles between opposite charges of
atoms. Magnetic dipoles, modeled by equivalent small electric loops, were intro-
duced to account for the orbiting of electrons in atoms of magnetic material. This
phenomenon was designated as magnetic polarization. Conductors are material
whose prominent characteristic is the motion of electric charges and the creation of
a current flow.

Current

Let us assume that an electric volume charge density, represented here by g, is
distributed uniformly in an infinitesimal circular cylinder of cross-sectional area As
and volume AV, as shown in Figure 2-11. The total electric charge AQ within the
volume AV is moving in the z direction with a uniform velocity v,. Thus we can
write that

AQ, AV AsAz A Az
Ar  Poar TYTa Ty

(2-27)

f =

As

FIGURE 2-11 Charge uniformly distributed in an
infinitesimal circular cylinder.
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In the limit as Ar — 0, (2-27) is used to define the current AJ (with units of
amperes) that flows through As. Thus )

ATl = 1 [AQe] li A Az A 2-28
T [ | T |4 Ae gy s 229

Dividing both sides of (2-28) by As and taking the limit as As — 0, we can
define the current density J, (with units of amperes /per square meter) as

J, li = 2-29
\Z_Asl—{lo A_S- =40 (- )

Using a similar procedure for the x- and y-directed currents, we can write in
general that

T = gy (A/m?) (2:30)

In (2-30), J is defined as the convection current density. The current density between
the cathode and anode of a vacuum tube is a convection current density. It should
be noted that for an electric field intensity of E = 4,E,, a positive charge density

+4¢, will experience a force that will move it in the +z direction. Thus the current
density J will be directed in the +z direction or

J= +qu(+a’\zvz) = é\zunz ‘ (2-31)

If the same electric field E = 4, F, is subjected to a negative charge density — q,, the
field will force the negative charge to move in the negative z direction (v = — au,).

. However, the electric current density J is still directed along the +z direction,

J=—q,(-dp)=dgp, (2-32)

since both the charge density and the velocity are negative. If positive (¢)}) and
negative (g, ) charges are present, (2-30) can be written as

J=gfvi+ g v™ 2-33
4, 9,

Conductors

Conductors are material whose atomic outer shell (valence) electrons are not held
very tightly and can migrate from one atom to another. These are known as free
electrons, and for metal conductors they are very large in number. With no applied
external field, these free electrons move with different velocities in random direc-
tions producing zero net current through the surface of the conductor.

When free charge g, is placed inside a conductor that is subjected to a static
field, the charge density at that point decays exponentially as

qv(t) = qqu;t/lr = qv()e_(a/e)t (2'34)

because the charge migrates toward the surface of the conductor. The time it takes
for this to occur depends on the conductivity of the material; for metals it is equal
to a few time constants. During this time, charges move, currents flow, and
nonstatic conditions exist. The time #, that it takes for the free charge density placed
inside a conductor to decay to e~! = 0.368, or 36.8 percent of its initial value, is
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known as the relaxation time constant. Mathematically it is represented by

(2:35)

Qjfm

[ =

r

where & = permittivity of conductor (F/m)
o = conductivity of conductor (S/m) (see equation 2-39)

Example 2-3. Find the relaxation time constant for a metal such as copper
(6 =576 X 107 S/m, & = ¢,) and a good dielectric such as glass (¢ = 10712
S/m, & = 6¢g,).

Solution. For copper

8.854 X 10712
= =154 %1075

€
1, =—
Y 5.76 x 107

r

which is very short. For glass

( 8.854 x 10712

012 ) =53.1s =1 min

€
t=—
~ o

which is comparatively quite long.

The free charges of a very good conductor (¢ — oo0), which is subjected to an
electric field, migrate very rapidly and distribute themselves as surface charge
density g, to the surface of the conductor within an extremely short period of time
(several very short relaxation time constants). The surface charge density g, will
induce on the conductor an electric field intensity E, so that the total electric field E,
within the conductor (E;, + E, = E, where E, is the applied field) is essentially
equal to zero. This is illustrated in Figure 2-12. For perfect conductors (¢ = o) the
electric field within the conductors is exactly equal to zero.

\\‘1

77,
m

o B

W

7
7

/ k
AAANI A A5,

+++++l

FIGURE 2-12 Electric field applied on a perfect electric conductor.



TABLE 2-3

Typical conductivities of insulators, semiconductors, and conductors

Material Class Conductivity ¢ (S / m)
Fused quartz Insulator ~ 1071
Ceresin wax Insulator ~107Y
Sulfur Insulator ~107Y
Mica Insulator ~10°1
Paraffin Insulator ~ 10713
Hard rubber Insulator ~ 10715
Porcelain Insulator ~ 10~
Glass Insulator ~ 10712
Bakelite Insulator ~107°
Distilled water Insulator ~107*
Fused silica® Semiconductor ~21x10"*
Cross-linked polystyrene Semiconductor ~37x107*
(unreinforced)? -
Beryllium Oxide (BeO)? Semiconductor ~39x107*
Intrinsic silicon Semiconductor ~439x 1074
Sapphire® :Semiconductor ~55x1074
Glass-reinforced Teflon Semiconductor ~ 7.8 x.1074
(microfiber)?
Teflon quartz (woven)® Semiconductor ~82x10¢
Dry soil Semiconductor ~107% -1073
Ferrite (Fe,0,)® Semiconductor ~13x107?
Glass-reinforced Semiconductor ~ 1.45 x 1073
Polystyrene®
Polyphenelene oxide (PPO)*  Semiconductor ~227 x 1073
Glass-reinforced Teflon Semiconductor " ~243 x 1073
(woven)?
Plexiglas® Semiconductor ~51x1073
Gallium arsenide (GaAs)® Semiconductor ~8x1073
Wet soil Semiconductor ~1073 - 1072
Fresh water Semiconductor ~1072
Human and animal tissue Semiconductor ~02—-07
Intrinsic germanium Semiconductor ~2.227
Seawater Semiconductor ~ 4
Tellurium Conductor ~ 5 X 10?
Carbon Conductor ~ 3 x 10*
Graphite Conductor ~ 3% 10%
Cast iron Conductor ~ 10°
Mercury Conductor 108
Nichrome Conductor 10°
Silicon steel Conductor 2 x 108
German silver Conductor 2 x 10°
Lead " Conductor 5 x 106
Tin Conductor 9 X 106
Iron Conductor 1.03 x 107
Nickel Conductor 1.45 x 107
Zinc Conductor 1.7 x 107 -
Tungsten Conductor 1.83 x 107
Brass Conductor 2.56 x 10’
Aluminum Conductor 3.96 x 107
Gold Conductor 41 x 107
Copper Conductor 5.76 x 107
Silver Conductor 6.1 x 107

*For most semiconductors the conductivities are representative for a frequency of

about 10 GHz.
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Conductivity

When a conductor is subjected to an electric field, the electrons still move in random
directions but drift slowly (with a drift velocity v,) in the negative direction of the
applied electric field, thus creating a conduction current in the conductor. The
applied electric field E and drift velocity v, of the electrons are related by

v=-nE (2-36)

where p, is defined to be the electron mobility [positive quantity with units of
m?/(V-s)]. Substituting (2-36) into (2-30), we can write that

J= 9. = qve(—p‘eE) = -que”eE (2-37)
where g, is the electron chargé density. Comparing (2-37) with (1-16), or

J=0,E (2-38)

5

we define the static conductivity of a conductor as
O, = —qyele (S/m) (2-39)

Its reciprocal value is called the resistivity (ohm-meters).

The conductivity o, of a conductor is a parameter that characterizes the
free-electron conductive properties of a conductor. As temperature increases, the
increased thermal energy of the conductor lattice structure increases lattice vibra-
tion. Thus the possibility of the moving free electrons colliding increases, which
results in a decrease in the conductivity of the conductor. Materials with a very low
value of conductivity are classified as dielectrics (insulators). The conductivity of
ideal dielectrics is zero. '

The conductivity of (2-39) is referred to as the static or d.c. conductivity;
typical values of several materials are listed in Table 2-3. The conductivity varies as
a function of frequency. These variations, along with the mechanisms that result in
them, will be discussed in Section 2.8.1.

SEMICONDUCTORS

Materials whose conductivities bridge the gap between dielectrics (insulators) and
conductors (typically the conductivity being 1073 to unity) are referred to as
intrinsic (pure) semiconductors. A graph illustrating the range of conductivities,
from insulators to conductors, is displayed in Figure 2-13. Two such materials of
significant importance to electrical engineering are intrinsic germaniym and intrinsic
silicon. In intrinsic (pure) semiconductors there are two common carriers: the free
electrons and the bound electrons (referred to as positive holes) [4].

As the temperature rises, the mobilities of semiconducting material decrease
but their charge densities increase more rapidly. The increases in the charge density
more than offset the decreases in mobilities, resulting in a general increase in the
conductivity of semiconducting material with rises in temperature. This is one of the
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L« Quariz FIGURE 2-13 Range of conductivities of insulators,
X L g8 intrinsic semiconductors, and conductors.

characteristic differences between intrinsic semiconductors and metallic conductors:
for semiconductors the conductivity increases with rising temperature whereas for
metallic conductors it decreases. Typically the conductivity of germanium will
increase by a factor of 10 as the temperature increases from 300 to about 360 K, and
it will decrease by the same factor of 10 as the temperature decreases from 300 to
255 K. The conductivity of semiconductors can also be increased by adding
impurities to the intrinsic (pure) properties. This process is known as doping. Some
impurities (such as phosphorus) are called donors because they add more electrons
and form n-type semiconductors, with the electrons being the major carriers.
Impurities (such as boron) are called accepiors because they add more holes to form
p-type semiconductors, with the holes being the predominant carriers. When both -
and p-type regions exist on a single semiconductor, the junction formed between the
two regions is used to build diodes and transistors.

At temperatures near absolute zero (0 K or = —273°C), the valence electrons
of the outer shell of semiconducting material are held very tightly and they are not
free to travel. Thus the material behaves as an insulator under those conditions. As
the temperature rises, thermal vibration of the lattice structure in a semiconductor
material increases, and some of the electrons gain sufficient thermal energy to break
away from the tight grip of their atom and become free electrons similar to those in
a metallic conductor. As was shown in Figure 2-1, the atoms of silicon and
germanium have four valence electrons in their outer shell which are held very
tightly at temperatures near absolute zero, but some of them may break away as the
temperature rises. The valence electrons of any semiconductor must gain sufficient
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FIGURE 2-14 Energy levels for (a) conductors, (b} semiconductors, and (c¢) insulators.

energy to allow them to go from the valence band to the conduction band by
jumping over the forbidden band, as shown in Figure 2-14. For all semiconductors
the energy gap of the forbidden band is about £, = 1.43 eV = 2.29 x 107" J. The
bound electrons must gain at least that much energy, if not more, through increased
thermal activity to make the jump.

The electrons that gain sufficient energy to break away from their atoms create
vacancies in the other shell, designated as holes, which also move in a random
fashion. When the semiconducting material is not subjected to an applied electric
field, the net current from the bound electrons (which became free electrons) and
the bound holes is zero because the net drift velocity of each type of carrier
(electrons and holes) is zero (since they move in a random fashion). When an
electric field is applied, the electrons move with a nonzero net drift velocity of v,,
(in the direction opposite to the applied field) while the holes move with a nonzero
net drift velocity of v, (in the same direction as the applied field), thus creating a
nonzero current. Therefore we write the conduction current density for the two
carriers (electrons and holes) as

Jc = 4q,dde + o¥an = que( _p‘eE) + quh( +p‘hE)

Jc = (—qvelu‘e + qvh“‘h)E = (ase + Osh)E = OsE (2-40)
where p, = mobility of electrons [m?*/(V-s)]
1, = mobility of holes [m?/(V-s)]
o,, = static conductivity due to electrons
a,, = static conductivity due to holes

The static conductivities of the electrons (g,,) and the holes (o,,) can also be
written as

Oe = —duelte = _Neqe:u'e = Ne|qe|”e (2'413)

65, = +quulty, = TNGu, = Nlqulny, = Nilg.lp, (2'41b)
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TABLE 24

Charge densities, mobilities, and conductivities for silicon, germanium, aluminum, copper,
silver, and gallium arsenide at 300 K

que 3 qull 3 p'e p‘h 4
(C/m>) (C/m’) [m? / (V-s)] [m? / (V-5)] (S/m)

Intrinsic ~24x107? +24 x 1073 0.135 0.048 0.439 x 1073

silicon at 300 K at 300 K
Intrinsic —3.84 +3.84 0.39 0.19 2.227

germanium at 300K at300 K
Aluminum —1.8 x 101° 22 x1073 0 3.96 x 107
Copper —1.8 x 10° 0 3.2 x 1073 0 5.76 x 107
Silver -1.8 X 10° 34 x 1073 0 6.12 X 10’
Gallium -21 21 0.310 0.032 0.79 x 102

arsenide at 300 K at 300 K

where

N, = free electron density (electrons per cubic meter)

N, = bound hole density (holes per cubic meter)

|9.| = Ig,] = charge of an electron (magnitude) = 1.6 X 10~!° (coulombs)
9oe = Ng. = —N.lq.|

9o = Nudn = +N,lq4| = Nylq.|

For comparison, representative values of charge densities, mobilities, and conductiv-
ities for intrinsic silicon, intrinsic germanium, aluminum, copper, silver, and gallium
arsenide are given in Table 2-4 [5].

Six different materials were chosen to illustrate the formation of conductivity;
their conductivity conditions are shown in Figure 2-15 [6]. These, in order, are
representative of a dielectric (insulator), plasma (liquid or gas), conductor (metal),
pure semiconductor, n-type semiconductor, and p-type semiconductor. It is ob-
served that positively charged particles (holes) travel in the direction of the electric
field whereas negatively charged particles (electrons) travel opposite to the electric
field. However, both add to the total current.

The temperature variations of the mobilities of germanium, silicon, and
gallium arsenide are given approximately by

Silicon [5]:

g = (2.1 +0.2) x 10372501 160 < T < 400K (2-42a)
pr= (234 0.1) x 10°7~27+01 150 < T < 400K (2-42b)
Germanium [5]):
g, = 4.9 X 1037716 100 < T< 300K (2-43a)
g, = 1.05 x 10572 125 < T < 300K (2-43b)
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FIGURE 2-15 Conductivity conditions for six different materials representing dielectrics,
plasmas, conductors, and semiconductors (Source: J. D. Kraus, Electromagnet-

ics, 1984, McGraw-Hill Book Co.).

Gallium arsenide:
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B, = 0.310(

By = 0.032(

)0.15
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)2.2
T

(2-44a)

(2-44b)

Example 2-4. For the semiconducting materials silicon and germanium, deter-
mine conductivities at a temperature of 10°F. The electron and hole densities
for silicon and germanium are, respectively, equal to about 3.03 X 10'¢ and
1.47 X 10" electrons or holes per cubic meter.
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Solution. At T = 10°F, the respective temperatures on the Celsius (°C) and
Kelvin (K) scales are

°C = 3(°F - 32) = 3(10 - 32) = —1222
K =°C+2732=—122+273.2 = 261

The mobilities of silicon and germanium at 10°F (261 K) are approximately

equal to
Silicon:
p,=21x10°T"25 =21 X 10°(261 %) = 0.1908
g, =23 x10°T*" =23 x 10°(2617%7) = 0.0687
Germanium:

p, =49 x 10°T 1% = 4.9 x 10%(26171%) = 0.4771
g, = 1.05 X 10°772% = 1.05 x 10°(261 **) = 0.2457
In turn the conductivities are equal to

Silicon:

I

= nq.lp. = 3.03 X 10'%(1.6 x 10719)(0.1908) = 0.925 X 10~* S/m
0, = nylg,lu, = 3.03 X 1016(1.6 x 1071°)(0.0687) = 0.333 x 10~ S/m
6=0,+0,=1258x10"3S/m

(o

Germanium:

o, = n,|q.|u, = 1.47 x 10"°(1.6 X 1071%)(0.4771) = 1.122 S/m

0, = 1, q,lp, = 1.47 X 10"°(1.6 x 10717)(0.2457) = 0.578 S/m
6=0,1t0,=17S/m

SUPERCONDUCTORS

Ideal conductors (6 = o) are usually understood to be material within which an
electric field E cannot exist at any frequency. Through Maxwell’s time-varying
equations, this absence of an electric field also assures that there is no time-varying
magnetic field. For static fields, however, the magnetic field should not be affected
by the conductivity (including infinity) of the material. Therefore for static fields
(f = 0) a perfect conductor is defined as one that possesses an equipotential on its
surface.

In practice no ideal conductors exist. Metallic conductors (such as aluminum,
copper, silver, gold, etc.) have very large conductivities (typically 107-10% S /m), and
the rf fields in them decrease very rapidly with depth measured from the surface
(being essentially zero at a few skin depths). However, the resistivity of certain
metals essentially vanishes (conductivity becomes extremely large, almost infinity) at
temperatures near absolute zero (T = 0 K or —273°C). Such materials are usually
called superconductors, and the temperature at which this is achieved is referred to
as the critical temperature (T.). This phenomenon was discovered in 1911 by Dutch
physicist H. Kamerlingh Onnes, who received the Nobel Prize in 1913, and was
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also observed experimentally in 1933 by Meissner and Ochsenfeld [7, 8]. For
example, aluminum becomes superconducting at a critical temperature of 1.2 K,
niobium (also called columbium) at 9.2 K, and the intermetallic compound nio-
bium—germanium (Nb,Ge) at 23 K. For temperatures down to 0.05 K, copper and
gold have not yet achieved superconductor status.

Before 1986, it was accepted that if materials could become superconducting
at temperatures of 25 K or greater, there would be a major technological break-
through. The reason for the breakthrough is that materials can be cooled to these
temperatures with relatively inexpensive liquid hydrogen, whose boiling temperature
is about 20.4 K. Some of the potential applications of superconductivity would be

1. supercomputers becoming smaller, faster, and thus more powerful;
2. more detailed and less expensive magnetic resonance imaging (MRI);

3. economical, efficient, pollution-free, and safe-generating power plants using
fusion or magnetohydromagnetic technology;

4. loss-free transmission lines and more efficient power transmission;

5. trains traveling quietly and pollution-free at speeds of over 300 mph as they
levitate on a magnetic cushion;

6. improved electronic instrumentation.

From 1911 to 1986, a span of 75 years, research into superconductivity yielded
more than one thousand superconductive substances, but the increase in critical
temperature was moderate and was accomplished at a very slow pace. Prior to
January 1986, the record for the highest critical temperature belonged to
niobium-germanium (Nb,Ge), which in 1973 achieved a T, of 23 K. In January
1986 a major breakthrough in superconductivity may have provided the spark for
which the scientific community had been waiting. Karl Alex Mueller and Johannes
Georg Bednorz, IBM Zurich Research Laboratory scientists, observed that a new
class of oxide materials exhibited a superconductivity at a critical temperature much
higher than anyone had observed before [9, 10]. The material was a ceramic copper
oxide containing barium and lanthanum, and it had a critical temperature up to
about 35 K, which was substantially higher than the 23 K for niobium-germanium.

Before Mueller and Bednorz’s discovery, the best superconducting materials
were intermetallic compounds, which included niobium-tin, niobium—germanium,
‘and others. However, Mueller and Bednorz were convinced that the critical temper-
ature could not be raised much higher using such compounds. Therefore they turned
their attention to oxides with which they were familiar and which they believed to
be better candidates for higher-temperature superconductors. For superconductivity
to occur in a material, either the number of electrons that are available to transport
current must be high or the electron pairs that are responsible for superconductivity
must exhibit strong attractive forces [9]. Usually metals are very good candidates for
superconductors because they have many available electrons. Oxides, however, have
fewer electrons but it was shown that some metallic oxides of nickel and copper
exhibited strong attractive electron-pair forces, and others could be found with even
stronger pairing forces. Mueller and Bednorz became aware that some copper oxides
behaved like metals in conducting electricity. This led them to the superconducting
copper oxide containing barium and lanthanum with a critical temperature of 35 K.

Since then many other groups have reported even higher superconductivities,
up to about 90 K in a number of ternary oxides of rare earth elements [10]. One of
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the main questions still to be answered is why are they superconducting at such high
temperatures. Paul C. W. Chu, from the University of Houston, found that by
pressurizing a superconducting copper oxide, lanthanum, and barium he could
observe critical temperatures of up to 70 K. He reasoned that the pressure brought
the layers of the different elements closer together, leading to the higher supercon-
ductivity. He also found that by replacing barium with strontium, which is a very
similar element but has smaller atoms, brought the layers even closer together and
led to even higher temperatures. In February 1987 Dr. Chu also discovered that
replacing lanthanum with yttrium resulted in even higher temperatures, up to about
95 K. This was considered another major breakthrough, because it surpassed the
barrier of the boiling point of liquid nitrogen (77 K). Liquid nitrogen is relatively
inexpensive (by a factor of 50) compared to liquid helium or hydrogen, which are
used with superconducting material at lower temperatures.

On January 22, 1988 researchers at the National Research Institute for Metals,
Tsukaba, Japan, reported that a compound of bismuth, calcium, strontium-copper,
and oxygen had achieved a critical temperature of 105 K. Three days later Dr. Chu
announced an identical compound except that it contained one additional element
—aluminum. Dr. Chu has indicated that bismuth contains two superconducting
phases (chemical structures). This two-phase superconducting condition causes the
resistance to drop drastically between 120 and 110 K, but not to reach zero until
about 83 K, after a second sudden drop. One of the phases has a transition
temperature of about 115 K, and the other phase becomes superconducting at 90 K.
Efforts are underway to isolate the two phases, to keep the lower temperature phase
from surrounding the higher one. Although the yttrium-copper oxides are very
sensitive to oxygen content and a high temperature anneal is consequently needed
after the material is made superconducting, bismuth compounds do not lose oxygen
when heated. In addition, the bismuth compounds appear less brittle than the
yttrium compounds.

Now the march is on to try to understand better the physics of superconduc-
tivity and to see whether the critical temperature cannot be raised even further. It is
even reasonable to expect that superconductivity may be achieved at room tempera-
ture. Several researchers have already observed two to three orders of magnitude
decrease in resistivity of mixed-phase samples at temperatures of 240 K. Therefore
superconductivity at 240 K may be just around the corner.

Even though practical superconductivity now seems more of a reality, there
are many problems that must be overcome. For example, most superconductive
materials are difficult to produce consistently. They seem to be stronger in some
directions than in others and in general are too brittle to be used for flexible wires.
Moreover, they exhibit certain crystal anisotropies as current flow can vary by a
factor of 30, depending on the direction. In addition the materials seem to lose their
superconductive properties as the current density exceeds certain critical values.
These critical current densities are believed to be around 10° A/cm?, although
values of 1.8 x 10° A /cm’ have been reported at Japan’s NTT Ibaragi Telecommu-
nication Laboratory [10]. These current densities are about 10 to 100 times greater
than reported previously, and they are also about 1000 times the current density of
typical household wiring. These values are reassurance that materials would sustain
superconductivity at current density levels required for power transmission and
generation, electronic circuits, and electromagnets. The critical current density for
the yttrium compounds may be too low for many applications; that of the bismuth
compounds has not yet been measured.
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LINEAR, HOMOGENEOUS, ISOTROPIC, AND
NONDISPERSIVE MEDIA

The electrical behavior of materials when they are subjected to electromagnetic
fields is characterized by their constitutive parameters (e, g, and o).

Materials whose constitutive parameters are not functions of the applied field
are usually known as linear; otherwise they are nonlinear. In practice, many material
exhibit almost linear characteristics as long as the applied fields are within certain
ranges. Beyond those points, the material may exhibit a high degree of nonlinearity.
For example, air is nearly linear for applied electric fields up to about 1 X 10°
V/m. Beyond that, air breaks down and exhibits a high degree of nonlinearity.

When the constitutive parameters of media are not functions of position, the
materials are called homogeneous; otherwise they are inhomogeneous or nonhomoge-
neous. Almost all materials exhibit some degree of nonhomogeneity; however, for
most materials used in practice the nonhomogeneity is so small that the materials
are treated as being purely homogeneous.

If the constitutive parameters of a material vary as a function of frequency,
they are denoted as being dispersive; otherwise they are nondispersive. All materials
used in practice display some form of dispersion. The permittivities and the
conductivities, especially of dielectric material, and the permeabilities of ferromag-
netic material and ferrites exhibit rather pronounced dispersive characteristics.
These will be discussed in the next two sections.

Anisotropic or nonisotropic materials are those whose constitutive parameters
are a function of the direction of the applied field; otherwise they are known as
isotropic. Many materials, especially crystals, exhibit a rather high degree of
anisotropy. For example, dielectric materials in which each component of their
electric flux density D depends on more than one component of the electric field E,
are called anisotropic dielectrics. For such material, the permittivities and suscepti-
bilities cannot be represented by a single value. Instead, for example, [£] takes the
form of a 3 X 3 tensor, which is known as the permittivity tensor. The electric flux
density D and electric field intensity E are not parallel to each other, and they are
related by the permittivity tensor € in a form given by

D=¢-E (2-45)
In expanded form (2-45) can be written as
D, Exx  Exy &y E,
Dy =1&x &y &y Ey (2-46)
D, Ex &y Ey E,
which reduces to
D =¢ E + exyEy + ¢, E,
D,=¢,E +¢ E +e¢e,E,
D,=¢, E +¢,E +e,E, (2-46a)
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The permittivity tensor & is written, in general, as a 3 X 3 matrix of the form

Eix Exy €z
[ é] = eyx Eyy syz (2-47)
€Z)( £Zy EZZ

where each entry may be complex. For anisotropic material, not all the entries of
the permittivity tensor are necessarily nonzero. For some only the diagonal terms
(&4xs €, €,,), referred to as the principal permittivities, are nonzero. If that is not the
case, for some material a set of new axes (x’, y’, z') can be selected by rotation of
coordinates so that the permittivity tensor referenced to this set of axes possesses
only diagonal entries (principal permittivities). This process is known as diagonaliza-
tion, and the new set of axes are referred to as the principal coordinates. For
physically realizable materials, the entries ¢, ; of the permittivity tensor satisfy the
relation

g, =&} (2-48)
Matrices whose entries satisfy (2-48) are referred to as Hermitian. If the material is
lossless (imaginary parts of ¢, are zero) and the entries of the permittivity tensor

ij
satisfy (2-48), then the permittivity tensor is also symmetrical.

a.c. VARIATIONS IN MATERIALS

It has been shown that when a material is subjected to an applied static electric
field, the centroids of the positive and negative charges (representing, respectively,
the positive charges found in the nucleus of an atom and the negative electrons
found in the shells surrounding the nucleus) are displaced relative to each other
forming a linear electric dipole. When a material is examined macroscopically, the
presence of all the electric dipoles is accounted for by introducing an electric
polarization vector P [see (2-3) and (2-10)]. Ultimately, the static permittivity ¢, [see
(2-11a)] is introduced to account for the presence of P. A similar procedure is used
to account for the orbiting and spinning of the electrons of atoms (which are
represented electrically by small electric current-carrying loops) when magnetic
materials are subjected to applied static magnetic fields. When the material is
examined macroscopically, the presence of all the loops is accounted for by
introducing the magnetic polarization (magnetization) vector M [see (2-15) and
(2-21)]. In turn the static permeability u, [see (2-22(a)] is introduced to account for
the presence of M.

When the applied fields begin to alternate in polarity, the polarization vectors
P and M, and in turn the permittivities and permeabilities, are affected and they are
functions of the frequency of the alternating fields. By this action of the alternating
fields, there are simultaneous changes imposed upon the static conductivity o, [see
(2-39) and (2-40)] of the material. In fact, the incremental changes in the conductiv-
ity that are attributable to the reverses in polarity of the applied fields (frequency)
are responsible for the heating of materials using microwaves (for example, mi-
crowave cooking of food) [11-16].

In the sections that follow, the variations of e, o, and p as a function of
frequency of the applied fields will be examined.
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Complex Permittivity

Let us assume that each atom of a material in the absence of an applied electric field
(unpolarized atom) is represented by positive (representing the nucleus) and nega-
tive (representing the electrons) charges whose respective centroids coincide. The
electrical and mechanical equivalents of a typical atom are shown in Figure 2-16a
[6]. The large positive sphere of a mass M represents the massive nucleus whereas
the small negative sphere of mass m and charge — Q represents the electrons. When
an electric field is applied, it is assumed that the positive charge remains stationary
and the negative charge moves relative to the positive along a platform that exhibits
a friction (damping) coefficient &. In addition, the two charges will be connected
with a spring whose spring (tension) coefficient is s. The entire mechanical equiva-
lent of a typical atom then consists of the classical mass—spring system moving
along a platform with friction.

When an electric field is applied that is directed along the +x direction, the
negative charge will be displaced a distance ¢ in the negative x direction, as shown
in Figure 2-16b, forming an electric dipole. If the material is not permanently
polarized (as are the electrets), the atom will achieve its initial normal position when
the applied electric field diminishes to zero, as shown in Figure 2-16¢. Now if the
applied electric field is polarized in the —x direction, the negative charge will move
a distance £ in the positive x direction, as shown in Figure 2-164, forming again an
electric dipole in the direction opposite of that in Figure 2-16b.

When a time-harmonic field of angular frequency o is applied to an atom, the
forces of the system that describe the movement of the negative charge of mass m
relative to the stationary nucleus and that are opposed by damping (friction) and
tension (spring) can be represented by [6, 17]

d* dt .
mos t g+ st=Q6(1) = QEe’ (2-49)

By dividing both sides of (2-49) by m, we can write it as

d* ¢, 0 0 .
F + zagt' + w0/= ;n*op(t) = ;n_EOej (2—50)
h —d 2-50
where - )
a= o (2-50a)
’ b
=/ — 2-5
@, - (2-50b)
Q = dipole charge (2-50¢)

The terms on the left side of (2-49) represent, in order, the forces associated
with mass times acceleration, damping times velocity, and spring times displace-
ment. The term on the right side represents the driving force of the time-harmonic
applied field (of peak value QE,). Equations 2-49 and 2-50 are second-order
differential equations that are also representative of the natural responses of RLC
circuit systems.

For a source-free series RLC network, (2-50) takes the form for the current
i(1) of

d?i di ..
P + ZaE + w5i =0 (2-51)
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where o= (2-51a)
1

= — 2-51b

Wy r——LC ( )

In a similar manner, the voltage v(t) for a parallel source-free RLC network can be
obtained by writing (2-50) as

d% dv X
;t—z_ + Za—d? + wpv = 0 (2-52)
1
where = 3RC (2-52a)
1
(4)0 = —\/Z—E (2-52b)

Solutions to (2-51) and (2-52) can be classified as overdamped, critically
damped, or underdamped according to the values of the a/w, ratio. That is, the
solution to (2-51) for i(¢) or (2-52) for v(¢) is considered

Classification of Solution Criterion

overdamped if a > wg (2-53a)
critically damped if a=w, (2-53b)
underdamped if a < wg (2-53¢c)

The solution to (2-49) ¢an be obtained by first dividing both of its sides by m.
Doing this reduces (2-49) to

d* d d¢ s/ QE ot (2.54)

— + —— + —¢= —Ege -

dt* mdt m m
The general solution to (2-54) is usually comprised of two parts: a complementary
solution 7, and a particular solution ¢,. The complementary solution represents the
transient response of the system and is obtained by setting the driving force equal to
zero. Since (2-54) is a quadratic, the general form of the complementary (transient)
solution will be in terms of exponentials whose values vanish as ¢ — co. The
particular solution represents the steady-state response of the system, and it is of
interest here. Thus the particular (steady-state) solution of (2-54) can be written as

£,(1) = tyert (2-55)

where ¢, is the solution of £,(¢) when ¢ = 0.
Substituting (2-55) into (2-54) leads to the solution of

_EO
l, = L - (2-56)
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s
where wy = — (2-56a)
m

Thus (2-55) can be written as

— Ege’
£,(1) = bye/™ = L - (2-57)
a
and it represents the steady-state displacements of the negative charges (electrons)
of an atom relative to those of the positive charges (nucleus).

The resonant (natural) angular frequency w, of the system is obtained by
setting E, = 0 in (2-54). Doing this and assuming an underdamped system (a < w,

or d < 2ysm) leads to
5 5 s d \?
S G (—2m) (2-58)

For a frictionless system (d = 0) the resonant angular frequency w, reduces to

(wé - wz) + jw

. (2-584)

wd|d=0 = W = "

Assuming that the oscillating dipoles, which represent the numerous atoms of
a material, are all similar and there is no coupling between the dipoles (atoms),
the macroscopic steady-state electric polarization & of (2-5) can be written using

(2-57) as
2 2
AP w % e
P=2(1) = NOL(1) = = = = — (2-59)

(‘*’(2)“*’2)+jw(;) (wﬁ—w2)+jw(-n;)

where N, represents the number of dipoles per unit volume. Dividing both sides of
(2-59) by &(¢) = Eye’*" reduces it to

Q2
s Ml
&

- y (2-60)
(wé - wz) + jw —)
m
In turn the permittivity é of the medium can be written, using (2-10a) and
(2-11a), as
2
Ne(Q_)
2 .@ m ’ g
E=et o =6t o =€ e (2-61)

(wé - wz) + jw

a

which is recognized as being complex (with real and imaginary parts, respectively, of
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¢ and ¢”) as denoted by the dot. Equation 2-61 is also referred to as the dispersion
equation for the complex permittivity.

The relative complex permittivity £, of the material is obtained by dividing
both sides of (2-61) by g, leading to

NQ*
£ gym
&, =—=¢ —jel! =1+ 7 (2-62)
£
0 (wg - w2) + jo—
m

The real ¢/ and imaginary &/’ parts of (2-62) can be written, respectively, as

N,Q% .
0 (2 - )
ggm
=1+ FIE (2-63a)
2\2
— .+_ ——
(- o) + 02
d
NeQ2 W
8;’ = m ) (2"63b)
Egm (wz—w2)2+ (wi)
0 m
For nonmagnetic material
g, = i (2-64)

where 7 is the complex index of refraction. For materials with no damping
(d/m = 0), (2-63a) and (2-63b) reduce to

N,0?

ggm
g=1+ pr— (2-65a)
e = 0 (2-65b)

Since the permittivity of a medium as given by (2-61) [or its relative value as
given by (2-62)] is in general complex, the Maxwell-Ampere equation can be
written as

VXH=J+J, +jwéE =J, + 0.E + jw(e — je’)E

VXxH=UJ+ (0, + we")E + jweE = J, + o,E + jwe’E (2-66)

where
o, = equivalent conductivity = o, + we’ = o, + 0, (2-66a)
o, = alternating field conductivity = we” (2-66b)

g, = static field conductivity

I R PR for conductors (2-66¢)
"\ —p.4,, + #sq,s for semiconductors (2-66d)
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In (2-66a) o, represents the total (referred to here as the equivalent) conductiv-
ity composed of the static portion o, and the alternating part o, caused by the
rotation of the dipoles as they attempt to align with the applied field when its
polarity is alternating. The phenomenon (rotation of dipoles) that contributes the
alternating conductivity ¢, is referred to as dielectric hysteresis.

Many dielectric materials (such as glass and plastic) possess very low values of
static o, conductivities and behave as good insulators. However, when they are
subjected to alternating fields, they exhibit very high values of alternating field o,
conductivities and they consume considerable energy. The heat generated by this
radio frequency process is used for industrial heating processes. The best-known
process is that of microwave cooking [11-16]. Others include selective heating of
human tissue for tumor treatment [18-20] and selective heating of certain com-
pounds in materials that possess conductivities higher than the other constituents.
For example, pyrite (a form of sulfur considered to be a pollutant), which exhibits
higher conductivities than the other minerals of coal, can be heated selectively. This
technique has been used as a process to clean coal by extracting, through microwave
heating, its sulfur content.

In (2-66), aside from the impressed (source) electric current density J;, there
are two other components: the effective conduction electric current density J., and
the effective displacement electric current density J,,. Thus we can write the total
electric current density J, as

J=J+J.,+J,=J+0.E+ jwE (2-67)
where
J, = total electric current density (2-67a)
J, = impressed (source) electric current density (2-67b)
J.. = effective electric conduction current density

=0,E = (0, + we”)E (2-67¢)

J,. = effective displacement electric current density
= jwe’E (2-67d)

The total electric current density of (2-67) can also be written as

oe
J=J+0FE+jweE=1J+ jwe'(l - j—;)E =J + jwe(1 —jtans,)E (2-68)
WE

where
. . g, o, t+ 0, g, o,
tan §, = effective electric loss tangent = — = ——— = —; ’
WE WE wWE wE
o E" e/,
= — + — =tan§, + tan§, = — (2-68a)
we’ € e
. . oS
tan §, = static electric loss tangent = — (2-68b)
we
. . oa eII
tan §, = alternating electric loss tangent = — = — (2-68c¢)
wE &

The manufacturer of any given material usually specifies either the conductivity
(S/m) or the electric loss tangent (tan 8, dimensionless). Although it is usually not
stated as such, the specified conductivity o, and loss tangent should represent,
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TABLE 2-5

Dielectric constants and loss tangents of typical dielectric materials
Material 4 tand
Air 1.0006

Alcohol (ethyl) 25 0.1
Aluminum oxide 8.8 6 x 104
Bakelite 4.74 22 x 1073
Carbon dioxide 1.001

Germanium 16

Glass 4-7 1x1073
Ice 42 0.1
Mica 5.4 6 x 1074
Nylon 3.5 2 x107?
Paper 3 8 x10°?
Plexiglas 3.45 4x107?
Polystyrene 2.56 5x10°°
Porcelain 6 14 x107°
Pyrex glass 4 6x107*
Quartz (fused) 38 75 x1074
Rubber 2.5-3 2x107?
Silica (fused) 3.8 7.5 x 1074
Silicon 11.8

Snow 33 0.5
Sodium chloride 5.9 1x10°*
Soil (dry) 2.8 7x 1072
Styrofoam 1.03 1x10°4
Teflon 2.1 3x107*
Titanium dioxide 100 15 x 1074
Water (distilled) 80 4x1072
Water (sea) 81 4.64
Water (dehydrated) 1 0
Wood (dry) 1.5-4 1x10°?

respectively, the effective conductivity and loss tangent tan §, at a given frequency.
Typical values of loss tangent for some materials are listed in Table 2-5.

The effective conduction J,, and displacement J,, current densities of (2-67)
can also be written as

oe
Ja=13.+J,,=0E + joueE =jwe’(1 ~-Jj— )E = jwe'(1 — jtan§,)E (2-69)

WE

In phasor form, these can be represented as shown in Figure 2-17. It is evident
that the conduction and displacement current densities are orthogonal to each other.
Material can also be classified as good dielectrics or good conductors according to

Jde =jwe 'E

FIGURE 2-17 Phasor representation of effective con-
duction and displacement current densities.
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the values of the g,/we’ ratio. That is

1. Good Dielectrics, (0,/we’) < 1

0,/we <1

oe o~ .
J., =jw£’(l —J )E = jwe¢E (2-70a)

we'

For these materials, the displacement current density is much greater than the
conduction current density, and the total current density is approximately equal
to the displacement current density.

2. Good Conductors, (6,/we’) > 1

g o,/we =1
J,= jwe’(l —j— )E = 4,E (2-70b)

we’ ¢

For these materials, the conduction current density is much greater than the
displacement current density, and the total current density is approximately
equal to the conduction current density.

As discussed in Section 2.2 and demonstrated in Figure 2-4 the electric
polarization for dielectrics, as given by (2-3) or (2-5), can be composed of any
combination involving the dipole (orientational), ionic (molecular), and electronic
polarizations. As a function of frequency, the electric polarization of (2-10) can be
written as

P(w) = gox (w)E, (@) (2-11)
where in general
X.(w) = xi(w) —jxZ(»)
= [x2a(@) + xL(@) + x2 ()] = ilx(@) + xi(w) + x(w)]

(2-71a)
x.q4(w) = dipole real electric susceptibility (2-71v)
x.;(w) = ionic real electric susceptibility (2-71¢)
x..(w) = electronic real electric susceptibility (2-711d)
x2;(w) = dipole loss electric susceptibility (2-71e)
x 2 (w) = ionic loss electric susceptibility (2-71f)
x..(w) = electronic loss electric susceptibility (2-71g)

It should be noted that, in general,
xe(—w) = xi(w) (2-72a)
x/(-w) = —x¢(e) (2-72b)

A general sketch of the variations of the susceptibilities as a function of
frequency is given in Figure 2-18 [21, 22]. It should be stated, however, that this
does not represent any one particular material, and very few materials exhibit all
three mechanisms. Measurements have been made on many materials [22], with
some up to 90 GHz, using microwave and millimeter wave techniques [23].



a.c. VARIATIONS IN MATERIALS 81

——

1 /l\JL .

Radio-microwaves Infrared Visible-ultraviolet

FIGURE 2-18 Electric susceptibility (real and imaginary) variations as a
function of frequency for a typical dielectric.

Since the relative permittivity (dielectric constant) is related to the electric
susceptibility by (2-12), we should expect similar variations of the dielectric constant
as a function of frequency. To demonstrate that, we have plotted in Figure 2-19 as a
function of frequency (0 < w < 10) the relative complex permittivity (real and
imaginary parts and magnitude) of (2-62) or (2-63a) and (2-63b) (assuming
N,Q?/egm =1 and d/m = 1) for

a d m 1
—— == (underdamped with w, = 2.5 and w0, = V6 = 2'449)
wy 2my s 5

a d m

1 .
o mVs =T (underdamped with w, = 5 and w, = V99 /2 = 4.975)

|
It

It is observed that the values of ¢/ peak at the resonant frequencies, which indicates
that the medium attains its most lossy state at the resonant frequency. Multiple
variations of this type would also be observed in a given curve at other frequencies
if the medium possesses multiple resonant frequencies. For frequencies not near one
of the resonant frequencies, the curve representing the variations of |é,| exhibits a
positive slope and is referred to as normal dispersion (because it occurs most
commonly). Very near the resonant frequencies there is a small range of frequencies
for which the vanations of |é,| exhibit a negative slope that is referred to as
anomalous (abnormal) dispersion. Although there is nothing abnormal about this
type of dispersion, the name was given because it seemed unusual when it was first
observed.

When (2-57) and (2-59) to (2-63b) were derived, it was assumed that the
medium possessed only one resonant (natural) frequency presented by one type of
harmonic oscillator. In general, however, there are several natural frequencies
associated with a particular atom. These can be accounted for in our dispersion
equations for ¢/ and & by introducing several different kinds of oscillators with no
coupling between them. This type of modeling allows the contributions from each
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FIGURE 2-19 Typical frequency variations of real and imaginary parts of relative

permittivity of dielectrics. (2) N,Q?/egm =1, d/m =1, a/w, = 1/5,
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oscillator to be accounted for by a simple addition. Thus for a medium with p
natural frequencies (represented by p independent oscillators), we can write (2-60)
to (2-63b) as

Q2
P 14 Ne?
E = Z wd (2-733.)
s=1 (wZ _ w2) + j—
Q2
N___
. . 2 ‘m
E=¢ —je' =g+ Y 7 (2-73b)
s=1 (wz _ wz) +]_
N,Q?
gom
=e —je! =1+ ) 2 — (2-73¢)
s=1 (wZ — w?-) +j—
N )
Id ggm © °
£=1+ Y —~ —— (2-73d)
st (wsz - w2)2 + (—)
m
d
P N 2 w—
e =Y 2 -~ (2-73¢)
s=1 gEgm 2 wd
(- o)+ (2]
m

Often the question is asked whether there are any relations between the real
and imaginary parts of the complex permittivity. The answer to that is yes. Known
as the Kramers—Kronig [24-26] relations, they are given by

] w’e” )
glw)=1+ — dw’ 2-74a
() f oo (2-74a)
ol —¢ (w )
e(w) = — > do’ (2-74b)
e

—w

and they are very similar to the frequency relations between resistance and reac-
tance in circuit theory {26].

In addition to the Kramers—-Kronig relations of (2-74a) and (2-74b), there are
simple relations that allow the calculation of the real and imaginary parts of the
complex relative permittivity for many materials as a function of frequency pro-
vided that the real part of the complex permittivity is known at zero frequency
(denoted by e/,) and at very large (ideally infinity) frequency (denoted by €.
These relations are obtained from the well-known Debye equation [17, 21, 22] for the
complex dielectric constant, which states that

’ ’

&y T &y
£ = g’ — Jg’’ = g’/ 4 — 2_75
8r(“") 8,((0) JE, (w) LI 1 +jw're ( )
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where 7, is a new relaxation time constant related to original relaxation time constant
T by

g+ 2
e, +2

(2-75a)

T,=7

The Debye equation of (2-75) is derived using the Clausius—Mosotti equation [21, 22,
27). The real and imaginary parts of (2-75) can be written as
[

€
e(w)=¢, + ——— 2-76a
(@) 1+ ((;.)1",)2 ( )

g (w) =
(@) 1+ (w're,)2

(2-76b)

which can be found at any frequency provided &/, €., and 7 are known. The
relations of (2-76a) and (2-76b) can be used to estimate the real and imaginary parts
of the complex relative permittivity (complex dielectric constant) for many gases,
liquids, and solids.

Complex Permeability

As discussed in Section 2.3, the permeability of most dielectric material, including
diamagnetic, paramagnetic, and antiferromagnetic material, is nearly the same as
that of free space p, (po = 47 X 1077 H/m). Ferromagnetic and ferrimagnetic
materials exhibit much higher permeability than free space, as is demonstrated by
the data of Table 2-2. These classes of material are also magnetically lossy, and their
magnetic losses are accounted for by introducing a complex permeability.

In general then, we can write the Maxwell-Faraday equation as

V xE=-M, - jeiH = ~-M, — jo(p' — ju")H

= -M, - wp’H — jop'H = —M, (2-77)
where
M, =M, + wp”H + jop'H (2-77a)
M, = total magnetic current density (2-77b)
M, = impressed (source) magnetic current density (2-77¢)
M, = conduction magnetic current density = wp”’H (2-77d)
M, = displacement magnetic current density = jop'H (2-77e¢)

Another form of (2-77a) is to write it as

17

M, =M, +jwp’(1 —jl:t—,)H =M, + jop'(1 — jtan$§, )H (2-78)

where

=

l

tan §,, = alternating magnetic loss tangent = (2-78a)

=
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In addition to being complex, the permeability of ferromagnetic and ferrimag-
netic material is often a function of frequency. Thus it should, in general, be written
as

p=p(ew) —jp (o) (2-79)
L

0

b= — = p(w) —juy(w) (2-79a)

Most ferromagnetic materials possess very high relative permeabilities (on the
order of several thousand) and good conductivities such that there is a minimum
interaction between these materials and the electromagnetic waves propagating
through them. As such, they will not be discussed further here. There is, however, a
class of ferrimagnetic material, referred to as ferrites, that finds wide applications in
the design of nonreciprocal microwave components (such as isolators, hybrids,
gyrators, phase shifters, etc.). Ferrites become attractive for these applications
because at microwave frequencies they exhibit strong magnetic effects which result
in anisotropic properties and large resistances (good insulators). These resistances
limit the current induced in them and in turn result in lower ohmic losses. Because
of the appeal of ferrites to the microwave circuit design, their magnetic properties
will be discussed further in the section that follows.

Ferrites

Ferrites are a class of solid ceramic materials that have crystal structures formed by
sintering at high temperatures (typically 1000-1500°C) stoichiometric mixtures of
certain metal oxides (such as oxygen and iron, and cadmium, lithium, magnesium,
nickel, or zinc, or some combination of them). These materials are ferrimagnetic,
and they are considered to be good insulators with high permeabilities, dielectric
constants between 10 to 15 or greater, and specific resistivities as much as 104
greater than those of metals. In addition, they possess properties that allow strong
interaction between the magnetic dipole moment associated with the electron spin,
as discussed in Section 2.3, and the microwave electromagnetic fields [28-30]. In
contrast to ferromagnetic materials, ferrites have their magnetic ions distributed
over at least two interpenetrating sublattices. Within each sublattice all magnetic
moments are aligned, but the sublattices are oppositely directed.

As a result of these interactions, ferrites exhibit nonreciprocal properties such
as different phase constants and phase velocities for right- and left-hand circularly
polarized waves, transmission coefficients that are functions of direction of travel,
and permeabilities that are represented by tensors (in the form of a matrix) rather
than by a single scalar. These characteristics become important in the design of
nonreciprocal microwave devices [31-33]. Although all ferrimagnetic materials
possess these properties, it is only in ferrites that they are pronounced and
significant. The properties of ferrites will be discussed here by examining the
propagation of microwave electromagnetic waves in an unbounded ferrite material.

There are two possible models that can be used to understand the technical
properties of magnetic material: the phenomenological model and the atomic model
[30]. For the purposes of this book, the phenomenological model is sufficient to
examine the properties of magnetic oxides. As discussed in Section 2.3, the magnetic
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z )

y

FIGURE 2-20 Torque on a single mag-
netic dipole caused by an ap-
plied external magnetic field
(Source: R. E. Collin, Founda-
tions for Microwave Engineering,
1966, McGraw-Hill Book Co.).

7BO><P=T

material is replaced by an array of magnetic dipoles that are maintained in a
permanent and rigid alignment as shown in Figure 2-8a. When a magnetic field is
applied, as shown in Figure 2-8b, the magnetic moments of the dipoles can turn
freely in space as long as they turn together. Much of the discussion of this section
follows that of [30] and [33].

Under an applied magnetic field each single magnetic dipole rotates with a
precession frequency that is referred to as the Larmor precession frequency. The
precession frequency is altered when one or more dipoles are introduced. The
dipoles in the array interact with each other and attempt to achieve an alignment
that will minimize the interaction energy. The change in precession frequency is
equivalent to introducing an additional demagnetizing field. When many dipole
arrays are subjected to d.c., rf, or demagnetizing fields, magnetic resonance is
introduced. This is a phenomenon that is of fundamental interest to the design of
microwave nonreciprocal components. The discussion here will be that of the
phenomenological model.

The magnetic dipole moment m of a single magnetic dipole of Figure 2-7a or
2-7b is given by (2-13). When an external magnetic field is applied, as shown in
Figure 2-20 for a single dipole, exerted on the dipole is a torque T of

T=p,mXH;=mXB, (2-80)
where m = Al ds = magnetic dipole moment of single dipole
H, = applied magnetic field
B, = applied magnetic flux density

The torque will cause the dipole to precess about the z axis, which is parallel to By,
as shown in Figure 2-20.
The interaction energy W, between the dipole and the applied field can be
expressed as
W, = —pomHycos¢ ° (2-81)
aw,,

T= —
d¢

(2-81a)
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where ¢ is the angle between the applied magnetic field and the magnetic dipole
axis. It is observed that the energy is minimum (W, = —p,mH,) when ¢ =0
whereas when ¢ =7 /2, T is zero and the dipole is in unstable equilibrium.

When electrons of a physically realizable dipole are moving, they create a
current whose motion is associated with a circulation of mass (angular momentum)
as well as charge. Therefore the magnetic dipole moment of a single electron of
charge e, which is moving with a velocity v in a circle of radius a, can be also be
expressed as

ev 1
m=Ids = —(ma®) = 5 eva (2-82)

27a

and the angular momentum P can be written as
P=mpa (2-83)

where m, is the mass of the electron. The ratio of the magnetic moment [as given by
(2-82)] to the angular momentum [as given by (2-83)] is referred to as the gyromag-
netic ratio vy, and it is equal to

[

= m = yP (2-84)

m
YT

2m,

which is negative because of the negative electron charge e. This makes the angular
momentum P of the electron antiparallel to the magnetic dipole moment m, as
shown in Figure 2-20. '

To obtain the equation of motion we set the rate of change (with time) of the
angular momentum equal to the torque, that is,

dp
—‘2;-=T=,u0mXHO=—,u0|y|PXH0=—PXw0=w0XP (2-85)

or
polY|PHysing = wyPsing = —p mH, sin¢ (2-85a)

In (2-85) and (2-85a) w, is the vector precession angular velocity which is directed
along H, as shown in Figure 2-20. For the free precession of a single dipole, the

angular velocity w, is referred to as the Larmor precession frequency, which is given
by

wo = |YlroHy = |Y|B, (2'86)

and it is independent of the angle ¢.

Let us assume that on the static applied field B, a small a.c. magnetic field B,
is superimposed. This additional applied field will impose a forced precession on the
magnetic dipole. To examine the effects of the forced precession, let us assume that
the a.c. applied magnetic field Bi* is circularly polarized, either right hand (CW) B,
or left hand (CCW) B[, and it is directed perpendicular to the z axis. As will be
shown in Section 4.4.2 these fields can be written as

B/~ (4, - jd,)Bf e right-hand (CW) (2-862)

7= (d,+ja,)Bfe left-hand (CCW) (2-86b)
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x| x{

BJf cos wt

B cos wt /f/“/l

<y

—Bj sinwt

(a) (b)
FIGURE 2-21 Rotation of magnetic field, as a function of time, for (a) clockwise
and (b) counterclockwise polarizations (Source: R. E. Collin, Foundations
for Microwave Engineering, 1966, McGraw-Hill Book Co.).

The corresponding instantaneous fields obtained using (1-61d) rotate, respectively,
in the clockwise and counterclockwise directions when viewed from the rear as they
travel in the +z direction. This is demonstrated in Figure 2-21. When each of the
a.c. signals are superimposed upon the static field B, directed along the z axis, the
resultant B field will be at angle 6 * (measured from the z axis) given by

Bt

f*=tan~? -B— (2-87)
0

as shown in Figure 2-22a and 2-22b. The resultant magnetic field B will rotate
about the z axis at a rate of w* in the clockwise direction for B;* and «~ in the
counterclockwise direction for B, as shown in Figure 2-22. The magnetic dipole
will be forced to precess at the same rate about the z axis when steady-state
conditions prevail.

For the torque to impose a clockwise precession on B," and a counterclock-
wise precession on B,”, the precession angle ¢* must be larger than §* (as shown in
Figure 2-22a) and ¢~ must be smaller than 6~ (as shown in Figure 2-22b).
Therefore for each case (2-85), the equation of motion, can be written as

dp*
e T*=m*x B*= —|[y[P*X B=w"d, X P* (2-88a)

dpP-
—— =T =m xB = —yPx B = —wd, X P~ (2-88b)

or
—|y|P*B; sin(¢p*— 8%) = w* P sing” (2-89a)
—|y|P~B  sin(8 —¢") = —w P sing” 2-89b
t

Expanding (2-89a) and (2-89b) leads to
—1y|[(B; sing*)cos 8" — (B, cos¢*)sin 0*] = w*sing™ (2-90a)
— ty|[(B; sin8~)cos ¢ — (B, cos§)sin ¢ ] = —w sing” (2-90b)
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hd

(b)

Since

B sin8*= B}
B cos6"= B,
B sin6™= B,

B, cos@™= B,

FIGURE 2-22 Precession of spinning electron

caused by applied magnetic field.
(a) Clockwise. (b) Counterclock-
wise. (Source: R. E. Collin, Founda-
tions for Microwave Engineering,
1966, McGraw-Hill Book Co.)

(2-91a)
(2-91b)
(2-91¢)

(2-91d)
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then (2-90a) and (2-90b) can be reduced, respectively, to

lvIBY lv|BY
t t= = 2-92a
an¢ |Y|By — ™ wy— w’ ( )
ngee B _ B (292b)
|Y|By + @~ wy + W™

According to Figure 2-22 the components m;* of m* that rotate in synchro-
nism with their respective B, and m} that are directed along the z axis, are given,
respectively, by

sin ¢+
mE=m*sing*=m?* cos¢* cos ot =m* cos¢p* tand*= mF tan¢p* (2-93a)
mi=m* cospE=my (2-93b)
where
mE=m?* cos ¢* (2-93¢)

Using (2-92a) and (2-92b) we can write the components of m* that rotate in
synchronism with Bi* as

mi|y|By
m}=mg tan¢* = —Ol——l—: (2-94a)
Wy — W
__ molvlBy
m;=mg tan¢ ™= P (2-94b)

In the previous discussion we considered the essential properties of single
spinning electrons in a magnetic field that is a superposition of a static magnetic
field along the z axis and an a.c. circularly polarized field perpendicular to it. Let us
now examine macroscopically the properties of N orbiting electrons per unit volume
whose density is uniformly and continuously distributed. Doing this we can repre-
sent the total magnetization M of all N electrons as the product of N times that of a
single electron (M = Nm), as given by (2-17). In addition the magnetic flux density
M will be related to the magnetic field intensity H and magnetization vector M by
(2-19). Thus we can write (2-19), using (2-94a) and (2-94b) for the magnetization
of the N orbiting electrons superimposed with the circularly polarized a.c. signal
of B, as

+ + + + + + ng]y]Bf
B=I-‘0(H1+M1)=#0(H1+Nmr)=ﬂoH1+ © o

Nmg|y|p polYIMg

- uo(l . —L"T")Hr= uo(l o B e Hy (2959)
wO - W wo i V]

Nmg |y B )

Wy + w

B = po(H+ M) = po(H{ + Nm; ) = uo(Hf+

Nmgy polY| My
= I-‘o(1 + “—Oh"w__o)Hf: Ho(l + ‘M‘L_)I'L: pHy  (2-95b)
Wyt w Wy + w
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where
M} = Nm} (2-95¢)
My = Nmg (2-95d)
YIMy
pi= uo(l + u—") (2-95¢)
Wy — w
YIMy
pe= uo(l + M (2-95¢)
Wy + w

In (2-95¢) and (2-95f) n} and p; represent, respectively, the effective permeabilities
for clockwise and counterclockwise circularly polarized waves. It is apparent that
the two are not equal, which is a fundamental property utilized in the design of
nonreciprocal microwave devices.

If the static magnetic field B, is much larger than the superimposed a.c.
magnetic field B (B, > B{*) so that the magnetization of the ferrite material is
saturated by the static field, then all the spinning dipoles are tightly coupled and the
entire material acts as a large single magnetic dipole. In that case the magnetization
vector M * for the positive (CW) and negative (CCW) circularly polarized fields
superimposed on the static field can be approximated by

= Nm*= M, = M, (2-96)

where M is the magnetization vector caused by the static field when no time-vary-
ing magnetic field is applied. For those cases the effective permeabilities can be
approximated by

p‘OIYlMs
Me=Ho|l+ ——= (2-97a)
0
. RolYI M,
pe= Mo(l A (2-97b)
1]

which are not equal. Equations 2-97a and 2-97b are good approximations when the
a.c. signals are small compared to the applied static field.

It can be shown (see Chapter 4) that a time-harmonic transverse electromag-
netic (TEM) wave can be decomposed into a combination of clockwise and
counterclockwise circularly polarized waves. Therefore the implications of (2-97a)
and (2-97b) are that when a TEM wave travels through a ferrite material the
clockwise circularly polarized portion of the wave will experience the permeability
of (2-97a) while the counterclockwise wave will experience that of (2-97b). Since the
permeability of a material influences the phase velocity and phase constant (see
Chapter 4), the phases associated with (2-97a) and (2-97b) will be different. This is
one of the fundamental features of ferrites that is utilized for the design of
microwave nonreciprocal devices.

When a unbounded ferrite material is subjected to a static magnetic field B,
directed along the z axis of

By =d.B, = d,poH, (2-98a)
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and a time-harmonic magnetic field # of
B = p,H (2-98b)

each will induce a magnetization per unit volume vector of M| and #, respectively.
The script is used to indicate time-varying components. Under these conditions, the
equation of motion can be written as

dAM, + #) A
— == —yl[(M, + #) x (B, + #)] (2-99)

or in expanded form as

dA
—dt— = —|YI#0[(Ms + '/l) X (Ho + W)]
o —lylpo(M, X Hy + M, X o + # X Hy+ A X H) (2-99a)

If the time-harmonic field 4 is small such that
|A| < M| (2-100a)
|| < H,| (2-100b)

and since the applied magnetic field B, is in the same direction as the static
saturation magnetization vector M, or

M, x Hy =0 (2-101)

then (2-99a) can be approximated by

dH
“ar = —|y|po(M, X # + A X Hy) (2-102)

If each of the time-harmonic components is written in the form described by
(1-61a) through (1-61d), then (2-102) ultimately reduces, using (2-86), to

joM = —[yluo(M, X H + M X Hy)
JoM + |y|poM X Hy = —|y|p,M; X H

joM + |[yM X By = —ly|p,M; X H
joM + M X (Jy[By) = —|yluoM, X H
JoM + 0M X 4, = —|y|u M, X H (2-103)

Assuming M, has only a z component whereas H has both x and y components,
expanding (2-103) leads to

JoM, + oM, = |y|p M, H, (2-104a)
- wOMx +]wMy = _“Y“"'OMst (2-104b)
JoM, =0 (2-104c)
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Solving (2-104a) through (2-104c) for M,, M, and M, leads to

wOIY“"‘OMst + jw|Y|nu‘OMsHy

M, = 3 5 (2-105a)
Wi~ w
wol YoM, H, — jw|y|poM,H,
M, - olYlko ; J 2| o (2-105b)
Wi — w
M,=0 (2-105¢)

By introducing the magnetic susceptibility x, we can write (2-105a) through (2-105c)
using the forms of (2-21) and (2-22) as

[(M] = [x][H] (2-106)
or
M, Xxx Xxp O Hs
M,|=|x,. x,, O|lH (2-106a)
M, 0 0 o0]|lH,
[B] = uol[1] + [x]1[H] (2-107)
10

FIGURE 2-23 Frequency varia-
tions of real and imag-
inary parts of complex
permeability for circu-
larly polarized waves
in a ferrite (w = 20w
GHz, o, = 1127
GHz, a = 0.05)
(Source: R. E. Collin,

~4 | | | Foundations for Mi-

0 0.5 10 15 20 crowave Engineering,
wp 1966, McGraw-Hill
w Book Co).
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or
Bx 1+ Xxx Xxy 0 Hx
By = Mo ny 1+ ny 0 Hy (2-1073)
B, 0 0 1|1 H,
where
wol Yl M,
=X,y = 2-107b
Xxx = Xyy wg 2 ( )
wlYlu‘OMs
= — =j— 2-107
Xxy Xyx =J w(z) o2 ( C)

In (2-106) through (2-107¢) X,,, X,,» Xx;» and x . represent the entries of the
susceptibility tensor % for the ferrite material and [/] is the unit matrix. Equation
2-107a can also be written in a more general form as

B=p-H (2-108)
where p is the permeability tensor written, in general, as a 3 X 3 matrix of the form

1+ X  Xo O
[Bl=no| x,» 1+x, O (2-108a)
0 0 1

which is a more general form of (2-22a).

Practical ferrite materials also contain magnetic losses. Therefore the perme-
ability of the material will have both real and imaginary parts, as given by (2-79) or
(2-79a). A phenomenological model used to derive the variations as a function of
frequency of the real p'(w) and imaginary p”(w) parts of both (2-95¢) and (2-95f)
when losses are included is somewhat complex and beyond the treatment pressented
here for ferrites. However, the development of this can be found in [33] and [34]. A
typical plot as a function of w,/w is shown in Figure 2-23 where w,, = po|Y|M,. A
resonance phenomenon is indicated when w;/w = 1.
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PROBLEMS

2.1. A dielectric slab, shown in Figure P2-1, exhibits an electric polarization vector of
P=4,2762x 107" C/m’
when it is subjected to an electric field of
E=4,2V/m
Determine
(a) The bound surface charge density ¢, in each of its six faces.
(b) The net bound charge Q, associated with the slab.

(¢c) The volume bound charge density g, within the dielectric slab.
(d) The dielectric constant of the material.

FIGURE P2-1

2.2. A cylindrical dielectric shell of Figure P2-2 with inner and outer radii, respectively,
of a =2 cm and b = 6 cm, and of length /= 10 cm exhibits an electric polarization
vector of

2
P=4,-x10""C/m’, a<p<b
P

FIGURE P2-2
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when it is subjected to an electric field of

E=dp—p—V/m, a<p<b
Neglecting fringing, find
(a) The bound surface charge density g,, in each of the surfaces.
(b) The net bound charge ¢, at the inner, outer, upper, and lower surfaces.
(¢) The volume bound charge density g,, within the dielectric.
(d) The dielectric constant of the material.

A spherical dielectric shell of Figure P2-3 with inner and outer radii @ = 2 cm and
b = 4 cm, respectively, exhibits an electric polarization vector of

31.87
P=d—— x1072C/m’, a<r<b
r

when it subjected to an electric field of

g g 0
= ar r2

V/m, as<r<b

Determine

(a) The bound surface charge density g,, in each of the surfaces.
(b) The net bound charge Q, at the inner and outer surfaces.

(c) The volume bound charge density g,, within the dielectric.
(d) The dielectric constant of the material.

\>

FIGURE P2-3

Two parallel conducting plates, each having a surface area of 2 X 1072 m? on its
sides, form a parallel-plate capacitor. Their separation is 1.25 mm and the medium
between them is free space. A 100-V d.c. battery is connected across them, and it is
maintained there at all times. Then a dielectric sheet, 1 mm thick and with the same
shape and area as the plates, is slipped carefully between the plates so that one of its
sides touches one of the conducting plates. After the insertion of the slab and
neglecting fringing, if the dielectric constant of the dielectric sheet is & =5,
determine

(a) The electric field intensity between the plates (inside and outside the slab).
(b) The electric flux density between the plates (inside and outside the slab).
(c) The surface charge density in each of the plates.

(d) The total charge in each of the plates.

(e) The capacitance across the slab, the free space, and both of them.

(f) The energy stored in the slab, the free space, and both of them.

For Problem 2.4, assume that after the 100-V voltage source charges the conducting
plates, it is then removed. Then the dielectric sheet is inserted between the plates as
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2.6.

2.7.

2.8.

indicated in Problem 2.4. After the insertion of the dielectric sheet, find

(a) The total charge Q on the upper and lower plates.

(b) The surface charge density on the upper and lower plates.

(c) The electric flux density in the dielectric slab and free space.

(d) The electric field intensity in the dielectric slab and free space.
(e) The voltage across the slab, the free space, and both of them.

(f) The capacitance across the slab, the free space, and both of them.
(8) The energy stored in the slab, the free space, and both of them.

A parallel-plate capacitor of Figure P2-6, with plates each of area 64 cm?, separation
of 4 cm, and free space between them, is charged by a 8-V d.c. source that is kept
across the plates at all times. After the charging of the plates a 4-cm dielectric slab
of polystyrene (g, = 2.56, p, = 1) 4 cm in thickness is inserted between the plates
and occupies half of the space between them.

Before insertion of the slab, determine

(a) The total charge on the upper and lower plates.
(b) The electric field between the plates.

(c) The electric flux density between the plates.

(d) The capacitance of the capacitor.

(e) The total stored energy in the capacitor.

After insertion of the slab, determine

(f) The total charge on the upper and lower plates in the free space and dielectric
parts.

(8) The electric field in the free space and dielectric parts.

(h) The electric flux density in the free space and dielectric parts.

(i) The capacitance of each of the free space and dielectric parts.

(J) The total capacitance (combined free space and dielectric parts).

(k) The stored energy in each of the free space and dielectric parts.

() The total stored energy (combined free space and dielectric parts). Compare
with that of part () and if there is a difference, explain why.

FIGURE P2-6

Repeat Problem 2.6 except assume that the voltage source is removed after the
charging of the plates and before the insertion of the slab.

A 10-V d.c. voltage source, placed across the inner and outer conductors of a coaxial
cylinder as shown in Figure P2-8, is used to charge the conductors and is then
removed. The total charge in each conductor is + Q. The inner conductor has a
radius of a = 2 cm, the radius of the outer conductor is 4 cm, and the length of the
cylinder is £= 6 cm. Assuming no field fringing and free space between the
conductors and neglecting fringing, find

(a) The electric field intensity between the conductors in terms of Q.
(b) The total charge Q on the inner and outer conductors.
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2.10.
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(c) The surface charge density on the inner and outer conductors.
(d) The electric flux density between the coaductors.

(e) The capacitance between the conductors.

(f) The energy stored between the conductors.

FIGURE P2-8

For Problem 2.8, assume that after the 10-V source charges the conductors and is
removed, a cylindrical dielectric jacket of polystyrene (e, = 2.56) of inner radius
a =2 cm and outer radius b = 3 cm is inserted over the inner conductor of the
coaxial cylinder. After the insertion of the jacket and neglecting fringing, find

(a) The total charge Q on the inner and outer conductors.

(b) The surface charge density on the inner and outer conductors.

(¢) The electric flux density between the conductors in the dielectric and free space.
(d) The electric field intensity between the conductors in the dielectric and free space.
(e) The voltage between the conductors.

(f) The total capacitance between the conductors.

(g) The total energy stored between the conductors.

For Problem 2.9 assume that the 10-V source that charges the conductors remains
connected at all times. By neglecting fringing, determine

(a) The electric field intensity between the conductors inside and outside the
dielectric jacket.

(b) The electric flux density between the conductors inside and outside the dielectric
jacket.

(c) The surface charge density in each of the plates.

(d) The total charge in each of the conductors.

(e) The total capacitance between the conductors.

(f) The total energy stored between the conductors.

A 100-V d.c. voltage source is placed across two parallel-plate sets that are
connected in parallel. Each conductor in each parallel-plate set has a surface area of
2 X 107? m’? on each of its sides which are separated by 4 cm. For one parallel-plate
set the medium between them is free space whereas for the other it is lossless
polystyrene (¢, = 2.56, p, = 1). For each parallel-plate set, by neglecting fringing,
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2.13.
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determine

(a) The electric field intensity between the plates.
(b) The electric flux density between the plates.
(¢) The total charge on the upper and lower plates.
(d) The total energy stored between the plates.

For the two-set parallel-plate combination determine

(¢) The total charge on the two upper and two lower plates.
(f) The total capacitance between the upper and lower plates.
(8) The total energy stored between the plates.

For the coaxial cylinder of Problem 2.8 assume that half of the space (0 < ¢ < )
between the conductors is occupied by free space and the other half (7m<¢ <27)
is taken up by polystyrene (e, = 2.56, p, = 1). Once the battery charges the
conductors and is removed, find, by neglecting fringing,

(a) The electric field intensity between the conductors, in free space and in
polystyrene, in terms of Q.

(b) The total charge in each of the inner and outer conductors.

(¢) The surface charge density in the inner and outer conductors.

(d) The electric flux density between the inner and outer conductors.

(¢) The capacitance between the conductors in free space, in polystyrene, and total.

(f) The energy stored between the conductors in free space, in polystyrene, and
total.

For the coaxial cylinder of Problem 2.8 assume that once the 10-V voltage source
charges the conductors and is removed, a curved dielectric slab of polystyrene
(e, = 2.56, p, = 1) of thickness equal to the spacing between the conductors is
inserted between the conductors and occupies half of the space (7 < ¢ < 2w); the
other half is still occupied by free space. By neglecting fringing, determine

(a) The total charge on the inner and outer conductors in free space and in
polystyrene.

(b) The surface charge density on inner and outer conductors in free space and in
polystyrene.

(¢) The electric flux density between the conductors in free space and in polystyrene.

(d) The electric field intensity between the conductors in free space and in
polystyrene.

(e) The voltage between the conductors in free space and in polystyrene.

(f) The capacitance between the conductors in free space, in polystyrene, and total.

(8) The energy stored between the conductors in free space, in polystyrene, and
total.

For Problem 2.13 assume that the 10-V charging source is maintained across the
conductors at all times. By neglecting fringing, determine:

(a) The electric field intensity between the conductors in free space and in
polystyrene.

(b) The electric flux density between the conductors in free space and in polystyrene.

(c) The charge density in each of the conductors in free space and in polystyrene.

(d) The total charge in each of the conductors in free space and in polystyrene.

(e) The capacitance between the conductors in free space, in polystyrene, and total.

(f) The energy stored between the conductors in free space, in polystyrene, and
total.
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2.15. A rectangular slab of ferrimagnetic material as shown in Figure P2-15 exhibits a
magnetization vector of
M =4,1.245 X 10 A/m

when it is subjected to a magnetic field intensity of

H=4,5x%x10°A/m
Find
(a) The bound magnetization surface current density in all its six faces.
(b) The bound magnetization volume current density within the slab.

(c) The net bound magnetization current associated with the slab.
(d) The relative permeability of the slab.

z

v e em——"
FIGURE P2-15

2.16. A coaxial line of length ¢ with inner and outer conductor radii of 1 and 3 cm,
respectively, is filled with a ferromagnetic material, as shown in Figure P2-16. When
the material is subjected to a magnetic field intensity of

0.3183
=d, A/m

it induces a magnetization vector potential of

_ 190.67
M=4d4, ) A/m

FIGURE P2-16
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Determine

(a) The bound magnetization surface current density in all surfaces.

(b) The bound magnetization volume current density within the material.
(c) The net bound magnetization current associated with the coaxial line.
(d) The relative permeability of the material.

2.17. The magnetization vector inside a cylindrical magnetic bar of infinite length and
circular cross section of radius @ = 1 m, as shown in Figure P2-17, is given by

M=4,10A/m
Find
(a) The magnetic surface current density at the outside circumferential surface of
the bar.

(b) The magnetic volume current density at any point inside the bar.
(c) The total current that flows through the cross section of the bar.

FIGURE P2-17

2.18. The current density through a cylindrical wire of square cross section as shown in
Figure P2-18 is given by
J = 4,Jye 10%Uaslxh+(a=y)]
z

z

/Q——Za—#

FIGURE P2-18
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where J, is a constant. Assuming that each side of the wire is 2 X 1072 m, find the
current flow through the cross section of the wire.

A 10-A current is pushed through a circular cross section of wire of infinite length as
shown in Figure P2-19. Assuming that the current density over the cross section of
the wire decays from its surface toward its center as

J = a,Je 10m A /mp
where J; is the current density at the surface and the wire radius is @ = 1072 m,
determine

(a) The current density at the surface of the wire.
(b) The depth from the surface of the wire through which the current density has
decayed to 36.8 percent of its value at the surface.

FIGURE P2-19

2.20. Show that the relaxation time constant for copper (6 = 5.76 X 107 S/m) is much

221

smaller than the period of waves in the microwave (1-10 GHz) region and is
comparable to the period of x-rays [A = 1-10 A = (1 — 10) X 10~% cm]. Conse-
quently, conductors cannot maintain a charge configuration long enough to permit
propagation of the wave more than a short distance into the conductor at mi-
crowave frequencies. However x-ray propagation is possible because the relaxation
time constant is comparable to the period of the wave.

Aluminum has a static conductivity of about ¢ = 3.96 X 10’ S/m and an electron
mobility of p, = 2.2 X 107 m?/(V-s). Assuming that an electric field of E = 4 2
V/m is applied perpendicularly to the square area of an aluminum wafer with
cross-sectional area of about 10 cm? find the (a) electron charge density g,,, (b)
electron drift velocity v,, (c) electric current density J, (d) electric current flowing
through the square cross section of the wafer, and (e) electron density N,.
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CHAPTER

3

WAVE EQUATION AND
ITS SOLUTIONS

INTRODUCTION

The electromagnetic fields of boundary-value problems are obtained as solutions to
Maxwell’s equations, which are first-order partial differential equations. However,
Maxwell’s equations are coupled partial differential equations, which means that
each equation has more than one unknown field. These equations can be uncoupled
only at the expense of raising their order. For each of the fields, following such a
procedure leads to an uncoupled second-order partial differential equation that is
usually referred to as the wave equation. Therefore electric and magnetic fields for a
given boundary-value problem can be obtained either as solutions to Maxwell’s or
the wave equations. The choice of equations is related to individual problems by
convenience and ease of use. In this chapter we will develop the vector wave
equations for each of the fields, and then we will demonstrate their solutions in the
rectangular, cylindrical, and spherical coordinate systems.

TIME-VARYING ELECTROMAGNETIC FIELDS

The first two of Maxwell’s equations in differential form, as given by (1-1) and (1-2),
are first-order, coupled differential equations; that is, both the unknown fields
(& and ) appear in each equation. Usually it is very desirable, for convenience in
solving for & and 5, to uncouple these equations. This can be accomplished at the
expense of increasing the order of the differential equations to second order. To do
this, we repeat (1-1) and (1-2), that is,

aN
VX€=—.//,-—;LT (3-1)

&
VX.%"=}I.+0¢§’+£7[— (3-2)
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where it is understood in the remaining part of the book that o represents the
effective conductivity o, and e represents ¢'. Taking the curl of both sides of each of
equations 3-1 and 3-2 and assuming a homogeneous medium, we can write that

4 d
VXVXE= -V XM~—uW X(_al_): -V X./{i—p,z(v X.?f)
(3-3)
&
VXV XHK=VXF +oV XE+V x($)
P .
=V xj,+ov><é"+35;(vxé") (3-4)
Substituting (3-2) into the right side of (3-3) and using the vector identity
VXV XF=V(V +F) - V°F (3-5)
into the left side, we can rewrite (3-3) as
5 d a&
V(V&)—VE=-VXM~-p—|Ff+to6+e—
at at
V(V+8)—V%E=-V XM il i o°¢ 3-6
- i H‘at p'oat—p'satz (-)
Substituting Maxwell’s equation 1-3, or
— _ _ 7')(’
VD= E=¢,=>V E= (3-7)
€
into (3-6) and rearranging its terms, we have that
vie=v xa,+5Ziv Ly iad i 3-8
=V XM+p—+ — + uo— + pe—s -
Rl i R L il LW (3-8)

which is recognized as an uncoupled second-order differential equation for &.
In a similar manner, by substituting (3-1) into the right side of (3-4) and using
the vector identity of (3-5) in the left side of (3-4), we can rewrite it as

V(V - #)-V>H# =V X+ M i + i M i
N S I AL RN B P B at)
IH M, rH#

V(V-J?’)—VZ.%”=V X¥f, —oM,— po — pe 37

at ¢ dat

(3-9)

Substituting Maxwell’s equation

v-$=pv-af=¢vm=v-x=(7;”') (3-10)
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33

into (3-9), we have that

¥ 4 FER 2
+
at ke

J M
at

i

+ uo

1
Vi = -V XF +oM+—V(g,,)+e
1)

(3-11)

which is recognized as an uncoupled second-order differential equation for . Thus
(3-8) and (3-11) form a pair of uncoupled second-order differential equations that
are a by-product of Maxwell’s equations as given by (1-1) through (1-4).

Equations 3-8 and 3-11 are referred to as the vector wave equations for & and
. For solving an electromagnetic boundary-value problem, the equations that
must be satisfied are Maxwell’s equations as given by (1-1) through (1-4) or the wave
equations as given by (3-8) and (3-11). Often, the forms of the wave equations are
preferred over those of Maxwell’s equations.

For source-free regions (£, = 4,, = 0 and #, = ¢, = 0), the wave equations
3-8 and 3-11 reduce, respectively, to

.. 0 %
V€= MOE + }LEW (3-12)
2 iy 4 arH#
VN = po—— + pe P (3-13)

For source-free (#; = 9,, = 0 and 4, = ¢, = 0) and lossless media (¢ = 0), the
wave equations 3-8 and 3-11 or 3-12 and 3-13 simplify to

) 9%&

V€= ILEW (3-14)
N R

V= pe e (3-15)

Equations 3-14 and 3-15 represent the simplest forms of the vector wave equations.

TIME-HARMONIC ELECTROMAGNETIC FIELDS

For time-harmonic fields (time variations of the form e/*’), the wave equations can
be derived using a similar procedure as in Section 3.2 for the general time-varying
fields, starting with Maxwell’s equations as given in Table 1-4. However, instead of
going through this process, we find, by comparing Maxwell’s equations for the
general time-varying fields with those for the time-harmonic fields (both are dis-
played in Table 1-4), that one set can be obtained from the other by replacing
3/9t & jw, 3%/31* & (jw)? = —w?% and the instantaneous fields (&, #, 2, &),
respectively, with the complex fields (E, H,D, B) and vice versa. Doing this for the
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wave equations 3-8, 3-11, 3-12, and 3-13, we can write each, respectively, as

1
V2E =V XM, + jopJ; + —Vgq,, + jopoE — w’peE (3-16a)
&

1
VH = -V X J, + oM, + joeM, + —Vgq,,, + jopcH — «’peH (3-16b)
p

V’E = jopoE — «*ueE = y’E (3-17a)
vV H = jopoH — w’ueH = y’H (3-17b)
where
v = jwpo — wipe = jop(o + jwe) (3-17¢)
vy = a + jB = propagation constant (3-17d)
a = attenuation constant (Np,/m) (3-17¢)
B = phase constant (rad/m) (3-17f)

The constants a, 8, and y will be discussed in more detail in Section 4.3 where
a and B are expressed by (4-28¢c) and (4-28d) in terms of , ¢, p, and o.
Similarly (3-14) and (3-15) can be written, respectively, as

V2E = —w?ueE = — B’E (3-18a)
V?H = —w?ueH = — f*H (3-18b)

where
B? = wue (3-18¢c)

In the literature the phase constant B is often represented by k.

SOLUTION TO THE WAVE EQUATION

The time variations of most practical problems are of the time-harmonic form.
Fourier series can be used to express time variations of other forms in terms of a
number of time-harmonic terms. Electromagnetic fields associated with a given
boundary-value problem must satisfy Maxwell’s equations or the vector wave
equations. For many cases, the vector wave equations reduce to a number of scalar
Helmholtz (wave) equations, and the general solutions can be constructed once
solutions to-each of the scalar Helmholtz equations are found.

In this section we want to demonstrate at least one method that can be used to
solve the scalar Helmholtz equation in rectangular, cylindrical, and spherical coordi-
nates. The method is known as the separation of variables (1, 2}, and the general
solution to the scalar Helmholtz equation using this method can be constructed in
11 three-dimensional orthogonal coordinate systems (including the rectangular,
cylindrical, and spherical systems) [3].
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34.1

The solutions for the instantaneous time-harmonic electric and magnetic field
intensities can be obtained by considering the forms of the vector wave equations
given either in Section 3.2 or Section 3.3. The approach chosen here will be to use
those of Section 3.3 to solve for the complex field intensities E and H first. The
corresponding instantaneous quantities can then be formed using the relations
(1-61a) through (1-61f) between the instantaneous time-harmonic fields and their
complex counterparts.

Rectangular Coordinate System

In a rectangular coordinate system, the vector wave equations 3-16a through 3-18¢c
can be reduced to three scalar wave (Helmholtz) equations. First we will consider
the solutions for source-free and lossless media. This will be followed by solutions
for source-free but lossy media.

A. SOURCE-FREE AND LOSSLESS MEDIA

For source-free (J,= M, = gq,, = ¢q,,, = 0) and lossless (¢ = 0) media, the vector
wave equations for the complex electric and magnetic field intensities are those
given by (3-18a) through (3-18c¢). Since (3-18a) and (3-18b) are of the same form, let
us examine the solution to one of them. The solution to the other can then be
written by an interchange of E with H or H with E. We will begin by examining the
solution for E.

In rectangular coordinates, a general solution for E can be written as

E(x, y,2) =4,E(x,y,2z) +4,E (x,y,2) +4,E(x,y,z) (3-19)

where x, y, z are the rectangular coordinates, as illustrated in Figure 3-1. Substitut-
ing (3-19) into (3-18a) we can write that

V’E + B°E = V*(4,E, + 4 ,E, + 4,E,) + B*(4,E, + 4,E, + 4,E,) =0

Yoy
(3-20)
which reduces to three scalar wave equations of
VE(x,y,2)+BE(x,y,2z)=0 (3-20a)
2 —
VE/(x,y,2)+BE,(x,y,2) =0 (3-20Db)
VPE,(x,y,2) + B’E(x,y,2) = 0 (3-20¢)

FIGURE 3-1 Rectangular coordinate system
and corresponding unit vectors.
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because
v*(4.E, +d,E, +4,E)=A4aV’E +4V'E, + aV’E, (3-21)

Equations 3-20a through 3-20c are all of the same form; once a solution of any
one of them is obtained, the solutions to the others can be written by inspection. We
choose to work first with that for E_ as given by (3-20a).

In expanded form (3-20a) can be written as
d%E, J%E, J’E,

+ +BE, =0 (3-22)

V’E, + BE, = +
«+ BE, ax? ay? 9z?

Using the separation of variables method, we assume that a solution for E (x, y, z)
can be written in the form of

E(x,y,2) = f(x)g(y)h(z) (3-23)

where the x, y, z variations of E_ are separable (hence the name). If any inconsis-
tencies are encountered with assuming such a form of solution, another form must
be attempted. This is the procedure usually followed in solving differential equa-
tions. Substituting (3-23) into (3-22), we can write that

0¥ 9%
ghﬁ +ﬂ’15)ﬁ +fg;z—2 + ﬁ fgh =0 (3—24)

Since f(x), g(¥), and h(z) are each a function of only one variable, we can
replace the partials in (3-24) by ordinary derivatives. Doing this and dividing each
term by fgh, we can write that

1d% 1d% 1d°h 2o 3
-+t ——+—— + %= -
fdx*  gdy? hdz? A (3-25)
or
1d¥ 1d% 1d%h
-t -——F+—— = -8 3-25
e i TR s P (3-252)
Each of the first three terms in (3-25a) is a function of only a single
independent variable; hence the sum of these terms can equal — B2 only if each
term is a constant. Thus (3-25a) separates into three equations of the form

1d% d*f

- _p2 ~J _ _p2 %)
G TB= A= By (3-26a)
1d%g d’g

e d? -8 = 27 ~Ble (3-26b)
1 d?%h 5 d’h 5

har s P A (3-26c)

where, in addition,

B+ By + B =p* (3-27)
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Equation 3-27 is referred to as the constraint equation. In addition B,, 8,, B, are
known as the wave constants (numbers) in the x, y, z directions, respectively, that

will be determined using boundary conditions.
The solution to each of equations 3-26a, 3-26b, or 3-26¢ can take different
forms. Some typical valid solutions for f(x) of (3-26a) would be
filx) = Ae™ B> + BletBx (3-28a)

or

f{(x) = Cycos(B.x) + Dy sin(B,x) (3-28b)

Similarly the solutions to (3-26b) and (3-26c) for g(y) and h(z) can be written,
respectively, as

81(y) = 4,77 + BetB (3-29a)
or
8:() = Cyeos(B,y) + Dysin(B,y) (3-29b)
and
h(z) = Aye™:* + BetiPe? (3-30a)
TABLE 3-1
Wave functions, zeroes, and infinities of plane wave functions in rectangular coordinates
Wave Wave Zeroes of Infinities of
type functions wave functions wave functions

Traveling e /B* for +x travel Bx — —joo Bx = +joo
waves e/~ for —x travel Bx = +joo Bx > —joo

Standing cos (Bx) for +x Bx = i—(n L Bx = +joo
waves sin(Bx) for +x Bx = +tnnw Bx — +joo

n=2012,...

Evanescent e ** for +x ax = +o0 ax — —oo
waves et for ~—x ax > —oo ax - + o0

cosh (ax) for +x ax = tj(n+1)m ax > + o
sinh (ax) for +x ax = tjnmw ax - + oo
n=20,12,...

Attenuating e™ 7 = ¢~ %%~ MA* for + x travel X = + 00 YX = — 00
traveling etV = et ¥ *BX for — x travel yx = —o0 yx = +o0
waves

Attenuating cos (yx) = cos{ax)cosh(Bx)
standing —j sin (ax) sinh (8x) yx=tj(n+ %)w yx = +joo
waves for +x

sin (yx) = sin (ax) cosh (B8x) o
+j cos (ax) sinh (8x) Yxn =i0ﬂ{"2 vx = tjoo

for +x
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L——a——’l i

FIGURE 3-2 Rectangular waveguide geometry.

or
h,(z) = Cycos (B,z) + Dysin(B,z) (3-30b)

Although all the aforementioned solutions are valid for f(x), g(y), and h(z),
the most appropriate form should be chosen to simplify the complexity of the
problem at hand. In general, the solutions of (3-28a), (3-29a), and (3-30a) in terms
of complex exponentials represent fraveling waves and the solutions of (3-28b),
(3-29b), and (3-30b) represent standing waves. Wave functions representing various
wave types in rectangular coordinates are found listed in Table 3-1. In Chapter 8 we
will consider specific examples and the appropriate solution forms for f(x), g(»),
and h(z).

Once the appropriate forms for f(x), g(»), and h(z) have been decided, the
solution for the scalar function E,(x, y, z) of (3-22) can be written as the product
of fgh as stated by (3-23). To demonstrate that, let us consider a specific example in
which it will be assumed that the appropriate solutions for f, g, and h are given,
respectively, by (3-28b), (3-29b), and (3-30a). Thus we can write that

E.(x,y,z) =[C cos(B.x) + D;sin(B.x)] [Czcos(ﬁyy) + D, sin(,Byy)]
X [ Ay /B:* + ByetP| (3-31)

This is an appropriate solution for any of the electric or magnetic field components
inside a rectangular pipe (waveguide), shown in Figure 3-2, that is bounded in the x
and y directions and has its length along the z axis. Because the waveguide is
bounded in the x and y directions, standing waves, represented by cosine and sine
functions, have been chosen as solutions for f(x) and g(y) functions. However,
because the waveguide is not bounded in the z direction, traveling waves, repre-
sented by complex exponential functions, have been chosen as solutions for 4(z). A
complete discussion of the fields inside a rectangular waveguide can be found in
Chapter 8.

For e/** time variations, which are assumed throughout this book, the first
complex exponential term in (3-31) represents a wave that travels in the +z
direction; the second exponential represents a wave that travels in the —z direction.
To demonstrate this, let us examine the instantaneous form & (x, y, z; t) of the
scalar complex function E (x, y, z). Since the solution of (3-31) represents the
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15 F(z,t) =cos (wt — B2)
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FIGURE 3-3 Variations as a function of distance for different times of positive
traveling wave. —— time #, =0; ———— time £ = T/8; ---- time
1, = T/4.
complex form of E,, its instantaneous form can be written as
&(x,y,2;1) = Re[E,(x, y, z)el*] (3-32)

Considering only the first exponential term of (3-31) and assuming all constants are
real, we can write the instantaneous form of the &, function for that term as

& (x,y,2;1) = Re[E} (x, y, z)e']
= Re {[C1 cos (B.x) + D, sin(B.x)]
X[Czcos(,Byy) + D, sin(Byy)]A3ef(“’"BzZ)} (3-33)
or, if the constants C,, D;, C,, D,, and A, are real, as
& (x, y,z;t) = [Cycos (B.x) + D, sin(B.x)]
X [Czcos(ﬁyy) + D, sin(,Byy)]A3c0s(wt - B,z) (3-33a)

where the superscript plus is used to denote a positive traveling wave.

A plot of the normalized & (x, y, z; t) as a function of z for different times
(t=1tyt,...,t,, 1,,1) is shown in Figure 3-3. It is evident that as time increases
(t,41 > t,), the waveform of & is essentially the same, with the exception of an
apparent shift in the +z direction indicating a wave traveling in the +z direction.
This shift in the + 2 direction can also be demonstrated by examining what happens
to a given point z, in the waveform of & forz = 1., ¢,,...,1,,t,.;. To follow the
point z, for different values of ¢, we must maintain constant the amplitude of the
last cosine term in (3-33a). This is accomplished by keeping its argument wt — 8,z »
constant, that is,

wt = B,z, = C, = constant (3-34)

which when differentiated with respect to time reduces to

dz
L=y =+

d.
w(1) -2 0= 22 bt (3-35)
“dt dt ? B,
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The point z, is referred to as an equiphase point and its velocity is denoted as
the phase Ueloaty A similar procedure can be used to demonstrate that the second
complex exponential term in (3-31) represents a wave that travels in the —z
direction.

B. SOURCE-FREE AND LOSSY MEDIA

When the media in which the waves are traveling are lossy (¢ # 0) but source-free
J, =M, = q,, = q,,» = 0), the vector wave equations that the complex electric E
and magnetic H field intensities must satisfy are (3-17a) and (3-17b). As for the
lossless case, let us examine the solution to one of them; the solution to the other
can then be written by inspection once the solution to the first has been obtained.
We choose to consider the solution for the electric field intensity E, which must
satisfy (3-17a). An extended presentation of electromagnetic wave propagation in
lossy media can be found in [4].

In a rectangular coordinate system, the general solution for E(x, y, z) can be
written as

E(x,y,z)=4,E(x,y,z) +d,E(x,y,2)+ 4,E(x, y,2) (3-36)
When (3-36) is substituted into (3-17a), we can write that

VE - y?E=V?*(4,E, +d4,E, + 4,E,) -y 4,E + 4 ,E +4,E)=

xHx ¥y z

(3-37)

which reduces to three scalar wave equations of
V2E (x,y,2z) —yE(x,y,2) =0 (3-37a)

2
VE,(x,y,2) = YE,(x,y,z)=0 (3-37b)
VE(x,y,z) = yE,(x,y,z)=0 (3-37¢)
where

v? = jop(o + jwe) (3-37d)

If we were to allow for positive and negative values of o
- - +{a +j for +o
T im: {iga—j'z; for —o (3—376)

In (3-37¢),

vy = propagation constant

o = attenuation constant (Np,/m)

B = phase constant (rad /m)
where a and B8 are assumed to be real and positive. Although some authors choose

to represent the phase constant by k, the symbol B will be used throughout this
book.
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Examining (3-37¢) reveals that there are four possible combinations for the
form of y. That is,

+(a + jB) (3-38a)

= (a+B) (3-38b)
"7 4 (a—B) (3-38¢)
—(a—-jB) (3-38d)

Of the four combinations, only one will be appropriate for our solution. That form
will be selected once the solutions to any of (3-37a) through (3-37c) have been
decided.

Since all three equations represented by (3-37a) through (3-37¢) are of the
same form, let us examine only one of them. We choose to work first with (3-37a)
whose solution can be derived using the method of separation of variables. Using a
similar procedure as for the lossless case, we can write that

E (x,y,z) = f(x)g(y)h(z) (3-39)
where it can be shown that f(x) has solutions of the form
fi(x) = A" + Be* "> (3-40a)
or
f,(x) = C;cosh (y,x) + D, sinh (y,x) (3-40b)

and g(y) can be expressed as

81(y) =A™’ + Bye™»’ (3-41a)
or
82(y) = Gycosh (v, y) + D, sinh (v, ) (3-41b)
and h(z) as
hy(z) = Aze™"* + Bye™* (3-42a)
or
ha(z) = Cycosh (1,2) + Dy sinh (,2) (3-42b)

Whereas (3-40a) through (3-42b) are appropriate solutions for f, g, and A of
(3-39), which satisfy (3-37a), the constraint equation takes the form of

Wty +vi=7v" (3-43)

The appropriate forms of f, g, and & chosen to represent the solution of
E (x,y, z), as given by (3-39), must be made by examining the geometry of the
problem in question. As for the lossless case, the exponentials represent attenuating
traveling waves and the hyperbolic cosines and sines represent attenuating standing
waves. These and other waves types are listed in Table 3-1.
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To decide on the appropriate form for any of the y’s (whether it be v,, v,, ¥,,
or v), let us choose the form of y, by examining one of the exponentials in (3-42a).
We choose to work with the first one. The four possible combinations for 7y,
according to (3-38a) through (3-38d) will be

+(a, +jB.) (3-44a)

) (. +i8) (3-44b)
7N 4 (e, - B (3-44c)
—(a, —jB,) (3-44d)

If we want the first exponential in (3-42a) to represent a decaying wave which
travels in the +:z direction, then by substituting (3-44a) through (3-44d) into it we
can write that

Ay = Ao %7 B (3-45a)
B (2) = Ase ¥ = Aetuietiber (3-45b)
AV = Aot Iir (3-45¢)
Ase Y% = Aetaie Bt (3-45d)

By examining (3-45a) through (3-45d) and assuming e/“’ time variations, the
following statements can be made:

1. Equation 3-45a represents a wave that travels in the +z direction, as determined
by e=/A:% and it decays in that direction, as determined by e~ %~

2. Equation 3-45b represents a wave that travels in the —z direction, as determined
by e*/#% and it decays in that direction, as determined by e* .

3. Equation 3-45¢ represents a wave that travels in the —z direction, as determined
by e*/#:% and it is increasing in that direction, as determined by e~ %7,

4. Equation 3-45d represents a wave that travels in the +z direction, as determined
by e /%%, and it is increasing in that direction, as determined by e***.

From the preceding statements it is apparent that for e™":? to represent a wave that
travels in the +z direction and that concurrently also decays (to represent propaga-
tion in passive lossy media), and to satisfy the conservation of energy laws, the only
correct form of vy, is that of (3-44a). The same conclusion will result if the second
exponential of (3-42a) represents a wave that travels in the —z direction and that
concurrently also decays. Thus the general form of any y; (whether it be v,, v,, v,
or v), as given by (3-38a) through (3-38d), is

Y, = a; + B (3'46)

Whereas the forms of f, g, and & [as given by (3-40a) through (3-42b)] are
used to arrive at the solution for the complex form of E, as given by (3-39), the
instantaneous form of &, can be obtained by using the relation of (3-32). A similar
procedure can be used to derive the solutions of the other components of E (E, and
E,), all those of H (H,, H,, and H,), and of their instantaneous counterparts.



116 WAVE EQUATION AND ITS SOLUTIONS

34.2

FIGURE 3-4 Cylindrical coordinate system and
corresponding unit vectors.

Cylindrical Coordinate System

If the geometry of the system is of a cylindrical configuration, it would be very
advisable to solve the boundary-value problem for the E and H fields using
cylindrical coordinates. Maxwell’s equations and the vector wave equations, which
the E and H fields must satisfy, should be solved using cylindrical coordinates. Let
us first consider the solution for E for a source-free and lossless medium. A similar
procedure can be used for H. To maintain some simplicity in the mathematics, we
will examine only lossless media.

In cylindrical coordinates a general solution to the vector wave equation for
source-free and lossless media, as given by (3-18a), can be written as

E(p,¢,2) = d,E,(p,9,2) + d,E,(p,¢,2) +4,E(p,¢,2)  (3-47)

where p, ¢, and z are the cylindrical coordinates as illustrated in Figure 3-4.
Substituting (3-47) into (3-18a), we can write that

Vz(épEp +d,E, + 4,E,) = —B*(4,E, + 4,E, + 4,E,) (3-48)

which does not reduce to three simple scalar wave equations, similar to those of
(3-20a) through (3-20c) for (3-20), because

v*(4,E,) # 4V E, (3-49a)

v*(4,E,) + 4V E, (3-49b)
However, because

V?*(4,E,) = 4VE, (3-49¢)

one of the three scalar equations to which (3-48) reduces is
VE, + B%,=0 (3-50)

The other two are of more complex form and they will be addressed in what follows.
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Before we derive the other two scalar equations [in addition to (3-50)] to which
(3-48) reduces, let us attempt to give a physical explanation of (3-49a), (3-49b), and
(3-49¢). By examining two different points (py, ¢y, 21) and (p,, ¢,, z,) and their
corresponding unit vectors on a cylindrical surface (as shown in Figure 3-4), we see
that the directions of 4, and 4, have changed from one point to another (they are
not parallel) and therefore cannot be treated as constants but rather are functions of
p, ¢, and z. In contrast, the unit vector 4, at the two points is pointed in the same
direction (is parallel). The same is true for the unit vectors 4, and d, in Figure 3-1.

Let us now return to the solution of (3-48). Since (3-48) does not reduce to
(3-49a) and (3-49b), although it does satisfy (3-49c), how do we solve (3-48)?7 The
procedure that follows can be used to reduce (3-43) to three scalar partial differen-
tial equations.

The form of (3-48) written in general as

V’E = —B’E (3-51)

was placed in this form by utilizing the vector identity of (3-5) during its derivation.
Generally we are under the impression that we do not know how to perform the
Laplacian of a vector (V 2E) as given by the left side of (3-51). However, by utilizing
(3-5) we can rewrite the left side of (3-51) as

VE=V(V+E)-V XV XE (3-52)

whose terms can be expanded in any coordinate system. Using (3-52) we can write
(3-51) as

V(V+E)-V XV XE=—-B°E (3-53)
which is an alternate, but not as commonly recognizable, form of the vector wave
equation for the electric field in source-free and lossless media.

Assuming a solution for the electric field of the form given by (3-47), we can
expand (3-53) and reduce it to three scalar partial differential equations of the form

V’E, + —%—%%)= -BE (3-54a)
- p° d¢ ?
VE, + (— E—j + 3,_ aE") = —B’E¢ (3-54b)
P p- 93¢
V’E, = - BE, (3-54c)

In each of (3-54a) through (3-54c) V 21{/( p, ¢, z) is the Laplacian of a scalar that in

cylindrical coordinates takes the form of

1 9/ dy 1 9% I

p dp P dp p? 3¢ 9z?
AN 19y 1 9% %

=gt -t S oa o
dp pdp p° 0 dz

v (p, ¢,2) =

(3-55)

Equations 3-54a and 3-54b are coupled (each contains more than one electric
field component) second-order partial differential equations, which are the most
difficult to solve. However, (3-34c) is an uncoupled second-order partial differential
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equation whose solution will be most useful in the construction of TE? and TM?
mode solutions of boundary-value problems, as discussed in Chapters 6 and 9.
In expanded form (3-54c) can then be written as

axy N 1y . 1 BZ\IJ RV
ap* pdp p? 8¢ ;

where Y(p, ¢, z) is a scalar function that can represent a field or a vector potential
component. Assuming a separable solution for ¢/(p, ¢, z) of the form

¥(p, ¢, 2) = f(p)g(4)h(2) (3-57)

and substituting it into (3-56), we can write that

%  19f 13% o .
gh— o + ghp % ﬂ’ya—& +fgﬁ = —B*fgh (3-58)

Dividing both sides of (3-58) by fgh and replacing the partials by ordinary
derivatives reduces (3-58) to

= -8By (3-56)

142 1 1 d 11 42 1d%
L . f+——2——§+ o p (3-59)
fde*  fodp gprde  hd
The last term on the left side of (3-59) is only a function of z. Therefore, using
the discussion of Section 3.4.1, we can write that

h

——=-f82=— = -8 (3-60)
where B, is a constant. Substituting (3-60) into (3-59) and multiplying both sides by

p?, reduces it to
pAf pd 1d%
fa  fdp gd¢
Since the third term on the left side of (3-61) is only a function of ¢, it can be

set equal to a constant —m? Thus we can write that

+(B*= B2 =0 (3-61)

1d% d?
il R -6
Letting
B*—Bl=PB2=B}+B?=8* (3-63)
then using (3-62), and multiplying both sides of (3-61) by f, we can reduce (3-61) to
d’f  df 2
2 — m?2 = -
Pd—ﬁ‘?P;p""[(BpP) m]f 0 (3-64)

Equation 3-63 is referred to as the constraint equation for the solution to the wave
equation in cylindrical coordinates, and equation 3-64 is recognized as the classic
Bessel differential equation [1-3, 5-10].
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In summary then, the partial differential equation (3-56) whose solution was
assumed to be separable of the form given by (3-57) reduces to the three differential
equations 3-60, 3-62, 3-64 and the constraint equation 3-63. Thus

% 1oy 10% 9N
V2¢(P,¢,Z)=W+;a—p+;5§g+gz—z=‘B"\P (3-65)

where
Y(p,0,2) = f(p)g(¢)h(z2) (3-652)
reduces to
d*f af
Poa et [(B,0)* - m?]£=0 (3-66a)
2
Z—; = —-m?% (3-66b)
d’h 5
i ~Brh (3-66¢)
with
B} + B} =p? (3-66d)

Solutions to (3-66a), (3-66b), and (3-66¢) take the form, respectively, of

£1(p) = 4, (B0) + B (Bop) (3-67a)
or
f(p) = CLHO(B,p) + D,HD(Bp) (3-67b)
and
81(9) = Ae™/™® + Byet/m® (3-68a)
or
g,(¢) = C,cos(mg¢) + D, sin(m¢) (3-68b)
and
hy(z) = Aze™ Bz + Bye*hr (3-69a)
or
hy(z) = Cycos (B,z) + Dysin(B,z) (3-69b)

In (3-67a) J,(B,p) and Y, (B,p) represent, respectively, the Bessel functions of
the first and second kind; H{(B,p) and HP(B,p) in (3-67b) represent, respec-
tively, the Hankel functions of the first and second kind. A more detailed discussion
of Bessel and Hankel functions is found in Appendix IV.
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FIGURE 3-5 Cylindrical waveguide of the circu-
lar cross section.

Although (3-67a) through (3-69b) are valid solutions for f(p), g(¢), and h(z),
the most appropriate form will depend on the problem in question. For example, for
the cylindrical waveguide of Figure 3-5 the most convenient solutions for f(p),
g(¢), and h(z) are those given, respectively, by (3-67a), (3-68b), and (3-69a). Thus
we can write

¥i(p, 9, 2) = f(p)g(o)h(z)
= [AlJm(Bpp) + BIYM(BPP)]
X [Cycos (m) + D, sin (me)][ Ase < + Bye*/:2| (3-70)

These forms for f(p), g(¢), and h(z) were chosen in cylindrical coordinates
for the following reasons.

1. Bessel functions of (3-67a) are used to represent standing waves whereas Hankel
functions of (3-67b) represent traveling waves.

2. Exponentials of (3-68a) represent traveling waves whereas the cosines and sines
of (3-68b) represent periodic waves.

3. Exponentials of (3-69a) represent traveling waves whereas the cosines and sines
of (3-69b) represent standing waves.

Wave functions representing various radial waves in cylindrical coordinates are
found listed in Table 3-2.

Within the circular waveguide of Figure 3-5 standing waves are created in the
radial (p) direction, periodic waves in the phi (¢) direction, and traveling waves in
the z direction. For the fields to be finite at p = 0, where Y, ( B,p) possesses a
singularity, (3-70) reduces to

¥1(p,9,2) = A1, (B,p)[C 008 (mg) + D, sin (mg)] [ Ase ™% + Bye5:2]
(3-70a)
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TABLE 3-2
Wave functions, zeroes, and infinities for radial wave functions in cylindrical coordinates
Infinities
Wave Wave Zeroes of of wave
type functions wave functions functions
Traveling HY(Bp) = J,.(Bp) +jY,(Bp) Bp — +joo Bp=10
waves for —p travel Bp — —joo
H?(Bp) = J,(Bp) — j¥.(Bp) Bp — —joo Bo=10
for +p travel Bp — +joo
Standing J..(Bp) for +p Infinite number Bp — +joo
waves (see Table 9-2)
Y,.(Bp) for £p Infinite number Bp=20
Bp = Ljoo
'” 1 2
Evanescent K, (ap) = —2-(—j)"‘+ HP(—jap) ap = +
waves for +p
L.(ap) = j"J,(—jap) ap > +o0
for —p for integer orders
Attenuating H(yp) = H (ap + jBp) Yo = +joo yp = —joo
traveling for —p travel
waves HP(v) = HY (ap + jBp) yp = —joo Yo = +joo
for + p travel
Attenuating J,.(yp) = J,(ap + jBp) for +p Infinite number Yp = *joo
standing Y, (vo) = Y, (ap + jBp) for £p Infinite number yp = +joo
waves

343

To represent the fields in the region outside the cylinder, a typical solution for
Y(p, ¢, z) would take the form of

¥y(p, ¢, 2) = BIH,(,,Z)(,Bpp)[Czcos(m¢) + D, sin(m¢)] [A3e_fBzz + B3e+fB=Z]
(3-70b)

whereby the Hankel function of the second kind H\?(8,p) has replaced the Bessel
function of the first kind J,(B8,p) because outward traveling waves are formed
outside the cylinder, in contrast to the standing waves inside the cylinder.

More details concerning the application and properties of Bessel and Hankel
function can be found in Chapter 9.

Spherical Coordinate System

Spherical coordinates should be utilized in solving problems that exhibit spherical
geometries. As for the rectangular and cylindrical geometries, the electric and
magnetic fields of a spherical geometry boundary-value problem must satisfy the
corresponding vector wave equation, which is most conveniently solved in spherical
coordinates as illustrated in Figure 3-6.

To simplify the problem, let us assume that the space in which the electric and
magnetic fields must be solved is source-free and lossless. A general solution for the
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FIGURE 3-6 Spherical coordinate system and
corresponding unit vectors.

electric field can then be written as
E(r,0,¢) =4,E(r,0,0) + d4Ey(r,0,¢) + 4,E,(r,0,6) (3-711)
Substituting (3-71) into the vector wave equation of (3-18a), we can write that

V2(4,E, + 44Ey + 4,E,) = —B*(8,E, + 44Ey + 4,E,) (3-72)

Since
V*(4,E,) + 4V E, (3-73a)
V(4,E,) + 4,V °E, (3-73b)
v?*(4,E,) *+ 4VE, (3-73¢)

(3-72) does not reduce to three simple scalar wave equations, similar to those of
(3-20a) through (3-20c) for (3-20). Therefore the reduction of (3-72) to three scalar
partial differential equations must proceed in a different manner. In fact, the
method used here will be similar to that utilized in cylindrical coordinates to reduce
the vector wave equation to three scalar partial differential equations.

To accomplish this, we first rewrite the vector wave equation of (3-51) in a
form given by (3-53) where now all the operators on the left side can be performed
in any coordinate system. Substituting (3-71) into (3-53) shows that after some
lengthy mathematical manipulations (3-53) reduces to three scalar partial differen-
tial equations of the form

Vi _2 E + E, cot0+0500%+2—E—q = —B2E. (3-74a)
r r2 r (4 3¢ 30 r

Vi, - l(E csc? g — 2£ + 2cot fcsc 0% = —B2E, (3-74b)
R a0 3¢ ¢

Vi, - l(E csc?8 — 2csc RE — 2cot 8 csc 0% = —B2E, (3-74c)
¢ r2 (] 84) a¢ 4
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Unfortunately, all three of the preceding partial differential equations are
coupled. This means each contains more than one component of the electric field
and would be most difficult to solve in its present form. However, as will be shown
in Chapter 10, TE" and TM" wave mode solutions can be formed that in spherical
coordinates must satisfy the scalar wave equation of

VZ‘P(rvo’qb) = —Bz\P(r’o"p) (3'75)

where {(r, 6, ¢) is a scalar function that can represent a field or a vector potential
component. Therefore it would be advisable here to demonstrate the solution to
(3-75) in spherical coordinates.

Assuming a separable solution for ¢ (r, 8, ¢) of the form

y(r.0,¢) =f(r)g(8)h(¢) (3-76)

we can write the expanded form of (3-75)

1 3{ za\p} 1 ] {sin a\p} 1 Ay

2ar\” or 38 T sl 08

20 = —B% (3-77)

+
r?sind 20

as

Loy o 1 ay sy ] 3% s (378
82 ar{' ar} T i ao{sm ao} fergg 3~ P B78)

Dividing both sides by fgh, multiplying by r?sin*#, and replacing the partials by
ordinary derivatives reduces (3-78) to

sin d (  df sin d [ dg 1d%%
=1+ +
{ } g d0{ }

am— — —— — — M 2 -
@ r— sin 4 Pre (Brsind)” (3-79)

Since the last term on the left side of (3-79) is only a function of ¢, it can be set
equal to
1d%h 5 d’h 2 3,50
—_——— = — = — = — -
h d¢? " do? m (3-80)
where m is a constant.
Substituting (3-80) into (3-79), dividing both sides by sin?#, and transposing
the term from the right to the left side reduces (3-79) to

.lfgr-{rzj—{} + (Br)2 + gs:nﬂ ;-e-{sinﬂédi%} — {;::—0}2 =0 (3-81)

Since the last two terms on the left side of (3-81) are only a function of 8, we can set
them equal to

1 d . odg m 2
gsinf do{sm dﬂ}_{sina} = —n(n+1) (3-82)

where n is usually an integer. Equation 3-82 is closely related to the well-known
Legendre differential equation (see Appendix V) [1-3, 6-10].
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Substituting (3-82) into (3-81) reduces it to
14d df
2 2
—_—— _— —_ + = -
fdr{r dr} (Br) —n(n+1)=0 (3-83)

which is closely related to the Bessel differential equation (see Appendix IV).
In summary then, the scalar wave equation 3-75 whose expanded form in
spherical coordinates can be written as

Y Loay. oy 1 0% (e
[ — _ + —_ —_— +————= —_ -
,2 ar{' 8r} 2 sin 6 aa{sm aa} g o - BV (334)

and whose separable solution takes the form of

Y(r.0,¢) =1(r)g(0)h(s) (3-85)

reduces to the three scalar differential equations

d( .d
Z{’zd—f} +[(Br) = n(n+1)]r=0 (3-86a)
1 d( dg m 2
Smoﬁ{smﬂﬁ}Jr n(n+1)—{sin0}}g=0 (3-86b)
d*h ,
g Tk (3-86c)

where m and n are constants (usually integers).
Solutions to (3-86a) through (3-86¢) take the forms, respectively, of

fi(r) = A1), (Br) + Byy,(Br) (3-87a)
or
hH(r) = CEP(Br) + DAD(Br) (3-87b)
and
g(8) = A,P["(cos 8) + B,P"(—cosf) n # integer (3-88a)
or
8,(8) = C,P"(cos 8) + D,Q™(cos 8) n = integer (3-88b)
and
hi($) = Ase=im® 4 Bietime (3-89a)
or

hy(¢) = Cycos (m¢) + Dysin(me) (3-89b)
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TABLE 3-3
Wave functions, zeroes, and infinites for radial waves in spherical coordinates
Infinities
Wave Wave Zeroes of of wave
type functions wave functions functions
Traveling RD(Br) = j.(Br) + jy,(Br) Br — +joo Br=20
waves for —r travel Br - —joo
hP(Br) = j,(Br) — jy.(Br) Br — —joo Br=20
for +r travel Br — +jeo
Standing J.(Br) for +r Infinite number Br — tjeo
waves y,(Br)  for xr Infinite number Br=20
Br — +joo

In (3-87a) j,(Br) and y,(Br) are referred to, respectively, as the spherical
Bessel functions of the first and second kind. They are used to represent radial
standing waves, and they are related, respectively, to the corresponding regular
Bessel functions J, ., ,(Br) and Y, ., »,(Br) by

3(B) =\ 355 S a(B) (3-90a)
,Vn(:B")_ V 7.[;" n+1/2(lB") (3'90b)

In (3-87b) h®(Br) and hP(Br) are referred to, respectively, as the spherical
Hankel functions of the first and second kind. They are used to represent radial
traveling waves, and they are related, respectively, to the regular Hankel functions

n+1/2(.3r) and Hrf%r)l/z(ﬁ") by

KO(Br) = V 2L,Br Hrfl-#)l/2(Br) (3-91a)
hP(Br) = V % n+1/2(Br) (3-91b)

Wave functions used to represent radial traveling and standing waves in spherical
coordinates are listed in Table 3-3. More details on the spherical Bessel and Hankel
functions can be found in Appendix IV.

In (3-88a) and (3-88b) P(cos #) and Q! (cos ) are referred to, respectively,
as the associated Legendre functions of the first and second kind (more details can be
found in Appendix V).

The appropriate solution forms of f, g, and # will depend on the problem in
question. For example, a typical solution for ¢(r, 8, ¢) of (3-85) to represent the
fields within a sphere as shown in Figure 3-7 may take the form

4’1(” 0’ ¢) = [Al]n(:Br) + Blyn(:Br)]
X [C,P"(cos ) + D,Q!(cos 8)][Cycos (me) + Dysin(mo)]
(3-92)
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FIGURE 3-7 Geometry of a sphere of radius a.

For the fields to be finite at r = 0, where y,(8r) possesses a singularity, and for any
value of 6, including 6 = 0,7 where QM(cos8) possesses singularities, (3-92)
reduces to

¥1(r, 0, ) = 4,,j,(Br) B,"(cos §)[Cycos (me) + Dysin (me)] (3-92a)

To represent the fields outside a sphere a typical solution for y(r, 8, ¢) would take
the form of

¥o(7,8,0) = B, hP(Br)P"(cos 8)[C;cos (me) + Dysin(me)] (3-92b)

whereby the spherical Hankel function of the second kind 4‘?(8r) has replaced the
spherical Bessel function of the first kind j,(Br) because outward traveling waves
are formed outside the sphere, in contrast to the standing waves inside the sphere.

Other spherical Bessel and Hankel functions that are most often encountered
in boundary-value electromagnetic problems are those utilized by Schelkunoff
[3,11]. These spherical Bessel and Hankel functions, denoted in general by B,(f8r)
to represent any of them, must satisfy the differential equation

A

B =0 (3-93)

n

d’B, [ , n(n+1)
+ —_—

dr? r?

The spherical Bessel and Hankel functions that are solutions to this equation are
related to other spherical Bessel and Hankel functions of (3-90a) through (3-91b),
denoted here by b,(f8r), and to the regular Bessel and Hankel functions, denoted

here by B, ., ,(B8r), by

én(ﬁ’) = ,Brb,,(,Br) = B’V ZLBr Bn+1/2(B") = V # Bn+1/2(B") (3'94)

More details concerning the application and properties of the spherical Bessel
and Hankel functions can be found in Chapter 10.
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PROBLEMS

3.1

3.2,
3.3.

3.4.

35.

3.6.

3.7

3.8.

3.9.

3.10.

Derive the vector wave equations 3-16a and 3-16b for time-harmonic fields using the
Maxwell equations of Table 1-4 for time-harmonic fields.

Verify that (3-28a) and (3-28Db) are solutions to (3-26a).

Show that the second complex exponential in (3-31) represents a wave traveling in
the —z direction. Determine its phase velocity.

Using the method of separation of variables show that a solution to (3-37a) of the
form (3-39) can be represented by (3-40a) through (3-43).

Show that the vector wave equation of (3-53) reduces, when E has a solution of the
form (3-47), to the three scalar wave equations 3-54a through 3-54c.

Reduce (3-51) to (3-54a) through (3-54c) by expanding Vv 2E. Do not use (3-52);
rather use the scalar Laplacian in cylindrical coordinates and treat E as a vector
given by (3-47). Use that

dp dp 3p d¢ dz dz dz
2é, o4,
R T

Using large argument asymptotic forms, show that Bessel and Hankel functions
represent, respectively, standing and traveling waves in the radial direction.

Using large argument asymptotic forms and assuming e/*' time convention, show
that Hankel functions of the first kind represent traveling waves in the —p direction
whereas Hankel functions of the second kind represent traveling waves in the +p
direction. The opposite would be true were the time variations of the e /%’ form.

Using large argument asymptotic forms show that Bessel functions of complex
argument represent attenuating standing waves.

Assuming time variations of e’/“' and using large argument asymptotic forms, show
that Hankel functions of the first and second kind with complex arguments
represent, respectively, attenuating traveling waves in the —p and + p directions.
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3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

Show that when E has a solution of the form 3-71, the vector wave equation 3-53
reduces to the three scalar wave equations 3-74a through 3-74c.

Reduce (3-51) to (3-74a) through (3-74c) by expanding V *E. Do not use (3-52);
rather use the scalar Laplacian in spherical coordinates and treat E as a vector given
by (3-71). Use that

da, dd, da, 3

ar " ar e 0

aa, | ddy, . a4,

a8 Y g T4 5 =0

aa, dd, . aa, o .
70 =sinba, % = cosbd, % = —sinf#d, — cos 84,

Using large argument asymptotic forms show that spherical Bessel functions repre-
sent standing waves in the radial direction.

Show that spherical Hankel functions of the first and second kind represent,
respectively, radial traveling waves in the —r and +r directions. Assume time
variations of e/“' and large argument asymptotic expansions for the spherical
Hankel functions.

Justify that associated Legendre functions represent standing waves in the 6
direction of the spherical coordinate system.

Verify the relation 3-94 between the various forms of the spherical Bessel and
Hankel functions and the regular Bessel and Hankel functions.



4.1

4.2

CHAPTER

4

WAVE PROPAGATION
AND POLARIZATION

INTRODUCTION

In Chapter 3 we developed the vector wave equations for the electric and magnetic
fields in lossless and lossy media. Solutions to the wave equations were also
demonstrated in rectangular, cylindrical, and spherical coordinates using the method
of separation of variables. In this chapter we want to consider solutions for the
electric and magnetic fields of time-harmonic waves that travel in infinite lossless
and lossy media. In particular, we want to develop expressions for transverse
electromagnetic (TEM) waves (or modes) traveling along principal axes and oblique
angles. The parameters of wave impedance, phase and group velocities, and power
and energy densities will be dic~—<ced for each.

The concept of wave polarization will be introduced, and the neccssary and
sufficient conditions to achieve linear, circular, and elliptical polarizations will be
discussed and illustrated. The sense of rotation, clockwise (right-hand) or counter-
clockwise (left-hand), will also be introduced.

TRANSVERSE ELECTROMAGNETIC MODES

A mode is a particular field configuration. For a given electromagnetic boundary-
value problem, many field configurations that satisfy the wave equations, Maxwell’s
equations, and the boundary conditions usually exist. All these different field
configurations (solutions) are usually referred to as modes.

A TEM mode is one whose field intensities, both E (electric) and H (magnetic),
at every point in space are contained in a local plane, referred to as equiphase plane,
that is independent of time. In general, the orientations of the local planes

129
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FIGURE 4-1 Phase fronts of (a) TEM and (b) planes waves.

associated with the TEM wave are different at different points in space. In other
words, at point (x;, y;, z;) all the field components are contained in a plane. At
another point (x,, y,, z,) all field components are again contained in a plane;
however, the two planes need not be parallel. This is illustrated in Figure 4-1a.

If the space orientation of the planes for a TEM mode is the same (equiphase
planes are parallel), as shown in Figure 4-15, then the fields form plane waves. In
other words, the equiphase surfaces are parallel planar surfaces. If in addition to
having planar equiphases the field has equiamplitude planar surfaces (the amplitude
is the same over each plane), then it is called a uniform plane wave; that is, the field
is not a function of the coordinates that form the equiphase and equiamplitude
planes.
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Uniform Plane Waves in an Unbounded Lossless Medium— Principal Axis

In this section we will write expressions for the electric and magnetic fields of a
uniform plane wave traveling in an unbounded medium. In addition the wave
impedance, phase and energy (group) velocities, and power and energy densities of
the wave will be discussed.

A. ELECTRIC AND MAGNETIC FIELDS

Let us assume that a time-harmonic uniform plane wave is traveling in an un-
bounded lossless medium (g, ) in the z direction (either positive or negative), as
shown in Figure 4-24. In addition, for simplicity, let us assume the electric field of
the wave has only an x component. We want to write expressions for the electric
and magnetic fields associated with this wave.

For the electric and magnetic field components to be valid solutions of a
time-harmonic electromagnetic wave, they must satisfy Maxwell’s equations as given

-
H-
' £ u .
4
y
{a)
e &F=E}cos (wt— B2)|,= g
=E}cos (~ B2)
IIII;
Y/
4
*y

+_ Ef
Hy= n—ocos (ot — B2}, =¢

_E

7 cos (— B2)

(b)

FIGURE 4-2 (a) Complex and (b) instantaneous fields of a uniform plane
wave.
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in Table 1-4 or the corresponding wave equations as given, respectively, by (3-18a)
and (3-18b). Here the approach will be to initiate the solution by solving the wave
equation for either the electric or magnetic field and then finding the other field
using Maxwell’s equations. An alternate procedure, which has been assigned as an
end of chapter problem, would be to follow the entire solution using only Maxwell’s
equations.

Since the electric field has only an x component, it must satisfy the scalar
wave equation of (3-20a) or (3-22) whose general solution is given by (3-23). Because
the wave is a uniform plane wave that travels in the z direction, its solution is not a
function of x and y. Therefore (3-23) reduces to

E(z) = h(z) (4-1)

The solutions of /(z) are given by (3-30a) or (3-30b). Since the wave in question is a
traveling wave instead of a standing wave, its most appropriate solution is that given
by (3-30a). The first term in (3-30a) represents a wave that travels in the +z
direction and the second term represents a wave that travels in the —z direction.
Therefore the solution of (4-1) using (3-30a) can be written as

E(z) =As e + Be*F = E 4+ E (4-2)
or
E(z)=Efe ™ + Eje*P: = EX+ E_ (4-2a)
El(z)=Ejfe (4-2b)
E;(z) = Eje*/* (4-2c)

since B, = B because B, = B, = 0. E; and E; represent, respectively, the ampli-
tudes of the positive and negative (in the z direction) traveling waves.

The corresponding magnetic field must also be a solution of its wave equation
3-18b, and its form will be similar to (4-2). However, since we do not know which
components of magnetic field coexist with the x component of the electric field, they
are most appropriately determined by using one of Maxwell’s equations as given in
Table 1-4. Since the electric field is known, as given by (4-2), the magnetic field can
best be found using

V XE = —jouH (4-3)
or
a, a4, a.
1 1 d a
H=_jTuv XEz—jw_u ™ 5 = (4-3a)
E, 0 0

which using (4-2a) reduces to

1 (9E,

H=-4—
aiju{f?z

} = a‘y;%{EJe_/BZ — Eg e/}

H=ad (El-E7}=a,{HS+H,}

y . {Ege™#: — Ege*:} =g,
Ve/e Tyu/e
(4-3b)
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where
H'= ! E? (4-3¢)
y ‘/‘u./—s x
H = - ! E- (4-3d)

Plots of the instantaneous positive traveling electric and magnetic fields at
t = 0 as a function of z are shown in Figure 4-2b. Similar plots can be drawn for
the negative traveling fields.

B. WAVE IMPEDANCE

Since each term for the magnetic field (A/m) in (4-3c) and (4-3d) is individually
identical to the corresponding term for the electric field (V/m) in (4-2a), the factor
\/;75 in the denominator in (4-3c) and (4-3d) must have units of ohms (V/A).
Therefore the factor \/;7:.? is known as the wave impedance Z,, the ratio of the
electric to magnetic field, and it is usually represented by

75 B - (4-4)
w = = — — = n = — 4-
H;’ H, £

he wave impedance of (4-4) is identical to a quantity that is referred to as the

trinsic impedance 1 = \/ﬁ/_s of the medium. In general, this is true, not only for
uniform plane waves but also for plane and TEM waves; however, it is not true for
TE or TM modes.

In (4-3d) it is also observed that a negative sign is found in front of the
magnetic field component that travels in the —z direction; a positive sign is noted in
front of the positive traveling wave. The general procedure that can be followed to
find the magnetic field components, given the electric field components, or to find
the electric field components, given the magnetic field components, is the following:

1. Place the fingers of your right hand in the direction of the electric field
component.

2. Direct your thumb toward the direction of wave travel (power flow).

Rotate your fingers 90° in a direction so that a right-hand screw is formed.

4. The new direction of your fingers is the direction of the magnetic field compo-
nent.

»

5. Divide the electric field component by the wave impedance to obtain the
corresponding magnetic field component.

The foregoing procedure must be followed for each term of each component of an
electric or magnetic field. The results are identical to those that would be obtained
by using Maxwell’s equations. If the wave impedance is known in advance, as it is
for TEM waves, this procedure is simpler and much more rapid than using
Maxwell’s equations. By following this procedure, the answers (including the signs)
in (4-3¢) and (4-3d) given (4-2b) and (4-2c) are obvious.
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To illustrate the procedure, let us consider another example.

Example 4-1. The electric field of a uniform plane wave traveling in free space
is given by

E=a,(Efe ™ + Eye*#) = 4 (E; + E;)

where Ej and E; are constants. Find the corresponding magnetic field using
the outlined procedure.

Solution. For the electric field component that is traveling in the + z direction,
the corresponding magnetic field component is given by

o o
Ht= -4 —e B = — —2 o=if
* 1 *377
where
m
Mo = Z, = 1/ — = 377 ohms
€

Similarly, for the wave that is traveling in the -z direction we can write that
Ey 0
H =4 —e*h = § — ez
"1 *377

Therefore the total magnetic field is equal to

1 , A
H=H'+H =d,—(-Efe + Eje*/#)
Mo
The same answer would be obtained if Maxwell’s equations were used, and it
is assigned as an end of chapter problem.

The term in the expression for the electric field in (4-2a) that identifies the
direction of wave travel can also be written in vector notation. This is usually more
convenient to use when dealing with waves traveling at oblique angles. Equation
4-2a can therefore take the more general form of

E(z) =Efe "+ Eye /B r (4-5)
where
B*=B*B=a.B +a B +ap | =4, (4-52)
BI=B=0
B=B
B"=Bp"B=a4.B+a,B —a,p |= -4, (4-5b)
B =B =0
B =8
r = position vector = d,x + d,y + 4,z (4-5¢)

In (4-5a) through (4-5¢) 8., B,, B, represent, respectively, the phase constants of the
wave in the x, y,z directions, r represents the position vector in rectangular
coordinates, and #* and - represent unit vectors in the directions of B* and B~
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The notation used in (4-5) through (4-5¢) to represent the wave travel will be most
convenient to express wave travel at oblique angles, as will be the case in Section
422,

C. PHASE AND ENERGY (GROUP) VELOCITIES, POWER,
AND ENERGY DENSITIES

The expressions for the electric and magnetic fields, as given by (4-2a) and (4-3b),
represent the spatial variations of the field intensities. The corresponding instanta-
neous forms of each can be written, using (1-61a) and (1-61b) and assuming E; and
E; are real constants, as

E(z;t) =67 (z;1) + &7 (z;1) = Re [E(;*e*fBzef“”] + Re [E()’e+-”3:e-’“”]
= E; cos(wt — Bz) + Eg cos(wt + Bz) (4-6a)
H,(z;1) =K (z;0) +H, (2;1)

= —I—[Eg' cos (wt — Bz) — Eg cos(wt + Bz)] (4-6b)
V/e

In each of the fields, as given by (4-6a) and (4-6b), the first term represents,
according to (3-34) through (3-35) and Figure 3-3, a wave that travels in the +:z
direction; the second term represents a wave that travels in the —z direction. To
maintain a constant phase in the first term of (4-6a), the velocity must be equal,
according to (3-35), to

o B _e e 1
DT d T BT wfue ype

The corresponding velocity of the second term in (4-6a) is identical in magnitude to
(4-7) but with a negative sign to reflect the direction of wave travel. The velocity of
(4-7) is referred to as the phase velocity, and it represents the velocity that must be
maintained in order to keep in step with a constant phase front of the wave. As will
be shown for oblique traveling waves, the phase velocity of such waves can exceed
the velocity of light. Aside of nonuniform plane waves, also referred to as slow
surface waves (see Section 5.3.4A), in general the phase velocity can be equal to or
even greater than the speed of light. Variations of the instantaneous positive
traveling electric &7 (z; t) and magnetic 5, (z; t) fields as a function of z for ¢ = 0
are shown in Figure 4-2b. As time increases, both curves will shift in the positive z
direction. A similar set of curves can be drawn for the negative traveling electric
& (z; 1) and magnetic J#, (z; 1) fields.

The electric and magnetic energies (W-s/m®) and power densities (W/m’)
associated with the positive traveling waves of (4-6a) and (4-6b) can be written,
according to (1-58f) and (1-58e), as

(&)

wl=1e€r? = LeEf*cos® (wt — Bz) (4-8a)
wi= 1ps = tul(e/u) Eg 2eos? (w1 — B2)] = deE 2cos? (wf — Bz) (4-8b)
FPr=E'X H#*= 4, Ef cos(wt — Bz) X [&y(l/\/p—/?)E;cos(wt - Bz)]

= 4,%*=a,(1/p/e)Es*cos® (wt — Bz) (4-8¢)
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The ratio formed by dividing the power density % (W,/m?) by the total energy
density w = w, + w,, (J/m* = W-s/m’) is referred to as the energy (group) veloc-
ity v,, and it is given by

L st (1/Yu/€) Eg 2 cos® (wt — Bz)

v, - = =

4-9
w wl+ w) eE; > cos® (wt — Bz) Vie (4-9)
The energy velocity represents the velocity with which the wave energy is trans-
ported. It is apparent that (4-9) is identical to (4-7). In general that is not the case.
In fact the energy velocity v,” can be equal to but not exceed the speed of light, and
the product of the phase velocity v, and energy velocity v, must always be equal to

Up+Ue+= pt2= — (4_10)

where v* =1/ \/E is the speed of light. The same holds for the negative traveling
waves.

The time-average power density (Poynting vector) associated with the positive
traveling wave can be written, using (1-70) and the first terms of (4-2a) and (4-3b),
as
|E | |E |

1
2y/u/e 2fuse

A similar expression is derived for the negative traveling wave.

1
,Y;j= ERC(E+X H+*) =4, |E.:'2=éz (4-11)

D. STANDING WAVES

Each of the terms in (4-2a) and (4-3b) represents individually iraveling waves, the
first traveling in the positive z direction and the second in the negative z direction.
The two together form a so-called standing wave, which is comprised of two
oppositely traveling waves.

To examine the characteristics of a standing wave, let us rewrite (4-2a) as

E(z)=Eje B + Eje*h:
= Eg [cos(Bz) — jsin(Bz)] + Eg [cos (Bz) + jsin ( Bz)]
= (Eq+ Eq)cos(Bz) = j(E; — Ey )sin (Bz)
= (Eg+ Eg ) cos? (Bz) + (E;— E; )" sin’ (Bz)

(Eq— E&)Sin(BZ)}}
(Ef+ Eg)cos(Bz)

X exp {—jtanl[

E(2) = (Es) + (Ey ) + 2E4 Ey cos (257)

(Eq— E;)

X exp{—j tan ! [
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The amplitude of the waveform given by (4-12) is equal to

|E(2)| = V(Es) + (E5)? + 2Eg Eg cos (2) (4-12a)

By examining (4-12a) it is evident that its maximum and minimum values are given,
respectively, by

|E(2)| .. = |E5| +|Es| when Bz =mm, m=0,1,2,... (4-13a)
For |Ef| > |Eq |

@2m+ )7

|E(2) lyia = 1EG1 = |Eg | when Bz = ——

,m=0,1,2,... (413b)

Neighboring maximum and minimum values are separated by a distance of A/4 or
successive maxima or minima are separated by A/2.
The instantaneous field of (4-12) can also be written as

E(z;t) = Re [Ex(z)ef“”]

— (E) + (E5)* + 2E4 Eg cos (2B2)

Eg— Ey

X cos [wt — tan~! {—— tan (,82)}} (4-14)

Ej+ Ey

It is apparent that (4-12a) represents the envelope of the maximum values the
instantaneous ficld of (4-14) will ever achieve as a function of time at a given
position. Since this envelope of maximum values does not move (change) in position
as a function of time, it is referred to as the standing wave pattern and the associated
wave of (4-12) or (4-14) is referred to as the standing wave.

The ratio of the maximum /minimum values of the standing wave pattern of
(4-12a), as given by (4-13a) and (4-13b), is referred to as the standing wave ratio
(SWR) and it is given by

+ ol
swr = (B e MEGLHIEGL  MEGL A0
|2 i 1EGT=1EGL | 1Bl 11T
g |

where I is the reflection coefficient. Since in transmission lines we usually deal with
voltages and currents (instead of electric and magnetic fields), the SWR is usually
referred to as the VSWR (voltage standing wave ratio). Plots of the standing wave
pattern in terms of E; as a function of z (—A <z < A) for |I'| =0, 0.2, 0.4, 0.6,
0.8, and 1 are shown in Figure 4-3.

The SWR is a quantity that can be measured with instrumentation [1, 2]. SWR
has values in the range of 1 < SWR < oo. The value of the SWR indicates the
amount of interference between the two opposite traveling waves; the smaller the
SWR value, the lesser the interference. The minimum SWR value of unity occurs
when |['| = E; /EJ= 0, and it indicates that no interference is formed. Thus the
standing wave reduces to a pure traveling wave. The maximum SWR of infinity
occurs when |I'| = E; /E; = 1, and it indicates that the negative traveling wave is of
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FIGURE 4-3 Standing wave pattern as a function of distance for a uniform plane wave with different

4.2.2

reflection coefficients.

the same intensity as the positive traveling wave. This provides the maximum
interference, and the wave forms a pure standing wave pattern given by

|E, (2) |gg=; = 2E§ |cos(Bz)| = 2E; |cos (Bz) | (4-16)

The pattern of this is a rectified cosine function, and it is represented in Figure 4-3

by the |I'| = 1 curve. The pattern exhibits pure nulls and peak values of twice the
amplitude of the incident wave.

Uniform Plane Waves in an Unbounded Lossless Medium— Oblique Angle

In this section expressions for the electric and magnetic fields, wave impedance,
phase and group velocities, and power and energy densities will be written for
uniform plane waves traveling at oblique angles in an unbounded medium. All of
these will be done for waves that are uniform plane waves to the direction of travel.
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FIGURE 4-4 Transverse electric and magnetic uniform plane waves in an unbounded medium
at an oblique angle. (a) TEY mode. (b) TM” mode.

A. ELECTRIC AND MAGNETIC FIELDS

Let us assume that a uniform plane wave is traveling in an unbounded medium in a
direction shown in Figure 4-4g. The amplitudes of the positive and negative
traveling electric fields are E; and Ej, respectively, and the assumed directions of
each are also illustrated in Figure 4-44. It is desirable to write expressions for the
positive and negative traveling electric and magnetic field components.
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FIGURE 4-5 Phase front of a TEM wave traveling in a general direction.

Since the electric field of the wave of Figure 4-4a does not have a y
component, the field configuration is referred to as zransverse electric to y (TE”").
More detailed discussion on the construction of ransverse electric (TE) and trans-

verse magnetic (TM) field configurations, as well as transverse electromagnetic
(TEM), can be found in Chapter 6.

Because for the TE” wave of Figure 4-4a the electric field is pointing along a
direction that does not coincide with any of the principal axes, it can be decom-
posed into components coincident with the principal axes. According to the geome-
try of Figure 4-4a, it is evident that the electric field can be written as

E=E*+E = E}(4,cos 0, — a, Sing’_)eﬁ'ﬂhr
+E;(d,cos0,— a,sin@)e P (4-17)

where r is the position vector of (4-5c), and it is displayed graphically in Figure 4-5.
Since the phase constants B* and B~ can be written, respectively, as

B*=p*B=aB+ad,B =p(4,sinb, + a4, cosb,) (4-17a)
B~=BB=ap, +ap =-B(dsinb + a,cosb) (4-17b)
(4-17) can be expressed as
E = Ej(d,cos6, — d,sing,)e Blxsinb+zcosb))
+E;(d,cos8, — 4,sin@,)e " Plxsinb+zcosh) (4-18a)

Since the wave is a uniform plane wave, the amplitude of its magnetic field is
related to the amplitude of its electric field by the wave impedance (in this case also
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by the intrinsic impedance) as given by (4-4). Since the magnetic field is traveling in
the same direction as the electric field, the exponentials used to indicate its
directions of travel are the same as those of the electric field as given in (4-18a). The
directions of the magnetic field can be found using the right-hand procedure
outlined in Section 4.2.1 and illustrated graphically in Figure 4-2b for the positive
traveling wave. Using all of the preceding information, it is evident that the
magnetic field corresponding to the electric field of (4-18a) can be written as

+ .
H=H"+H = éy E_Oe-jﬁ(xsin0,+zcosl9,) _ Eo_e+jﬁ(XSin01+ZC°59i) (4_18b)

n n

In vector form (4-18b) can also be written as
1. A
H=—[f"XE*+ S xE] (4-18c¢)
n

The same form can be used to relate the E and H for any TEM wave traveling in
any direction. It is apparent that when §, = 0 (4-18a) and (4-18b) reduce to the
forms of (4-2a) and (4-3b), respectively. The same answer for the magnetic field of
(4-18b) can be obtained by applying Maxwell’s equation 4-3 to the electric field of
(4-18a). This is left for the reader as an end of the chapter exercise.

The planes of constant phase at any time ¢ are obtained by setting the phases
of (4-18a) or (4-18b) equal to a constant, that is

B r=8x+By+ B z|,.o=B(xsinb, + zcosh) = C*  (4-19a)
Ber=B8 x+8y+B zl,.o= —B(xsinf, + zcos§;) = C~ (4-19b)

Each of (4-19a) and (4-19b) are equations of a plane in either the spherical or
rectangular coordinates with unit vectors 8* and /§' normal to each of the
respective surfaces. The respective phase velocities in any direction (r, x, or z) are
obtained by letting

B*er — wt = B(xsinb, + zcos b)) — wt = C; (4-19¢)
B er—wt= —B(xsinf, + zcosb,) - wt = C; (4-19d)

and taking a derivative with respect to time.

Example 4-2. Another exercise of interest is that in which the electric field is
directed along the +y direction and the wave is traveling along an oblique
angle 6, as shown in Figure 4-4b. This is referred to as a TM” wave. The
objective here is again to write expressions for the positive and negative
electric and magnetic field components, assuming the amplitudes of the
positive and negative electric field components are Ej and E;, respectively.

Solution. Since this wave only has a y electric field component and it is

traveling in the same direction as that of Figure 4-4a, we can write the electric
field as

E= E+_+_ E = é\y[ES-e-JB(xsinai+zcosﬂi) + Eo—e+jﬁ(xsin0,-+zcosﬂl)]

Using the right-hand procedure outlined in Section 4.2.1, the corresponding
magnetic field components are pointed along directions indicated in Figure
4-4b. Since the magnetic field is not directed along any of the principal axes, it
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can be decomposed into components that coincide with the principal axes [as
shown in Figure 4-4b]. Doing this and relating the amplitude of the electric
and magnetic fields by the intrinsic impedance, we can write the magnetic field
as

E} o
H=H"+ H = —(~d,cos 6, + 4, sin §,) e /P(xsinb,+zcos6)
n

E
0 n a . . .
+—(d,cos 8, — 4,sin §,) e HA(xsinbitzcosb)
7

The same answers could have been obtained if Maxwell’s equation 4-3 were
used. Since the magnetic field does not have any y components, this field configura-
tion is referred to as transverse magnetic to y (TM”), which will be discussed more in
detail in Chapter 6.

B. WAVE IMPEDANCE

Since the TE” and TM” fields of Section 4.2.2A were TEM to the direction of
travel, the wave impedance of each in the direction B of wave travel is the same as
the intrinsic impedance of the medium. However there are other directional
impedances toward the x and z directions. These impedances are obtained by
dividing the electric field component by the corresponding orthogonal magnetic field
component. These two components are chosen so that the cross product of the
electric to the magnetic field, which corresponds to the direction of power flow, is in
the direction of the wave travel.

Following the aforementioned procedure, the directional impedances for the
TE” fields of (4-18a) and (4-18b) can be written as

TE”
Zi= —E =nsinf, = Z; = ke (4-20a)
x H; i x Hy_
o E_; = 0.=27Z"=— Ec (4-20Db)
Z; H; m Cos b 2 H;

In the same manner, the directional impedances of the TM” fields of Example
4-2 can be written as

™
EY n ES
+_ e = = = - 4 4-21
Z; ey s - (4-21a)
E* 1 E;
A AL N 4-21b
Z: H  cosé, * HS ( )

It is apparent from the preceding results that the directional impedances of the
TE” oblique incidence traveling waves are equal to or smaller than the intrinsic
impedance and those of the TM” are equal to or larger than the intrinsic impedance.
In addition the positive and negative directional impedances of the same orientation
are the same. This is the main principle of the transverse resonance method (see
Section 8.6), which is used to analyze microwave circuits and antenna systems [3, 4].
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C. PHASE AND ENERGY (GROUP) VELOCITIES

The wave velocity v, of the fields given by (4-18a) and (4-18b) in the direction B of
travel is equal to the speed of light v. Since the wave is a plane wave to the direction
B of travel, the planes over which the phase is constant (constant phase planes) are
perpendicular to the direction B of wave travel. This is illustrated graphically in
Figure 4-6. To maintain a constant phase (or to keep in step with a constant phase
plane) a velocity equal to the speed of light must be maintained in the direction g of
travel. This is referred to as the phase velocity v,, along the direction B of travel.
Since the energy also is being transported with the same speed, the energy velocity
v,, in the direction B of travel is also equal to the speed of light. Thus

(4-22)

where v, = wave velocity in the direction of wave travel

phase velocity in the direction of wave travel
,, = energy (group) velocity in the direction of wave travel
speed of light

<
]

<
]

To keep in step with a constant phase plane of the wave of Figure 4-6, a
velocity in the z direction equal to

v 1
v, = = > 4-23
P2 cos®;,  y/ue cos, b (4-23)

FIGURE 4-6 Phase and energy (group) velocities of a uniform plane
wave.
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must be maintained. This is referred to as the phase velocity v,, in the z direction,
and it is greater than the speed of light. Since nothing travels with speeds greater
than the speed of light, it must be remembered that this is a hypothetical velocity
that must be maintained in order to keep in step with a constant phase plane of the
wave that itself travels with the speed of light in the direction B of travel. The phase
velocities of (4-22) and (4-23) can be obtained, respectively, by using (4-19¢) and
(4-19d). These are left as end of chapter exercises for the reader.

Whereas a velocity greater than the speed of light must be maintained in the z
direction to keep in step with a constant phase plane of Figure 4-6, the energy is
transported in the z direction with a velocity that is equal to

o cos 6,

U, =0cC080, = —— < v

€z 1 -
Ve

This is referred to as the energy (group) velocity v,, in the z direction, and it is equal
to or smaller than the speed of light. Graphically this is illustrated in Figure 4-6.

For any wave, the product of the phase and energy velocities in any direction
must be equal to the speed of light squared or

(4-24)

vy, =Uv v, =0 =

prier pziez

1
— (4-25)
e
This obviously is satisfied by the previously derived results.
The energy velocity of (4-24) can be derived using (4-18a) and (4-18b) along
with the definition of (4-9). This is left for the reader as an end of chapter exercise.
Since the fields of (4-18a) and (4-18b) form a uniform plane wave, the planes
over which the amplitude is maintained constant are also constant planes that are
perpendicular to the direction B of travel. These are illustrated in Figure 4-6 and
coincide with the constant phase planes. For other types of waves, the constant
phase and amplitude planes do not in general coincide.

D. POWER AND ENERGY DENSITIES

The average power density associated with the fields of (4-18a) and (4-18b) that
travel in the B* direction is given by

(82), = 3 Re[(E") x (H*)']

1 o
—Re | Ef(d,cos 8, — d,sinf,)e /Blxsindi+zcosby

2
+ %
X4 0 e+jﬁ(x sing;+zcos 4,)
yog =
EF? Ef?
(S:\;)r = (éx Sino[ + (iZCOS 01)!-——.&— = arL—_q—l_— = dx(SaT/)x + a’\z(Sat/)z (4-26)
27 27
where
+12
(83), = sinf=mm = sind(55), (4262)
|E5|?
(53). = cos 8,00 = cos(52,), (4-26b)
7
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(S}), represents the average power density along the principal B* direction of
travel and (S.), and (), represent the directional power densities of the wave in
the +x and +z directions, respectively. Similar expressions can be derived for the
wave that travels along the B~ direction.

Example 4-3. For the TM” fields of Example 4-2, derive expressions for the
average power density along the principal B* direction of travel and for the
directional power densities along the + x and + z directions.

Solution. Using the electric and magnetic fields of the solution of Example 4-2
and following the procedure used to derive (4-26) through (4-26b), it can be

shown that
. 1 . Nk
(8%), = 7 Re[(E) x (H")']
1 _ )
= _Re aAyE(;e—jB(xcos(iﬁysmO,)
2
ES)” , .
x ( 0) (—dxCOS 0,- + é\z Sinoi)e+_,B(xc050,+ysm9,)
n
+12 +12
(S:), = (d,sing, + a cosH)|E0| _ 4 ol
av/r X i z i 21’ r 2,,'
= an(Sa-:)x-*- éz(Sat)z
where
(S5), =sin8 |EST = sin 6,( S, )
av J x i 21’ i av /r
+)2
(S5),= <:os€,-| 20| =cos0,(S]),
Ui

(83), (83),, and (Sy,), of this TM? wave are identical to the corresponding
ones of the TE” wave given by (4-26) through (4-26b).

TRANSVERSE ELECTROMAGNETIC MODES IN LOSSY MEDIA

In addition to the accumulation of phase, electromagnetic waves that travel in lossy
media undergo attenuation. To account for the attenuation, an attenuation constant
is introduced as discussed in Chapter 3, Section 3.4.1B. In this section we want to
discuss the solution for the electric and magnetic fields of uniform plane waves as
they travel in lossy media [5].

Uniform Plane Waves in an Unbounded Lossy Medium— Principal Axis

As for the electromagnetic wave of Section 4.2.1, let us assume that a uniform plane
wave is traveling in a lossy medium. Using the coordinate system of Figure 4-1, the
electric field is assumed to have an x component and the wave is traveling in the +z
direction. Since the electric field must satisfy the wave equation for lossy media, its
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expression takes according to (3-42a) the form of

E(z) =d,E(z) = 4,(Eje ™ + Eje*r) = dx(EJe‘“Ze'fBZ + Eg etoietibz)
(4—27)

where vy, = Y, = 0 and vy, = y. The first term represents the positive traveling wave
and the second term represents the negative traveling wave. In (4-27) vy is the
propagation constant whose real a and imaginary 8 parts are defined, respectively,
as the attenuation and phase constants. According to (3-37¢) and (3-46) vy takes the
form of

y=a+jB = jop(o + jwe) = \/—wzps + joua (4-28)
Squaring (4-28) and equating real and imaginary from both sides reduces it to

a? — B2 = — e (4-28a)
2a8 = wpo (4-28b)

Solving (4-28a) and (4-28b) simultaneously, we can write a and 8 as

- 12
1 o \2
a=w/pe{ |1+ (—) -1 Np/m (4-28¢)
2 we |
- 1, 172
1 o \?2 /
B=wype{=|\/1+ (—) +1 rad/m (4-28d)
2 WE

In the literature the phase constant B is also represented by k.

The attenuation constant a is often expressed in decibels per meter (dB/m).
The conversion between Nepers per meter and decibels per meter is obtained by
examining the real exponential in (4-27) that represents the attenuation factor of the
wave in a lossy medium. Since that factor represents the relative attenuation of the
electric or magnetic field, its conversion to decibels (dB) is obtained by

dB = 20log,, (e™**) = 20(—az)log,, (e)
= 20(—az)(0.434) = —8.68(az) (4-28¢)
or
1
|« (Np/m)| = o2

The magnetic field associated with the electric field of (4-27) can be obtained
using Maxwell’s equation 4-3 or 4-3a, that is,

|a (dB/m)| (4-28f)

(4-29)
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Using (4-27) reduces (4-29) to

H=+4 1 (Efe ™ - Eye*™)

Y jon
Voo + jwe
=g M T WO +J08) | pr v _ gyt
Jwp
o + jwe
=4, - / (Ege™ ™ — Ege™)
Jwp

1
= t'iyZ—(E0 e — Ege*™)
H=4 —(Eje ™ — Eje*™™) (4-29a)
In (4-29a) Z,, is the wave impedance of the wave, and it takes the form of
jop

Z. = =1, 4-30
w il (4-30)

which is also equal to the intrinsic impedance m, of the lossy medium. The
equality between the wave and intrinsic impedances for TEM waves in lossy
media is identical to that for lossless media of Section 4.2.1B.

The average power density associated with the positive traveling fields of
(4-27) and (4-29a) can be written as

1 1 , o ,
S*= = Re(E*x H'*) = - Re| 4, Eje %% #* X 4,— e e "
Ef|? 1
S+= é‘zl_;_|.e—2az Re [_T;:] (4_31)

Individually each term of (4-27) or (4-29a) represents a traveling wave in its
respective direction. The magnitude of each term in (4-27) takes the form of

|Ef(2)| = Egle™™ (4-32a)
|E; (2)] = |Egle*™ (4-32b)

which, when plotted for —A < z < +A, take the form shown in Figure 4-7a.

Collectively both terms in each of the fields in (4-27) or (4-29a) represent a
standing wave. Using the procedure outlined in Section 4.2.1D, (4-27) can also be
written as

E(z)= \/(E()*)Ze_z‘“ + (E;)e*?® + 2E; E; cos (2Bz)

E(—)f-e—az _ Eo—e+az
X exp { —jtan~! tan ( 8z) } (4-33)

+ ,—az - ,taz
Eje ™ + Eje
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FIGURE 4-7 (a) Traveling and (b) standing wave patterns of uniform
plane waves in a lossy medium.
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The standing wave pattern is given by the amplitude term of

|E,(2)] = V(E) e 2 + (Eg) e + 2E¢ Eg cos(28z)  (4-33a)

which for [T} = E;/E{= 0.2 through 1 in increments of 0.2 is shown plotted in
Figure 4-7b in the range —A < z < A when f= 100 MHz, ¢, = 2.56, p, =1, and
o =0.03S/m.

The distance the wave must travel in a lossy medium to reduce its value to
e ! = 0.368 = 36.8% is defined as the skin depth 8. For each of the terms of (4-27)
or (4-29a), this distance is

1 1
8 = skin depth = — =

* w\/ﬁ{%[\/l + (0/we)’ — 1]}1/2 i

(4-34)

In summary, the attenuation constant «, phase constant 8, wave Z, and
intrinsic 7, impedances, wavelength A, velocity v, and skin depth 8 for a uniform
plane wave traveling in a lossy medium are listed in the second column of Table 4-1.
The same expressions are valid for plane and TEM waves. Simpler expressions for
each can be derived depending upon the value of the (¢/we)? ratio. Media whose
(0/we)? is much less than unity [(6/we)? < 1] are referred to as good dielectrics
and those whose (0/we)? is much greater than unity [(o/we)? > 1] are referred to
as good conductors [6]; each will now be discussed.

A. GOOD DIELECTRICS [(6/we)? < 1]

For source-free lossy media, Maxwell’s equation in differential form as derived from
Ampere’s law takes the form, by referring to Table 1-4, of

VXH=J.+J,=0E + jweE = (¢ + jwe)E (4-35)

where J. and J, represent, respectively, the conduction and displacement current
densities. When o/we < 1, the displacement current density is much greater than
the conduction current density; when o/we > 1 the conduction current density is
much greater than the displacement current density. For each of these two cases the
exact forms of the field parameters of Table 4-1 can be approximated by simpler
forms. This will be demonstrated next.

For a good dielectric [when (o/we)? < 1] the exact expression for the
attenuation constant of (4-28c) can be written using the binomial expansion and it
takes the form of
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TABLE 4-1
Propagation constant, wave impedance, wavelength, velocity, and skin depth of TEM wave in lossy media
Good Good
dielectric conductor
o\’ . o\ ;
— ] — >
Exact ( we ) ( wE )
5 1/2
: 1 a c WO
Attenuation _ - 2\ _S JH I st
constant « “"/’E{z[ 1+ ( e) 1]} T2V e B 2
1/2
Phase 1 o\ WEo
constant 8 —w‘/u—e{i[ 1+(—£) +1j|} —w\/;l._& = T
Wave Z,, _
intrinsic 7, _ Jwp _ |k I s ,
impedances "V o+ jwe Ve "V a+p
ZW = 1'('
27 27 2
Wavelength A =— = =2y ——
B wype wpo
Veloi w 1 2w
elocity v = — = = 3 —
B e po
. 1 2 (& 2
Skin depth & = — -/ =) —
a ol u Wpo

Retaining only the first two terms of the infinite series, (4-36) can be approx-

imated by
176\ & ©
= wype || — =—‘/— 4-36
a w“8[4(we)} oV ( a)

In a similar manner it can be shown that by following the same procedure but
only retaining the first term of the infinite series, the exact expression for 8 of
(4-28d) can be approximated by

B = wype (4-37)

For good dielectrics, the wave and intrinsic impedances of (4-30) can be
approximated by

W fwp/jwe
Zy=no= R [ JE (438)
o+ jwe o/jwe + 1 £
while the skin depth can be represented by
1 2 [e
§=—=2/- (4-39)
a ol pu
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These and other approximate forms for the parameters of good dielectrics are
summarized on the third column of Table 4-1.

B. GOOD CONDUCTORS [(0/we)? > 1]

For good conductors, the exact expression for the attenuation constant of (4-28¢)
can be written using the binomial expansion and takes the form of

1] o \2 o
a=w\/y—e{5— (;;)+1—1}}

~ 1o 1 1 1 1 . (4-40)
e o g o T 20ee 8 (ajmey '

Retaining only the first term of the infinite series expansion, (4-40) can be approxi-
mated by

1/2

=/ — (4-40a)

Following a similar procedure, the phase constant of (4-28d) can be approxi-
mated by
WO

=20 (4-41)

which is identical to the approximate expression for the attenuation constant of
(4-40a).

For good conductors, the wave and intrinsic impedances of (4-30) can be
approximated by

Jop Jop/we W Wi _
Z,=n= X - =i =) @)
0+ jwe o/we + j o 20

whose real and imaginary parts are identical. For the same conditions, the skin
depth can be approximated by

1 2
§= — = ) — (4-43)
a wpo

This is the most widely recognized form for the skin depth.

Uniform Plane Waves in an Unbounded Lossy Medium— Oblique Angle

For lossy media the difference between principal axes propagation and propagation
at oblique angles is that the propagation constant y, along the direction B of
propagation must be decomposed into its directional components along the princi-
pal axes of the coordinate system. In addition, since the propagation constant y has
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real (a) and imaginary (8) parts, constant amplitude and constant phase planes are
associated with the wave. As discussed in Section 4.2.2C and illustrated in Figure
4-6, the constant phase planes for a uniform plane wave are planes that are
parallel to each other, perpendicular to the direction of propagation, and coincide
with the constant amplitude planes. The constant amplitude planes are planes over
which the amplitude remains constant. For a uniform plane wave traveling in a
lossy medium the constant amplitude planes are also parallel to each other, coincide
with the constant phase planes, and are perpendicular to the direction of travel. This
is illustrated in Figure 4-6 for a uniform plane wave traveling at an oblique angle in
a lossless medium.

Let us assume that a uniform plane wave that is also TE” is traveling in a
lossy medium at an angle 6,, as shown in Figure 4-4a4. Following a procedure similar
to the lossless case and referring to (4-17a) and (4-17b), the propagation constant of
(4-28) can now be written for the positive and negative traveling waves as

Y =vy(d,sinf, +d, cosb,) = (a+j8)(d,sinb, + 4,cosb,) (4-44a)
Y = —v(d,sinf, + d,cos6,) = —(a + jB)(d,sinb, + 4, cos 6,) (4-44b)
where the real (a) and imaginary () parts of y are given by (4-28¢) and (4-28d).
Using (4-44a) and (4-44b) the electric and magnetic fields can be written by
referring to (4-17) through (4-18¢) as
E = Ej(d,cos8, ~d,sing)e " "+ E; (4, cosb, — d,sinf,)e ¥ F
E=Ej(d, cos8,— 4,sinf,)e (a+B) xsinb, +zcosh))

+E0_(é\x cos Bi _ dz sin 0[)e+(a+/ﬂ)(xsin€,+zcosﬂ,) (4-453)
A J- —(a+/B8)(xsinf,+zcosd,) E(; +(a+jB)xsinb;+zcosb,;)
H=ay — e BYxsinb +zcosbyy T, JB)xsing; +z ; (4-45b)
M. N

Because the wave is a uniform plane wave in the B direction of propagation,
the wave impedance Z,, in the direction of propagation is equal to the intrinsic
impedance 7, of the lossy medium given by (4-30) or

Jou
0+ jwe

Z,=n.= (4-46)

However the directional impedances in the x and z directions are given, by referring
to (4-20a) and (4-20b), by

zr £ ing, = Z_ £ (4-47a)

x = T =7n.5mbu; = x = - -4/a
Hy H,
+ —

Zf= — =mn,co80, = Z = — —= (4-47b)
Hy H,

According to (4-22) through (4-24) the phase and energy velocities in the
principal B direction of travel and in the z direction are given, respectively, by

Ur = Upr = Uer =v= E (4’483.)
° ° “ (4-48b)
= = > p o= — -
%pr ™ Cos 6, Bcosb, — v B
8, = > cos 8 “ (4-48c)
v,=vcosf, = —cosf, <v=— -48¢c
€z B B
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where B8 for a lossy medium is given by (4-28d) or

B = wype {%[ 1+ (:08—)2 + 1j|}1/2 (4-484d)

As for the lossless medium, the product of the phase and energy velocities is equal
to the square of the velocity of light v in the lossy medium, or

Vpler = Vplp; = v? (4-48¢)

Using the procedure followed to derive (4-26) through (4-26b) and (4-31), the

average power density along the principal direction B of travel and the directional

power densities along the x and z directions can be written for the fields of (4-45a)
and (4-45b) as

+12
. | - 1
(S)5), = (d,sinf, + d,cosb,) 0. p-2alxsind,+zcosf) Re pr
|E5|? 1
= 5r“‘_; e > Re s (4-49a)
|Eg I

(Sat' )x = sin Bi e—2¢x(x sin@,+zcos8,) Re

1
n:

1
e 2 Re [—] (4-49b)

n¥

2
| Eg|

sin 6,

|E5|® . !
(Sat)z = cos 01‘ e—2a(xsm0,+zcos0,) Re —
Ne
ol 1
= cos 0,’ e72ar Re l:_::I (4-49C)
Me

Example 4-4. For a TM” wave traveling in a lossy medium at an oblique angle
6,, derive expressions for the fields, wave impedances, phase and energy
velocities, and average power densities.

Solution. The solution to this problem can be accomplished by following the
procedure used to derive the expressions of the fields and other wave charac-
teristics of a TE” wave traveling at an oblique angle in a lossy medium, as
outlined in this section, and referring to the solution of Examples 4-2 and 4-3.
Doing this we can write the fields of a TM” traveling in a lossy medium at an

oblique angle 8, the coordinate system of which is illustrated in Figure 4-4b,
as

E = E++ E = ﬁy[Eéfe—(oﬁrjﬁ)(xsin0,+zcos€,) + Eae+(a+]ﬁ)(xsin0,+zcos$,)]
Ey . P B)(xsin8 o
H=H"+H = —(—d,cosb, + d,sinf,)e (@7/BNxsinb+zcosb,)

c

(1] ~ ~ . . .
+ _(ax cos 0i — 4, sin oi)e+(a+_/,8)(x sin @, + z cos 8;)
c
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44

In addition the wave impedances are given, by referring to (4-21a) and

(4-21b), by
Z+ = E';- = e = = — 5
* HS  siné, * HS
Z+ — E; - Ne - — E}’_

z T g ra —
H] cos 6, H;

The phase and energy velocities, and their relationships, are the same as those
for the TE” wave as given by (4-48a) through (4-48e). Similarly the average
power densities are those given by (4-49a) through (4-49c).

POLARIZATION

According to the IEEE Standard Definitions for Antennas |7, 8], the polarization of a
radiated wave is defined as “that property of a radiated electromagnetic wave
describing the time-varying direction and relative magnitude of the electric field
vector; specifically, the figure traced as a function of time by the extremity of the
vector at a fixed location in space, and the sense in which it is traced, as observed
along the direction of propagation.” In other words, polarization is the curve traced
out by the end point of the arrow representing the instantaneous electric field. The

FIGURE 4-8 Rotation of a plane electromagnetic wave at z = 0 as a
function of time. (Source: C. A. Balanis, Antenna Theory:
Analysis and Design. Copyright © 1982, John Wiley & Sons,
Inc. Reprinted by permission of John Wiley & Sons, Inc.)
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field must be observed along the direction of propagation. A typical trace as a
function of time is shown in Figure 4-8 [8].

Polarization may be classified into three categories: linear, circular, and
elliptical [8). If the vector that describes the electric field at a point in space as a
function of time is always directed along a line, which is normal to the direction of
propagation, the field is said to be linearly polarized. In general, however, the figure
that the electric field traces is an ellipse, and the field is said to be elliptically
polarized. Linear and circular polarizations are special cases of elliptical, and they
can be obtained when the ellipse becomes a straight line or a circle, respectively.
The figure of the electric field is traced in a clockwise (CW) or counterclockwise
(CCW) sense. Clockwise rotation of the electric field vector is also designated as
right-hand polarization and counterclockwise as left-hand polarization. In Figure

Ex Exh

Sy

(a) (b)

(c)

FIGURE 4-9 (a) Linear, (b) circular, and (¢) elliptical polarization figure traces of an electric field
extremity as a function of time for a fixed position.
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44.1

4-9a, b, and ¢ we show the figure traced by the extremity of the time-varying field
for linear, circular, and elliptical polarizations.

The mathematical details for defining linear, circular, and elliptical polariza-
tions follow.

Linear Polarization

Let us consider a harmonic plane wave, with x and y electric field components,
traveling in the positive z direction (into the page), as shown in Figure 4-10 [8]. The
instantaneous electric and magnetic fields are given by

=4 4 = At (wt— Py ol —
& = axépx + ay(r)@y = Re [aXEX e/(wt Bz) + ayE;ej(wt Bz)]

=d,E; cos(wt — Bz + ¢.) + 4,E; cos(wt — Bz + ,) (4-50a)
+ +

A A A il ] — A Y i —

a,H,+a.x, =Re ayTe/(“” Ay — axTe/(""’ pz)

+ +

= ﬁy—n- cos (wt — Bz + ¢,) — axTy cos(wr — Bz +¢,)  (4-50b)

H

where E, E are complex and E; » E,. are real.

Let us now examine the variation of the instantaneous electric field vector &
as given by (4-50a) at the z = 0 plane. Other planes may be considered, but the
z = 0 plane is chosen for convenience and simplicity. For the first example, let

E =0 (4-51)
in (4-50a). Then
&, = E} cos(wr + ¢,)
6,=0 (4-51a)
The locus of the instantaneous electric field vector is given by
€ =a4.E; cos(wt+ ¢,) (4-51b)

which is a straight line, and it will always be directed along the x axis at all times as
shown in Figure 4-10. The field is said to be linearly polarized in the x direction.

Example 4-5. Determine the polarization of the wave given by (4-50a) when
El=0.
X0

Solution. Since
El=0
then
&, =0
&, =E} cos(wt + ¢,)
The locus of the instantaneous electric field vector is given by

& =34,E; cos(wt + ¢,)
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E7 cos (ut + ¢,)

FIGURE 4-10 Linearly polarized field in the x direction.

which again is a straight line but directed along the y axis at all times as
shown in Figure 4-11. The field is said to be linearly polarized in the y direction.

Example 4-6. Determine the polarization and direction of polarization of the
wave given by (4-50a) when ¢, = ¢, = ¢.

Solution. Since

then
&, = E} cos(wt + ¢)

X

&,=E; cos(wt +¢)

The amplitude of the electric field vector is given by

E= 62+ &) = \/(Ejo)2 + (E;)" cos (wt + ¢)

Ex h

E;O cos (wt + ¢,)

P —
oo

&y

FIGURE 4-11 Linearly polarized field in the y
direction.
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8.
A J(E™ +E;20)cos(wt+d>)

X0

A

Eio €os (wt + ¢)

E;,'O cos (wt + @)
e e e e e e

i

FIGURE 4-12 Linearly polarized field in the ¢ direction.

which is a straight line directed at all times along a line that makes an angle v
with the x axis as shown in Figure 4-12. The angle v is given by

+
Yo

+
E,

¢
¢ = tan"! {—é—}] = tan"!

X

The field is said to be linearly polarized in the  direction.

It is evident from the preceding examples that a time-harmonic field is linearly
polarized at a given point in space if the electric field (or magnetic field) vector at that
point is always oriented along the same straight line at every instant of time. This is
accomplished if the field vector (electric or magnetic) possesses (a) only one
component or (b) two orthogonal linearly polarized components that are in time
phase or 180° out of phase.

4.4.2 Circular Polarization

A wave is said to be circularly polarized if the tip of the electric field vector traces out
a circular locus in space. At various instants of time, the electric field intensity of
such a wave always has the same amplitude and the orientation in space of the
electric field vector changes continuously with time in such a manner as to describe
a circular locus [8, 9].

A. RIGHT-HAND (CLOCKWISE) CIRCULAR POLARIZATION

A wave has right-hand circular polarization if its electric field vector has a clockwise
sense of rotation when it is viewed along the axis of propagation. In addition, the
electric field vector must trace a circular locus if the wave is to have also a circular
polarization.
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Let us examine the locus of the instantaneous electric field vector (&) at the
z = 0 plane at all times. For this particular example, let in (4-50a)

¢, =0
¢, = —m/2
Ei=E}=Ey (4-52)
Then
&, = Egcos(wt)
&, = Eg cos (wt - %) = Ep sin(wr) (4-52a)

The locus of the amplitude of the electric field vector is given by

&= 82+ &7 = [EX(cos? wt + sin’ o) = Eg (4-52b)

and it is directed along a line making an angle ¥ with the x axis, which is given by

-1 Cg)y -1
Y = tan [E] = tan

X

Eg sin(wt)
Eg cos (wt)

] = tan"! [tan (wt)] = wt (4-52¢)

If we plot the locus of the electric field vector for various times at the z = 0
plane, we see that it forms a circle of radius Ep and it rotates clockwise with an
angular frequency w as shown in Figure 4-13. Thus the wave js said to have a
right-hand circular polarization. Remember that the rotation is viewed from the
“rear” of the wave in the direction of propagation. In this example, the wave is
traveling in the positive z direction (into the page) so that the rotation is examined
from an observation point looking into the page and perpendicular to it.

We can write the instantaneous electric field vector expression as

€ =Re [ZixERef(“’"B") + ﬁyERej(“”_Bz"'/z)]

= Eg Re {[a, — jd,| e/ #} (4-52d)

Ex

wt=0

wt=7m/4 wt= /4

wt = 37/2 wt = m/2

Ey

wt =5r/4 wt = 3n/4

wt=m FIGURE 4-13 Right-hand circularly
polarized wave.
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We note that there is a 90° phase difference between the two orthogonal compo-
nents of the electric field vector.

Example 4-7. If ¢, = +7/2, ¢, =0, and E. = E, = Eg, determine the
polarization and sense of rotation of the wave of (4-50a).

Solution. Since

then
T
&, = ERcos(wt + E) = — Eg sinwt
&, = Egcos(wt)

and the locus of the amplitude of the electric field vector is given by

&= /62 + &} = [EX(cos® wt + sin*wt) = Ey
The angle ¢ along which the field is directed is given by

Eg cos(wt)
Eg sin (w?)

} =tan"![—cot (wt)] = wt + il

¢ =tan"! 4 = tan"!
é 2

X

The locus of the field vector is a circle of radius Epg, and it rotates clockwise
with an angular frequency w as shown in Figure 4-14, hence it is a right-hand
circular polarization.

&x

wt = 3n/2

wt=5n/4 wt=7n/4

&y

wt = /4 wt = /4

wt = /2 FIGURE 4-14 Right-hand circularly
polarized wave.
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The expression for the instantaneous electric field vector is

&= Re [éxERef(“’"B”"/z) + éyERef“""B’)]

= ExRe{[ja, + a,] e/« F)

Again we note a 90° phase difference between the orthogonal components.

From the previous discussion we see that a right-hand circular polarization can
be achieved if and only if its two orthogonal linearly polarized components have equal
amplitudes and a 90° phase difference of one relative to the other. The sense of rotation
(clockwise here) is determined by rotating the phase-leading component (in this
instance &) toward the phase-lagging component (in this instance &,). The field
rotation must be viewed as the wave travels away from the observer.

B. LEFT-HAND (COUNTERCLOCKWISE) CIRCULAR POLARIZATION

If the electric field vector has a counterclockwise sense of rotation, the polarization
is designated as left-hand polarization. To demonstrate this, let in (4-50a)

then

¢, =0
m
¢, = 3
E}=E}=E, (4-53)

&, = Ey cos(wt)

ka
&, = E, cos (wt + 5) = —E; sin(wt) (4-53a)

and the locus of the amplitude is

wt = /4

&= 62 + &} = [E}(cos? wt + si*wt) = Ey (4-53b)

Ex h

wt =7n/4

wt = 37/2

wt = 3n/4

&y

wt = 5n/4

wt=ma FIGURE 4-15 Left-hand circularly
polarized wave.
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The angle ¢ is given by

& ~E, sin (1)
=tan!|2|=tan- | V| _ -
Y = tan [g J tan [ E, cos (ar) J wt (4-53c)

X

The locus of the field vector is a circle of radius E L» and it rotates counter-
clockwise with an angular frequency w as shown in Figure 4-15; hence it is a
left-hand circular polarization.

The instantaneous electric field vector can be written as

& = Re [deLej(m—Bz) + dyELej(wt-BHw/z)]
= E_Re{[a, + ja,|e/t=8) (4-53d)

In (4-53d) we note a 90° phase advance of the &, component relative to the &,
component.

Example 4-8. Determine the polarization and sense of rotation of the wave
given by (4-50a) if ¢, = —7/2, ¢, =0, and E; = E}=E,.

Solution. Since

o= -7
¢y = 0
E}=E}=E,
then
W .
é. = ELcos(wt - 5) = E_ sin(wt)
&, = Ey cos (wt)

and the locus of the amplitude is

&= \/é’xz + &2 = [EX(sinfwt + cos?wt) = E,
The angle ¢ is given by
E cos(wt)

€ E, sin(wt)

X

&
Y =tan~! [—}"J = tan"! ] = tan~! [cot(wt)] = % - wt

The locus of the electric field vector is a circle of radius E, and it rotates
counterclockwise with an angular frequency w as shown in Figure 4-16; hence,
it is a left-hand circular polarization. For this case we can write the electric
field as

& = Re [[ixELej(wr—Bz—ﬂ/Z) + “l‘yELej(wl—ﬁz)]
= E Re{[—ja, + d,] e/t
and we note a 90° phase delay of the &, component relative to é”y.

From the previous discussion we see that left-hand circular polarization can be
achieved if and only if its two orthogonal components have equal amplitudes and a 90°
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wt = 37/4 wt=r/b

wt=0

Sy

ot = 51/4 wt=Trn/4

wt = 3n/2 FIGURE 4-16 Left-hand circularly
polarized wave.

phase difference of one component relative to the other. The sense of rotation (counter-
clockwise here) is determined by rotating the phase-leading component (in this instance
&,) toward the phase-lagging component (in this instance &.). The field rotation must
be viewed as the wave travels away from the observer.

The necessary and sufficient conditions for circular polarization are the follow-
ing:

1. The field must have two orthogonal linearly polarized components.
2. The two components must have the same magnitude.
3. The two components must have a time-phase difference of odd multiples of 90°.

The sense of rotation is always determined by rotating the phase-leading compo-
nent toward the phase-lagging component and observing the field rotation as the wave is
traveling away from the observer. The rotation of the phase-leading component toward
the phase-lagging component should be done along the angular separation between the
two components that is less than 180°. Phases equal to or greater than 0° and less than
180° should be considered leading whereas those equal to or greater than 180° and less
than 360° should be considered lagging.

Elliptical Polarization

A wave is said to be elliptically polarized if the tip of the electric field vector traces
an elliptical locus in space. At various instants of time the electric field vector
changes continuously with time in such a manner as to describe an elliptical locus. It
is right-hand elliptically polarized if the electric field vector of the ellipse rotates
clockwise, and it is left-hand elliptically polarized if the electric field vector of the
ellipse rotates counterclockwise [8, 10-14].

Let us examine the locus of the instantaneous electric field vector (&) at the
z = 0 plane at all times. For this particular example, let in (4-50a)

w
¢ =3
4, =0

Ej = (Eg — Ey) (4-54)
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Then
T

& = (Eg + EL)cos(wt ; 5) = —(Eq + E,)sinwr

&, = (Eg — Er)cos (wt) (4-54a)
We can write the locus for the amplitude of the electric field vector as

€2 =82+ &) = (Ex + E ) sin’wt + (Eg — E,)* cos? wt

= Eg si® wt + E? sin’ ot + 2EE, sin® wt
+Eg cos’ wi + Ef cos® wt — 2ERE, cos? wt
82+ EF = EL + E} + 2ERE, [sin? wt — cos? wt] (4-54b)

However

sinwt = —&,/(Ex + E,)

4-54
coswt =8&,/(Eg — E\ ) (4-54c)

Substituting (4-54c) into (4-54b) reduces to

& )\’ e 1\
SR O (e A G | 4-544
{ER+EL} {ER‘EL} ( )
which is the equation for an ellipse with major axis intercept |&|,,, = |Ex + E|
and minor axis intercept |€),. =|Eg ~ E;|. As time elapses, the electric vector
rotates and its length varies with its tip tracing an ellipse as shown in Figure 4-17.

The maximum and minimum lengths of the electric vector are the major and minor
axes intercepts given by

7
€l = 1B + Byl whenwt = (2n+1)2,n=0,1,2,..  (4-54)
|€|min = |Eg — E| whenwt=nw, n=0,1,2,... (4-54f)

The axial ratio (AR) is defined to be the ratio of the major axis (including its sign)
of the polarization ellipse to the minor axis, or

épmax (ER + EL)
AR = - = - (4-54g)
("@min (ER - EL)

where E and E; are positive real quantities. As defined in (4-54g), the axial ratio
AR can take positive (for left-hand polarization) or negative (for right-hand polar-
ization) values in the range 1 < JAR| < oc. The instantaneous electric field vector
can be written as

& = Re {5X[ER + EyJe/w=fren/d 4 4 B — EL]ej(wl—Bz)}
=Re{[d.j(Er + EL) + 4,(Eq — Ep)] e/ #9)
€ =Re([Ex(jd, +4,) + E (ja, - a,)]e/50)) (4-54h)
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=|Eg— E|

ah 0

wt = 37/2

|

Emax =|Eg + E(]

Ey

wt = /2

(a)
6’4 :gmln =|Eg—Ey|
wt = 3a/2
éarnax:|ER+ EL‘
l wt=0 wlt=rm

57),

FIGURE 4-17 Right- and left-hand ellip-
tical polarizations with major
axis along the x axis. (a)
Right-hand (clockwise) when
Eg > E;. (b) Left-hand (coun-

(b) terclockwise) when Ep < E|.

From (4-54h) we see that we can represent an elliptical wave as the sum of a
right-hand [first term of (4-54h)] and a left-hand [second term of (4-54h)] circularly
polarized waves with amplitudes E, and E|, respectively. If E; > E|, the axial
ratio will be negative and the right-hand circular component will be stronger than
the left-hand circular component, and the electric vector rotates in the same
direction as that of the right circularly polarized wave. Thus a right-hand elliptically
polarized wave as shown in Figure 4-17a results. If E; > Ep, the axial ratio will be
positive and the left-hand circularly polarized component will be stronger than the
right-hand circularly polarized component. The electric field vector will rotate in the
same direction as that of the left-hand circularly polarized component. Thus a
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é, A :‘ Emax = 1Eg + Ey |

wt=37/2

T

Emin =|Eg — E||

'

wt=1m

fa)

wt = 7/2

T

Emin =|ER - EL|

i

wt=m

wt=31/2

{b)

FIGURE 4-18 Right- and left-hand elliptical polarizations
with major axis along the y axis. (a¢) Right-hand
(clockwise) when Eyp > E,. (b) Left-hand (coun-
terclockwise) when Ep < Ej.

left-hand elliptically polarized wave as shown in Figure 4-17b results. The sign of the
axial ratio carries information on the direction of rotation of the electric field vector.
An analogous situation exists when

T
¢, = 7
=0 (4-55)

E;(-,z (ER - Ex_)
E; = (Eg + EL)

The polarization loci are shown in Figure 4-184 and b when E; > E; and
Egx < E|, respectively.

From (4-54¢) and (4-54f) it can be seen that the component of & measured
along the major axis of the polarization ellipse is 90° out of phase with the
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FIGURE 4-19 Rotation of a plane electro-
magnetic wave and its tilted ellipse
at z = 0 as a function of time.

component of & measured along the minor axis. Also with the aid of (4-54b) it can
be shown that the electric vector rotates through 90° in space between the instants
of time given by (4-54¢) and (4-54f) when the vector has maximum and minimum
lengths, respectively. Thus the major and minor axes of the polarization ellipse are
orthogonal in space, just as we might anticipate.

Since linear polarization is a special kind of elliptical polarization, we can
represent a linear polarization as the sum of a right- and a left-hand circularly
polarized components of equal amplitudes. We see that for this case (Eg = E[)
(4-54h) will degenerate into a linear polarization.

A more general orientation of an elliptically polarized locus is the tilted ellipse
of Figure 4-19. This is representative of the fields of (4-50a) when

nmw
Ad)‘—“qu—(j)y?ﬁ-z— n=20,1,2,3...

for CWif Eg > B

20 orceWif Ey < E, (4-562)
<0 for CWif Eg < E| 4.56b
=7 forCCWif Eg > E; (4-56b)
EX=Ex+E
. (4-56¢)
E=Eg— E;

Thus the major and minor axes of the ellipse do not coincide with the principal axes
of the coordinate system unless the phase difference between the two orthogonal
components is equal to odd multiples of +90°.
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The ratio of the major to the minor axes, which is defined as the axial ratio
(AR), is equal to [8]
major axis OA
AR= 4t —— =3 — 1 <|AR| < o (4-57)
minor axis OB

where

0d = [H{(EL) + () + [(EL)* + (B)* + 2(5)(BL) cos 2] )]
(4-57a)

08 = [W{(EL) + (£7)" = [(B)* + (52)" + 20553 eos 2] )]
(4-57b)

E} and E; + are given by (4-56¢). The plus (+) sign in (4-57) is for left-hand and
the minus ( ) is for right-hand polarization.

The tilt of the ellipse, relative to the x axis, is represented by the angle 7
given by

T 1 2FE ;
T=—— —tan"! cos (A¢) (4-57c)

22()()

4.4.4 Poincaré Sphere

The polarization state, defined here as P, of any wave can be uniquely represented
by a point on the surface of a sphere [15-19]. This is accomplished by either of the
two sets of angles (v, 8) and (g, 7). By referring to (4-50a) and Figure 4-20a, we can
define the two sets of angles:

(v, 98) set
+ +
y=tan! yo} or tan !|—2 0° <y <90° (4-58a)
[Efo E,
8 = ¢, — ¢, = phase difference between &, and &, —180° < § < 180°

(4-58b)

where 2y is the great-circle angle drawn from a reference point on the equator and 8
is the equator to great-circle angle;

(e, ) set
e = cot"' (AR)= AR = cot (&) —45° <e < +45° (4-59a)
7 = tilt angle 0° <7 < 180° (4-59b)

where
2¢ = latitude
27 = longitude

In (4-58a) the appropriate ratio is the one that satisfies the angular limits of all the
Poincaré sphere angles (especially those of €). The axial ratio AR is positive for
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£ Polarization state P of wave
[P (v, & or P(r,¢)]
AN
\
\|
//
a \
N4
R AN
2 2¢ (latitude)
2y L
o) T
& | Y
Reference @ |
point
[}
x )
21 (longitude)
(a)

21 Circular polarization
(left hand; e = 45°)

Elliptical polarization

(left hand; 7 = 22.5°, &= 22.5°) /Q

Elliptical polarization
(left hand; r = 45°, ¢ = 22.5°)

Elliptical polarization

(left hand; ~ = 0°, &= 22.5°) \ -
-

Linear polarization
(r=0°¢e=0°

Linear polarization
(r=45°¢=0°

y

Linear polarization
(r=225°=0%

f6)

FIGURE 4-20 Poincaré sphere for the polarization state of an electromagnetic wave.
(Source: J. D. Kraus, Electromagnetics, 1984, McGraw-Hill Book Co.) (a)
Poincaré sphere. (b) Polarization state.

left-hand polarization and negative for right-hand polarization. Some polarization
states are displayed on the first octant of the Poincaré sphere in Figure 4-20b. The
polarization states on a planar surface representation (projection) of the Poincaré
sphere (—45° < & < +45°,0° < 7 < 180°) are shown in Figure 4-21.

For the polarization ellipse of Figure 4-19, the two sets of angles are related
geometrically as shown in Figure 4-20. Analytically it can be shown through
spherical trigonometry [20] that the two sets of angles (v, 6) and (e, 7) are related by

cos (2y) = cos (2¢&) cos(271) (4-60a)
tan (2¢)
tan(8) = m (4-60b)
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FIGURE 4-21 Polarization states of electromagnetic waves on a planar surface projection of a
Poincaré sphere. (Source: J. D. Kraus, Electromagnetics, 1984, McGraw-Hill Book Co.)

or

sin (2¢) = sin (2y) sin (&)
tan (27) = tan (2y) cos (8)

Thus one set can be obtained by knowing the other.
It is apparent from Figure 4-20 that the linear polarization is always found
along the equator; the right-hand circular resides along the south pole and the
left-hand circular along the north pole. The remaining surface of the sphere is used
to represent elliptical polarization with left-hand elliptical in the upper hemisphere
and right-hand elliptical on the lower hemisphere.

(4-61a)
(4-61b)

Example 4-9. Determine the point on the Poincaré sphere of Figure 4-20 when

the wave represented by (4-50a) is such that
& =E} cos(wt — Bz + ¢,)
&,=0

Solution. Using (4-58a) and (4-58b)

+
= -1 EJ’O = -1
Y = tan E* tan

X0
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and & could be of any value —180° < 8 < 180°. The values of ¢ and 7 can
now be obtained from (4-61a) and (4-61b), and they are equal to

2e = sin~! [sin (2v) sin (8)] = sin™'(0) = 0°
27 = tan~! [tan (2y) cos (8)] = tan'(0) = 0°

It is apparent that for this wave, which is obviously linearly polarized, the
polarization state (point) is at the reference point of Figure 4-20. The axial
ratio is obtained from (4-59a), and it is equal to

AR = cot (&) = cot (0) = o0
An axial ratio of infinity is always used to represent linear polarization.

Example 4-10. Repeat Example 4-9 when the wave of (4-50a) is such that
& =0
&, =E; cos(wt — Bz + ¢,)

Solution. Using (4-58a) and (4-58b),
E+

y=tan"! [Ey}] = tan" ' (o0) = 90°
*o

and & could be of any value —180° < 8 < 180°. The values of ¢ and 7 can
now be obtained from (4-61a) and (4-61b), and they are equal to

2¢ = sin~! [sin (2y) sin (8)] = sin~?(0) = 0°
27 = tan~! [tan (27) cos (8)] = tan~! (0) = 180°

The polarization state (point) of this linearly polarized wave is diametrically
opposed to that in Example 4-9. The axial ratio is also infinity.

Example 4-11. Determine the polarization state (point) on the Poincaré sphere
of Figure 4-20 when the wave of (4-50a) is such that

w
&, =E;cos(wt— Bz +¢)= 2Eocos(wt - Bz + 5)

&, = E} cos(wt — Bz + ¢,) = Eycos (wt — Bz)

Solution. Using (4-58a) and (4-58b),

+

vy = tan~!

L [—E—O] = 26.56°
E} 2E, '
§=0,~ ¢ = —90°

The values of £ and 7 can now be obtained from (4-61a) and (4-61b), and they
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are equal to

2e = sin"! [sin (2y) sin (8)] = sin ' [—sin (2y)] = 2y = —53.12°
27 = tan"! [tan (2y) cos (8)] = tan~1(0) = 0°

Therefore this point is situated on the principal xz plane at an angle of
2y = —2¢ = 53.12° from the reference point of the x axis of Figure 4-20. The
axial ratio is obtained using (4-59a), and it is equal to

AR = cot (&) = cot (—26.56°) = —2

The negative sign indicates that the wave has a right-hand (clockwise) polar-
ization. Therefore the wave is right-hand elliptically polarized with AR = —2.

In general, points on the principal xz elevation plane, aside from the two
intersecting points on the equator and the north and south poles, are used to
represent elliptical polarization when the major and minor axes of the polarization
ellipse of Figure 4-19 coincide with the principal axes.

If the polarization state of a wave is defined as P, and that of an antenna as
P,, then the voltage response of the antenna due to the wave is obtained by [10, 19]

PWZP“ ] (4-62)

V= Ccos[

where C = constant that is a function of the antenna size and field strength of the
wave
P, P, = angle subtended by a great-circle arc from polarization P, to P,
P, = polarization state of the wave

w

P, = polarization state of the antenna

Remember that the polarization of a wave, by IEEE standards [7, 8], is
determined as the wave is observed from the rear (is receding). Therefore the
polarization of the antenna is determined by its radiated field in the transmitting
mode.

Example 4-12. If the polarization states of the wave and antenna are given,
respectively, by those of Examples 4-9 and 4-10, determine the voltage
response of the antenna due to that wave.

Solution. Since the polarization state P, of the wave is at the + x axis and that
of the antenna P, is at the —x axis of Figure 4-20, then the angle P P,
subtended by a great-circle arc from P, to P, is equal to

P P, = 180°
Therefore the voltage response of the antenna is according to (4-62) equal to

wo a

V=Ccos[ }=Ccos(90°)=0

This is expected since the fields of the wave and those of the antenna are
orthogonal (cross-polarized) to each other.
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Example 4-13. The polarization of a wave that impinges upon a left-hand
counterclockwise) circularly polarized antenna is circularly polarized. Deter-
mine the response of the antenna when the sense of rotation of the incident
wave is

1. Left-hand (counterclockwise).
2. Right-hand (clockwise).

Solution.

1. Since the antenna is left-hand circularly polarized, its polarization state
(point) on the Poincaré sphere is on the north pole 2y = 8§ = 90°). When
the wave is also left-hand circularly polarized, then its polarization state
(point) is also on the north pole (2y = § = 90°). Therefore the subtended
angle PP, between the two polarization states is equal to

PP =0°
and the voltage response of the antenna, according to (4-62), is equal to

woa

V=Ccos[ ]=Ccos(0)=C

This represents the maximum response of the antenna, and it occurs when
the polarization (including sense of rotation) of the wave is the same as that
of the antenna.

2. When the sense of rotation of the wave is right-hand circularly polarized, its
polarization state (point) is on the south pole (2y = 90°, § = —90°).
Therefore the subtended angle P, P, between the two polarization states is
equal to

P P = 180°
and the response of the antenna, according to (4-62), is equal to

180°

PWPa
V = Ccos 5 = Ccos = Ccos(90°) =0

This represents a null response of the antenna, and it occurs when the sense
of rotation of the circularly polarized wave is opposite to that of the
circularly polarized antenna. This is one technique, in addition to those
shown in Example 4-12, that can be used to null the response of an antenna
system.

REFERENCES

L. S. F. Adam, Microwave Theory and Applications, Prentice-Hall, Englewood Cliffs, N.J.,
1969.

2. A. L. Lance, Introduction to Microwave Theory and Measurements, McGraw-Hill, New
York, 1964.



174 WAVE PROPAGATION AND POLARIZATION

3. N. Marcuvitz (ed.), Waveguide Handbook, McGraw-Hill, New York, 1951, Chapter 8, pp.
387-413.
4. C. H. Walter, Traveling Wave Antennas, McGraw-Hill, New York, 1965, pp. 172-187.
5. R. B. Adler, L. J. Chu, and R. M. Fano, Electromagnetic Energy Transmission and
Radiation, Wiley, New York, 1960, Chapter 8.
6. D. T. Paris and F. K. Hurd, Basic Electromagnetic Theory, McGraw-Hill, New York,
1969.
7. “IEEE Standard 145-1983, IEEE Standard Definitions of Terms for Antennas,” reprinted
in IEEE Trans. Antennas Propagat., vol. AP-31, no. 6, part II, pp. 1-29, November 1983.
. C. A. Balanis, Antenna Theory: Analysis and Design, Wiley, New York, 1982.
9. W. Sichak and S. Milazzo, “Antennas for circular polarization,” Proc. IEEE, vol. 36, pp.
997-1002, August 1948.
10. G. Sinclair, “The transmission and reception of elliptically polarized waves,” Proc. IRE,
vol. 38, pp. 148-151, February 1950.
11. V. H. Rumsey, G. A. Deschamps, M. L. Kales, and J. 1. Bohnert, “Techniques for
handling elliptically polarized waves with special reference to antennas,” Proc. IRE, vol.
39, pp. 533-534, May 1951.
12. V. H. Rumsey, “Part I—Transmission between elliptically polarized antennas,” Proc.
IRE, vol. 39, pp. 535-540, May 1951.
13. M. L. Kales, “Part III—Elliptically polarized waves and antennas,” Proc. IRE, vol. 39,
pp- 544-549, May 1951.
14. J. 1. Bohnert, “Part IV—Measurements on elliptically polarized antennas,” Proc. IRE,
vol. 39, pp. 549-552, May 1951.
15. H. Poincaré, Théorie Mathématique de la Limiére, Georges Carré, Paris, France, 1892.
16. G. A. Deschamps, “Part II—Geometrical representation of the polarization of a plane
electromagnetic wave,” Proc. IRE, vol. 39, pp. 540-544, May 1951.
17. E. F. Bolinder, “Geometric analysis of partially polarized electromagnetic waves,” JEEE
Trans. Antennas Propagat., vol. AP-15, no. 1, pp. 37-40, January 1967.
18. G. A. Deschamps and P. E. Mast, “Poincaré sphere representation of partially polarized
fields,” IEEE Trans. Antennas Propagat., vol. AP-21, no. 4, pp. 474-478, July 1973.
19. J. D. Kraus, Electromagnetics, Third Edition, McGraw-Hill, New York, 1984.
20. M. Born and E. Wolf, Principles of Optics, Macmillan Co., New York, pp. 24-27, 1964.

=

PROBLEMS

4.1.

4.2,

4.3.

A uniform plane wave having only an x component of the electric field is traveling
in the +z direction in an unbounded lossless, source-free region. Using Maxwell’s
equations write expressions for the electric and corresponding magnetic field intensi-
ties. Compare your answers to those of (4-2b) and (4-3c).

Using Maxwell’s equations, find the magnetic field components for the wave whose
electric field is given in Example 4-1. Compare your answer with that obtained in
the solution of Example 4-1.

The complex H field of a uniform plane wave, traveling in an unbounded source-free
medium of free space, is given by

1
H=
1207

(4, —24,)e

Find (a) the corresponding electric field, (b) the instantaneous power density vector,
and (c) the time-average power density.



44.

45.

4.6.

4.7.

4.38.

49.

4.10.
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The complex E field of a uniform plane wave is given by
Assuming an unbounded source-free, free-space medium, find (a) the corresponding

magnetic field, (b) the time-average power density flowing in the + y direction, and
(¢) the time-average power density flowing in the —y direction.

The magnetic field of a uniform plane wave in a source-free region is given by
H=10"%-4,2+/)+ 4,1 +,3)]e”

Assuming that the medium is free space, determine (a) the corresponding electric
field and (b) the time-average power density.

The electric field of a uniform plane wave traveling in a source-free region of free
space is given by
E =10"°(4, + ja,) sin(B,z)
(a) Is this a traveling or a standing wave?
(b) Identify the traveling wave(s) of the electric field and the direction(s) of travel.

(¢) Find the corresponding magnetic field.
(d) Determine the time-average power density of the wave.

The magnetic field of a uniform plane wave traveling in a source-free, free-space
region is given by
H =10"%(4, + ja,) cos ( Byx)
(a) Is this a traveling or a standing wave?
(b) Identify the traveling wave(s) of the magnetic field and the direction(s) of travel.

(c) Find the corresponding electric field.
(d) Determine the time-average power density of the wave.

A uniform plane wave is traveling in the -z direction inside an unbounded
source-free, free-space region. Assuming that the electric field has only an E,
component, its value at z = 0 is 4 X 10”3 V/m, and its frequency of operation is
300 MHz, write expressions for (a) the complex electric and magnetic fields, (b) the
instantaneous electric and magnetic fields, (c) theé time-average and instantaneous
power densities, and (d) the time-average and instantaneous electric and magnetic
energy densities.

A uniform plane wave traveling inside an unbounded free-space medium has peak
electric and magnetic fields given by

E = 4 Eje /Po?
H = d He #o
where E; = 1 mV/m.

(a) Evaluate H,,.
(b) Find the corresponding average power density. Evaluate all the constants.

(c) Determine the volume electric and magnetic energy densities. Evaluate all the
constants.

The complex electric field of a uniform plane wave traveling in an unbounded
nonferromagnetic dielectric medium is given by

E = 4,10 % 2"
y
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4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

where z is measured in meters. Assuming that the frequency of operation is
100 MHz, find the (a) phase velocity of the wave (give units), (b) dielectric constant
of the medium, (c) wavelength (in meters), (d) time-average power density, and (e)
time-average total energy density.

The complex electric field of a time-harmonic field in free space is given by
E=4107°(1 +))e /A

Assuming the distance x is measured in meters, find (a) the wavelength (in meters),
(b) the frequency, and (c) the associated magnetic field.

A uniform plane wave is traveling inside the earth, which is assumed to be a perfect
dielectric, and it is infinite in extent. If the relative permittivity of the earth is 9, find
at a frequency of 1 MHz the phase velocity, wave impedance, intrinsic impedance,
and wavelength of the wave inside the earth.

An 11-GHz transmitter radiates its power isotropically in a free-space medium.
Assuming its total radiated power is 50 mW, at a distance of 3 km find (a) the
time-average power density, (b) rms electric and magnetic fields, and (c) total
time-average volume energy densities. In all cases, specify the units.

The electric field of a time-harmonic wave traveling in free space is given by
E=410"%1 + j)e o?

Find the amount of real power crossing a rectangular aperture whose cross section is
perpendicular to the z axis. The area of the aperture is 20 cm?.

The following complex electric field of a time-harmonic wave traveling in a
source-free, free-space region is given by

E=5X103(44, + 34,)e/® %

Assuming y and z represent their respective distances in meters, determine:

(a) The angle of wave travel (relative to the z axis).

(b) The three phase constants of the wave along its oblique direction of travel, the y
axis, and the z axis (in radians per meter).

(c) The three wavelengths of the wave along its oblique direction of travel, the y
axis, and the z axis (in meters).

(d) The three phase velocities of the wave along the oblique direction of travel, the
y axis, and the z axis (in meters per second).

(e) The three energy velocities of the wave along the oblique direction of travel, the
y axis, and the z axis (in meters per second).

(f) The frequency of the wave.

(g) The associated magnetic field.

Using Maxwell’s equations determine the magnetic field of (4-18b) given the electric
field of (4-18a).

Given the electric field of Example 4-2 and using Maxwell’s equations, determine °
the magnetic field. Compare it with that found in the solution of Example 4-2.

Given (4-19a) and (4-19c¢), determine the phase velocities of (4-22) and (4-23).



4.19.

4.20.

4.21].

4.23.

4.24.

4.25.
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Derive the energy velocity of (4-24) using the definition of (4-9), (4-18a), and
(4-18b).

A uniform plane wave of 3 GHz is incident upon an unbounded conducting
medium of copper that has a conductivity of 5.76 X 10" S/m and ¢ = &, p = p,.
Find the approximate (a) intrinsic impedance of copper and (b) skin depth (in
meters).

The magnetic field intensity of a plane wave traveling in a lossy earth is given by
H = (4, +j24,)Hpe e

where H, = 1 pA/m. Assuming the lossy earth has a conductivity of 107 S/m, a
dielectric constant of 9, and the frequency of operation is 1 GHz, find inside the
earth:

(a) The corresponding electric field vector.

(b) The average power density vector.

(c) The phase constant (radians per meter).

(d) The phase velocity (meters per second).

(e) The wavelength (meters).

(f) The attenuation constant (Nepers per meter).

(g) The skin depth (meters).
422

Sea water is an important medium in communication between submerged sub-
marines or between submerged submarines and receiving and transmitting stations
located above the surface of the sea. Assuming the constitutive electrical parameters
of the sea are 6 = 4 S/m, ¢, = 81, p, = 1, and f = 10* Hz, find:

(a) The complex propagation constant (per meter).

(b) The phase velocity (meters per second).

(c) The wavelength (meters).

(d) The attenuation constant (Nepers per meter).

(e) The skin depth (meters).

The electrical constitutive parameters of moist earth at a frequency of 1 MHz are

6=10"1S/m, ¢, =4, and p, = 1. Assuming that the electric field of a uniform

plane wave at the interface (on the side of the earth) is 3 X 1072 V/m, find:

(a) The distance through which the wave must travel before the magnitude of the
electric field reduces to 1.104 X 102 V/m.

(b) The attenuation the electric field undergoes in part (a) (in decibels).

(c) The wavelength inside the earth (in meters).

(d) The phase velocity inside the earth (in meters per second).

(e) The intrinsic impedance of the earth.

The complex electric field of a uniform plane wave is given by
E=10"%[442 + 4,(1 +j)e/™*|e

(a) Find the polarization of the wave (linear, circular, or elliptical).
(b) Determine the sense of rotation (clockwise or counterclockwise).
(¢) Sketch the figure the electric field traces as a function of wt.

The complex magnetic field of a uniform plane wave is given by
1073

H =
1207

(d,—jd)e
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4.26.

4.27.

4.28.

4.29.

4.30.

4.31.

(a) Find the polarization of the wave (linear, circular, or elliptical).

(b) State the direction of rotation (clockwise or counterclockwise) and why?

(c) Sketch the polarization curve denoting the J#-field amplitude, and direction of
rotation. Indicate on the curve the various times for the rotation of the vector.

In a source-free, free-space region the complex magnetic field of a time-harmonic
field is represented by

E
_Oe—fﬂoy

H=[d,1+))+a,y2e?] ;
1]

where E; is a constant and 7, is the intrinsic impedance of free space. Determine:

(a) The polarization of the wave (linear, circular, or elliptical). Give reasons for
your answer.

(b) State the sense of rotation, if any.

(c) The corresponding electric field.

Show that any linearly polarized wave can be decomposed into two circularly
polarized waves (one CW and the other CCW) but both traveling in the same
direction as the linearly polarized wave.

In a source-free, free-space region the complex magnetic field is given by

E
H = j(a, — ja,)— e P
Mo

where E; is a constant and 7, is the intrinsic impedance of free space. Find:

(a) The polarization of the wave (linear, circular, or elliptical). Justify your answer.
(b) The sense of rotation, if any (CW or CCW). Justify your answer.

(c) The time-average power density.

(d) The polarization of the wave on the Poincaré sphere.

The electric field of a time-harmonic wave is given by
E=2x107%4, +d,)e

(a) State the polarization of the wave (linear, circular, or elliptical).

(b) Find the polarization on the Poincaré sphere by identifying the angles 8, v, T,
and e (in degrees).

(c) Locate that point on the Poincaré sphere.

For a uniform plane wave represented by the electric field of
E=Ey(d4, - j24,)e

where E, is constant, do the following.

(a) Determine the longitude angle 27, latitude angle 2¢, great-circle angle 2y, and
equator to great-circle angle 8 (all in degrees) that are used to identify and
locate the polarization of the wave on the Poincaré sphere.

(b) Using the answers from part (a), state the polarization of the wave (linear,
circular, or elliptical), its sense of rotation (CW or CCW), and its axial ratio.

(c) Find the signal loss (in decibels) when the wave is received by a right-hand
circularly polarized antenna.

The electric field of (4-50a) has an axial ratio of infinity and a great-circle angle of
2y = 109.47°.
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(a) Find the relative magnitude (ratio) of E;; to E;;) . Which component is more
dominant (E, or E,)?

(b) Identify the polarization point on the Poincaré sphere (i.e., find §, 7, and ¢ in
degrees).

(c) State the polarization of the wave (linear, circular, or elliptical).

4.32. The field radiated by an antenna has electric field components represented by
(4-50a) such that E} = E, and its axial ratio is infinity.
(a) Identify the polarization point on the Poincaré sphere (i.e., find v, 8, 7, and ¢ in
degrees).
(b) If this antenna is used to receive the wave of Problem 4.31, find the polarization
loss (in decibels). To do this part, use the Poincaré sphere parameters.
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CHAPTER

S

REFLECTION AND TRANSMISSION

INTRODUCTION

In the previous chapter we discussed solutions to TEM waves in unbounded media.
In real world problems, however, the fields encounter boundaries, scatterers, and
other objects. Therefore the fields must be found by taking into account these
discontinuities.

In this chapter we want to discuss TEM field solutions in two semi-infinite
lossless and lossy media bounded by a planar boundary of infinite extent. Reflection
and transmission coefficients will be derived to account for the reflection and
transmission of the fields by the boundary. These coefficients will be functions of
the constitutive parameters of the two media, the direction of wave travel (angle of
incidence), and the direction of the electric and magnetic fields (wave polarization).

In general, the reflection and transmission coefficients are complex quantities.
It will be demonstrated that their amplitudes and phases can be varied by control-
ling the direction of wave travel (angle of incidence). In fact for one wave
polarization (parallel polarization) the reflection coefficient can be made equal to
zero. The angle of incidence when this occurs is known as the Brewster angle. This
principle is used in the design of many instruments (such as binoculars, etc.).

The magnitude of the reflection coefficient can also be made unity by properly
selecting the wave incidence angle. This angle is known as the critical angle, and it is
independent of wave polarization; however, in order for this angle to occur, the
incident wave must exist in the denser medium. The critical angle concept plays a
crucial role in the design of transmission lines (such as optical fiber, slab wave-
guides, and coated conductors; the microstrip is one example).

NORMAL INCIDENCE—LOSSLESS MEDIA

We begin the discussion of reflection and transmission from planar boundaries of
lossless media by assuming the wave travel is perpendicular (normal incidence) to
the planar interface formed by two semi-infinite lossless media, as shown in Figure
5-1, each characterized by the constitutive parameters of &, p, and &,, p,. When the
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incident wave encounters the interface, a fraction of the wave intensity will be
reflected into medium 1 and part will be transmitted into medium 2.

Assuming the incident electric field of amplitude E, is polarized in the x
direction, we can write expressions for its incident, reflected, and transmitted
electric field components, respectively, as

E' = a4 Ee /¢ (5-1a)
E’ = 4 TtEeth® (5-1b)
E' = G T Ee #2* (5-1c)

where T'? and T? are used here to represent, respectively, the reflection and
transmission coefficients at the interface. Presently these coefficients are unknowns
and will be determined by applying boundary conditions on the fields along the
interface. Since the incident fields are linearly polarized and the reflecting surface is
planar, the reflected and transmitted fields will also be linearly polarized. Because
we do not know the direction of polarization (positive or negative) of the reflected
and transmitted electric fields, they are assumed here to be in the same direction
(positive) as the incident electric fields. If that is not the case, it will be corrected by
the appropriate signs on the reflection and transmission coefficients.

Using the right-hand procedure outlined in Section 4.2.1 or Maxwell’s equa-
tions 4-3 or 4-3a, the magnetic field components corresponding to (5-1a) through

€1, K] ED0 M2

,Er

2z

" FIGURE 5-1 Wave reflection and transmis-
sion at normal incidence by a
2 planar interface.
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(5-1c) can be written as

. E,
Hi=4a,—e /o (5-2a)
T
T*E,
H = —d,——e"A: (5-2b)
™
TYE,
H' =4,——e/P* (5-2¢)
2

The reflection and transmission coefficients will now be determined by enforc-
ing continuity of the tangential components of the electric and magnetic fields
across the interface. Using (5-1a) through (5-2c), continuity of the tangential
components of the electric and magnetic fields at the interface (z = 0) leads,
respectively, to

1+Tt=T" (5-3a)
1 1
n—(l —-T%) = ;’—T” (5-3b)
1 2

Solving these two equations for I'® and T, we can write that

1' — 1' EI' Hr
rb = -——2—1- = - = - ey (5'43)
M, + 1y E H
2" Et ,n HI
Tt = 2 =1+I‘b=—i=—2—i (5-4b)
M+, E m H

Therefore the plane wave reflection and transmission coefficients of a planar
interface for normal incidence are functions of the constitutive properties, and they
are given by (5-4a) and (5-4b). Since the angle of incidence is fixed at normal, the
reflection coefficient cannot be equal to zero unless 7, = 7,. For most dielectric
material, aside from ferromagnetics, this implies that &, = ¢, since for them p, = p,.

Away from the interface the reflection I' and transmission T coefficients are
related to those at the boundary (I'®, T?) and can be written, respectively, as

E'(z)

TbEetB?
TE(2) -

I(z=-¢) e v
0

=Tt 4| (5-5a)

z-_lx Z-'—/l

= - = - = Tbe —f(Bat3+B1%h) 5-5b
El(21)|zl__{‘ Eoe+_,ﬁ1l1 ( )

= &, E(2,)|,,-r,  TPEe
zZ=—4

where ¢, and 7, are positive distances measured from the interface to mediums 1
and 2, respectively.
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Associated with the electric and magnetic fields of (5-1a) through (5-2c) are
corresponding average power densities that can be written as

St = = Re(E' x H” 1Eof (5-6a)
i iy i = 4 -
av 2 e( ) az 21'1 a
1 E, ,
S/, =—Re(E"xH") = —a,u"qzl o = —4,|T'%3s;, (5-6b)
2 2m
1 E,? E,|?
S, = ~Re(E‘X H") = ¢32|T”|2| o _ g o 2ol
2 27, 1, 2m
n . ;
= 4,|IT?P=5), = 4,(1 - |T??) S}, (5-6c)
L))

It is apparent that the ratio of the refiected to the incident power densities is
equal to the square of the magnitude of the reflection coefficient. However the ratio
of the transmitted to the incident power density is not equal to the square of the
magnitude of the transmission coefficient; this is one of the most common errors.
Instead the ratio is proportional to the magnitude of the transmission coefficient
squared and weighted by the intrinsic impedances of the two media, as given by
(5-6¢). Remember that the reflection and transmission coefficients relate the re-
flected and transmitted field intensities to the incident field intensity. Since the total
tangential components of these field intensities on either side must be continuous
across the boundary, it is expected that the transmitted field can be greater than the
incident field and that will require a transmission coefficient greater than unity.
However, by the conservation of power, it is well known that the transmitted power
density cannot exceed the incident power density.

Example 5-1. A uniform plane wave traveling in free space is incident nor-
mally upon a flat semi-infinite lossless medium with a dielectric constant of
2.56 (being representative of polystyrene). Determine the reflection and trans-
mission coefficients and incident, reflected, and transmitted power densities.
Assume that the amplitude of the incident electric field at the interface is
1 mV/m.

Solution. Since ¢ = ¢, and &, = 2.56¢,,

1= B2 = Ko
then
/#1 Ko
T’l = _— = e
& €
Ky Ko 1 Ko M1
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Thus according to (5-4a) and (5-4b)

1
— -1
rbznz_'h:lﬁ 1—16 —0231
N, + M __+1 1+16
27 ( 6) 2
Tb= —2 = 7= = 5~ = 0.769
1+ 7, 14+ — 2.6
1.6

In addition the incident, reflected and transmitted power densities are ob-
tained using, respectively, (5-6a), (5-6b), and (5-6¢). Thus

B _ (107
2n,  2(376.73)
Sy, = T?3SL, = | — 0.23112(1.327) x 10~° = 0.071 nW/m’

SI

av

=1.327 X 10~° W/m? = 1.327 nW /m?

1
S! = T“ 0.7691?——(1.327) x 107 % = 1. 2
aw = |17 =| |1/16( ) X 10 1.256 nW /m
or
S = (1 = |T*1?)Sk, = (1 —10.231)2)(1.327) x 10~° = 1.256 nW /m?

In medium 1 the total field is equal to the sum of the incident and
reflected fields. Thus for the total electric and magnetic fields in medium 1 we
can write that

E'=E' +E =4,Ee 5 (1+ %) = EeP7[1 + I'(z)]
—_———
traveling standing
wave wave

(5-7a)

Hl

=H'+ H" = a,(Ey/n))e 7 (1 — ['te2he) = ayn—(’wﬂlzh - I(2)]
1

standing
wave

traveling
wave

(5-7b)

In each expression the factors outside the parentheses represent the
traveling wave part of the wave and those within the parentheses represent the
standing wave part. Therefore the total field of two waves is the product of one
of the waves times a factor that in this case is the standing wave pattern. This
is analogous to the array multiplication rule in antennas where the total field of
an array of identical elements is equal to the product of the field of a single-
element times a factor that is referred to as the array factor [1].

As discussed in Section 4.2.1D, the ratio of the maximum value of the
electric field magnitude to that of the minimum is defined as the standing wave
ratio (SWR), and it is given here by

MM

IE1|max 1+ |Fbl M2 + m
SWR = = = 5-8
EY.. 1-|T? M m (>-8)

Mt
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For two media with identical permeabilities (g, = p,), the SWR can be
written as

& > &

o + | e = | Ve (5-9a)
CErE RN

SWR =

OBLIQUE INCIDENCE—LOSSLESS MEDIA

To analyze reflections and transmissions at oblique wave incidence, we need to
introduce the plane of incidence, which is defined as the plane formed by a unit vector
normal to the reflecting interface and the vector in the direction of incidence. For a
wave whose wave vector is on the xz plane and is incident upon an interface that is
parallel to the xy plane as shown in Figure 5-2, the plane of incidence is the xz
plane.

To examine reflections and transmissions at oblique angles of incidence for a
general wave polarization, it is most convenient to decompose the electric field into
its perpendicular and parallel components (relative to the plane of incidence) and
analyze each one of them individually. The total reflected and transmitted field will
be the vector sum from each one of these two polarizations.

When the electric field is perpendicular to the plane of incidence, the polariza-
tion of the wave is referred to as perpendicular polarization. Since the electric field is
parallel to the interface, it is also known as horizontal or E polarization. When the
electric field is parallel to the plane of incidence, the polarization is referred to as
parallel polarization. Because a component of the electric field is also perpendicular
to the interface when the magnetic field is parallel to the interface, it is also known
as vertical or H polarization. Each type of polarization will be further examined.

Perpendicular (Horizontal or E) Polarization

Let us now assume that the electric field of the uniform plane wave incident on a
planar interface at an oblique angle, as shown in Figure 5-2, is oriented perpendicu-

NNNNNNNNNNNNNNN

FIGURE 5-2 Perpendicular (horizontal) polarized
uniform plane wave incident at an
oblique angle on an interface.



186 REFLECTION AND TRANSMISSION

larly to the plane of incidence. As previously stated, this is referred to as the
perpendicular polarization.

Using the techniques outlined in Section 4.2.2, the incident electric and
magnetic fields can be written as

Efj_ - éyEie_jgi.r = ﬁyEOe_jB‘(XSina‘+z°°50‘) (5-108)
H) = (—d,cosf, + d,sin6,)Hie /8"r
E o
= (—d,cos 8, + 4, sin ) —2 e ~/(xsind+zcosh)) (5-10b)
m
where
E'=E, (5-10¢)
. E! E
Hi=-—2=2 (5-10d)
™ ™

Similarly the reflected fields can be expressed as

E| = ciyEi e /BT = éyI‘f Ege /Pi(xsinb,—zcosb,) (5-11a)
H' = (d,cos6, + d,sin8,)H e /*"r
b E, .
= (d,cos 8, + d,sind,) g JPi(xsinb,—zcosd,) (5-11b)
U
where
El=T¢E' = It E, (5-11¢)
E’ I'*E
H,=— =22 (5-11d)
U ™
Also the transmitted fields can be written as
E{=3,E{ e /#"" = 4 T? Ee /Palxsindi+zcosb) (5-12a)

H| = (—d,cos8, + 4,sinf,)H' e B"r

o TYEy

= (—d,cosb, + 4,sin¥,) e /Ba(xsinb,+zcosby) (5-12b)

M2

where
E'=TYEi = T*E, (5-12¢)
E! T E

H=—=="2"2 (5-12d)

M2 N2

The reflection ' and transmission T? coefficients, and the relation between
the incident 6, reflected 6,, and transmission (refracted) 6, angles can be obtained
by applying the boundary conditions on the continuity of the tangential compo-
nents of the electric and magnetic fields. That is

(E°. + E)| =(E;)|um (5-13a)
z=0 z=()
(Hy +H)|,, =(HY)|,, (5-13b)

z=0 z=0
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Using the appropriate terms of (5-10a) through (5-12d), (5-13a) and (5-13b) can be
written, respectively, as

e——jﬂlxsind,- + rf_ e—jﬂlxsinﬂ, = Tfe—jﬁzxsino, (5-143)
1 T _ T? o
—(—cos ;e P58 4 TP cos fe™ > sinf,) = — —= cos f,e F*snf (5-14b)
™ M2

Whereas (5-14a) and (5-14b) represent two equations with four unknowns
(T2, T?,80,8,), it should be noted that each equation is complex. By equating the
correspondlng real and imaginary parts of each side, each can be reduced to two
equations (a total of four). If this procedure is utilized, it will be concluded that
(5-14a) and (5-14b) lead to the following two relations:

6, =6, (Snell’s law of reflection ) (5-15a)
B,sinf, = B,sin6,  (Snell’s law of refraction) (5-15b)
Using (5-15a) and (5-15b) reduces (5-14a) and (5-14b) to
1+Tt=T (5-16a)
Cc;slo" (=1+1%)=— C(;Szo’ T? (5-16b)

Solving (5-16a) and (5-16b) simultaneously for I'¢ and T? leads to

‘/—— cos 0, — 1/— cos 0,
E7  m,cos8, — n cosb, &

Ié = = = (5-17a)

E!  m,cos8, + m, cos b, /__ cos 6, + /_ cos §,
2‘/& cos b,
E'} 27, cos

= = (5-17b)

E 6, + 9,
M2 €08 Th €08 ‘/ 2 cos 6, + ‘/ — cos ¥,

I% and T? of (5-17a) and (5-17b) are usually referred to as the plane wave Fresnel
reflection and transmission coefficients for perpendicular polarization.

Since for most dielectric media (excluding ferromagnetic material) p; = p, =
Bo, (5-17a) and (5-17b) reduce by also utilizing (5-15b) to

€ €
cosﬂi—]/—z-]ll— —1 sin20,.
. g &
rllm-uz:
cosﬁ+\/ \/1— sin’ §,

2cos 6,

I"'l-"2
cos9+1/ \/1— —1 sin 6,
2

T =

(5-18a)

(5-18b)
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FIGURE 5-3 Magnitude of (a) reflection and (b) transmission

coefficients for perpendicular polarization as a func-
tion of incident angle.
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Plots of |T'2}and |T?| of (5-18a) and (5-18b) for ¢,/¢ = 2.56, 4, 9, 16, 25, and
81 as a function of 8, are shown in Figure 5-3. It is apparent that as the relative
ratio of &,/¢, increases, the magnitude of the reflection coefficient increases whereas
that of the transmission coefficient decreases. This is expected since large ratios of
€,/€ project larger discontinuities in the dielectric properties of the media along the
interface. Also it is observed that for &, > ¢ the magnitude of the reflection
coefficient never vanishes regardless of the &,/¢ ratio or the angle of incidence.

For e,/¢, > 1 both T2 and T? are real with I'® being negative and T'? being
positive for all angles of incidence. Therefore as a function of 6, the phase of T¢ is
equal to 180° and that of the transmission coefficient T? is zero. When e,/¢ = 1
the reflection coefficient vanishes and the transmission coefficient reduces to unity.
When e,/¢; < 1 then both I'® and T? are real up to an incidence angle 8, = 6,;
after that they become complex. The angle 6, for which |T'? ley e <1(8; = 8) = 11is
referred to as the critical angle, and it represents conditions of total internal
reflection. More discussion on the critical angle (6, = 8,) and the wave propagation
for 8, > 6. can be found in Section 5.3.4.

In medium 1 the total electric field can be written as

Ei,: EfL + Ei= ﬁyEOe—jBI(xsin0,+zcosQ) [1 + rjie-%jZB,zcoso,]

traveling wave standing wave
= @ Ege~Bxsinfirzeosii[] 4 T (7)) (5-19)
where
[, (z) = T} eti2hcost, (5-19a)

Parallel (Vertical or H) Polarization

For this polarization the electric field is parallel to the plane of incidence and it
impinges upon a planar interface as shown in Figure 5-4. The directions of the
incident, reflected, and transmitted electric and magnetic fields in Figure 5-4 are
chosen so that for the special case of 8, = 0 they reduce to those of Figure 5-1.

FIGURE 5-4 Parallel (vertical) polarized uniform
plane wave incident at an oblique angle on
an interface.
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Using the techniques outlined in Section 4.2.2, we can write that

E! = (d,cosf,— d,sinf,)Ee "

= (d,cos 8, — G, sin §,) Ege /Fu(xsinb;+zcosb)

; E
Hf,= 4 H:'Ie—jB'-r =4 _Oe—jBI(xsin0,+zcos0,)
y y

T
where
E\=E,
- E, E
Hi= ==
™ ™
Similarly,
E/= (4, cos, + d,sin6,)Ee/®"r
= (4,cos B, + d,sin 8, )T e /Prixsinb,~zcosby)
b
H = -4 Hre—jB’-r = —4 r" EO e—-j/il(xsinﬂ,—zcoso,)
Il yoru y
™
where
_TbEpi_ T
Elrl - I‘HEI - I‘uEO
E; TIE,
H = — =
™ T
Also,
E!= (d,cosf,— 4,sin,)E} e /®"r
= (4, cosf, — &,sinf,)TLEjePalxsinbi+zcosh)
TPE
HI’I — ayH't'e—-jB'-r = ay I Oe—_/liz(xsinﬂ,+zoosﬂ,)
M, )
where

E\=T}E'=T[E,

H = ﬂ = T} E
! M2 M2

(5-20a)
(5-20b)

(5-20¢)

(5-20d)

(5-21a)

(5-21b)

(5-21c)

(5-21d)

(5-22a)

(5-22b)

(5-22¢)

(5-22d)

As before, the reflection I'? and transmission T coefficients, and the reflec-
tion 8, and transmission (refraction) 6, angles are the four unknowns. These can be
determined and expressed in terms of the incident angle 6, and the constitutive
parameters of the two media by applying the boundary conditions on the continuity
across the interface (z = 0) of the tangential components of the electric and
magnetic fields as given by (5-13a) and (5-13b) and applied to parallel polarization.
Using the appropriate terms of (5-20a) through (5-22d), we can write (5-13a) and

(5-13b) as applied to parallel polarization, respectively, as

cos B, Axsinb 4 Tb cos § e=/Prxsinb, = T cos e~ /Paxsints

1
™ P

T o 1 -
_(e—jﬁlxsmﬂ, . I‘ﬁe—jﬂlxsmﬂ,) - _Tllre—jﬂzxsmﬂ,

(5-23a)

(5-23b)
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Following the procedure outlined in Section 5.3.1 for the solution of (5-14a)
and (5-14b), it can show that (5-23a) and (5-23b) reduce to

6 =9, (Snell’s law of reflection) (5-24a)
Bisind, = B,sinb,  (Snell’s law of refraction) (5-24b)
o 0 gt cos 0, + at cos 6,
—nycos 8, + m, cos € €
ppo Tmesbimend  Vh VE o

T i D
m c0s 6 + m, cos 6, 1/ L cos b, + ‘/ 2 cosé,
& &

I
21/ 2 cos g,
27, cos 6, £
S+ T B
My c0s 6, + m; cos 6, - cos 6, + 2 cos g,
& )

T'® and T? of (5-24c) and (5-24d) are usually referred to as the plane wave Fresnel
reflection and transmission coefficients for parallel polarization.
Excluding ferromagnetic material, (5-24c) and (5-24d) reduce using also (5-24b)

€ €
—cos 8, + 1/ = ‘/1 - (—l)sinzﬁ,.
& )

Ty, = (5-25a)

g €
cos 0, + ]/—1 \/1 - (J—)sinza.
& €
€
2]/—i cos b,
)
& &
cos §; + 1/—1 \/1 - (—1)sin20i
& )

Plots of |T'f| and |T%| of (5-25a) and (5-25b) for e,/¢, = 2.56, 4, 9, 16, 25, and 81 as
a function of @, are shown in Figure 5-5. It is observed in Figure 5-5a that for this
polarization there is an angle where the reflection coefficient does vanish. The angle
where the reflection coefficient vanishes is referred to as the Brewster angle 65, and
it increases toward 90° as the ratio of ¢,/¢ becomes larger. More discussion on the
Brewster angle can be found in the next section (Section 5.3.3).

For e,/¢; > 1, T2 and T? are both real. For angles of incidence less than the
Brewster angle (8, < 6y) T'® is negative, indicating a 180° phase as a function of
incidence angle; for 6, > 8, T'? is positive, representing a 0° phase. The transmis-
sion coefficient T? is positive for all values of 6,, indicating a 0° phase. When
€,/e, = 1 then the reflection coefficient vanishes and the transmission coefficient
reduces to unity. As for the perpendicular polarization, when &,/ < 1 then both
I'? and T? are real up to an incidence angle 6, = 6,; after that they become
complex. The angle for which |I‘f,’|€2 /e <1(0; = 6.) = 1 is again referred to as critical
angle, and it represents conditions of total internal reflection. Further discussion of

T:=

(5-24d)

to

T,

II"'I-“'l

(5-25b)
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the critical angle (6, = 8,) and the wave propagation for 6, > 6§, can be found in
Section 5.3.4. It is evident that the critical angle is not a function of polarization; it
occurs only when the wave propagates from the more dense to the less dense
medium.

The total electric field in medium 1 can be written as

Eh = E:I + Eﬁ a COSGE e —jBi(xsin®,+zcosb;) [1 + I*b +j2Byz cos b,

traveling wave standing wave

—a Sino'EOe—jﬁl(xsin0,+zcosﬂ,) [1 _ I‘I’fe’rﬂﬁlzcosﬂ,
z i

traveling wave standing wave
E! = EL + El = 4, cos §,Epe /Atxsinfvcs®[] 4 T (2)]
—d, sin ,EgeAxsinfivzcos[] — T (7)] (5-26)
where
T, (z) = Tfets2heost (5-26a)

Total Transmission—Brewster Angle

The reflection and transmission coefficients for both perpendicular and parailel
polarizations are functions of the constitutive parameters of the two media forming
the interface, the angle of incidence, and the angle of refraction that is related to the
angle of incidence through Snell’s law of refraction. One may ask: “For a given set
of constitutive parameters of two media forming an interface, is there an incidence
angle that allows no reflection, i.e., I' = 0?” To answer this we need to refer back to
the expressions for the reflection coefficients as given by (5-17a) and (5-24c).

A. PERPENDICULAR (HORIZONTAL) POLARIZATION

To see the conditions under which the reflection coefficient of (5-17a) will vanish, we
set it equal to zero, which leads to

1/— cos 8, — 1/— cos 8,
(5-27)
\/—- cos §, + 1/—— cos 8,

cos 9, = al ( ) cos 8, (5-27a)
Hao\ &

or

Using Snell’s law of refraction, as given by (5-15b), (5-27a) can be written as

(1 - sin’6,) = Zl(el)(l—mnO)

(1—sin20[)=z—l(%)[l Z:(Ez)sm 0] (5-28)
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or
sing, = (5-28a)
Since the sine function cannot exceed unity, (5-28a) exists only if
€
2 2 _h kR (5-29)
& My K2 51
or
€
f2_h (5-29a)
& L3
If however p; = p,, (5-28a) indicates that
sinfy|, -, = © (5-29b)

Therefore there exists no real angle 6, under this condition that will reduce the
reflection coefficient to zero. Since the permeability for most dielectric material
(aside from ferromagnetics) is almost the same and equal to that of free space
(B = gy = py), then for these materials there exists no real incidence angle that will
reduce the reflection coefficient for perpendicular polarization to zero.

B. PARALLEL (VERTICAL) POLARIZATION

To examine the conditions under which the reflection coefficient for parallel
polarization will vanish, we set (5-24c) equal to zero; that is

D
—1/& cos f; + 1/—2 cos 8,
& &

e = = m =0 (5-30)
]/ - cos §, + 1/ 2 cos 6,
& €
or
€
cos 8, = Fa ( —1) cos 4, (5-30a)
My \ &
Using Snell’s law of refraction, as given by (5-24b), (5-30a) can be written as
£
(1 - sin*8,) = EE(—1)(1 ~ sin*6)
i\ &
& &
(l—sinzﬂi)=&(~l~)(l— ﬂ(—l)sinzai) (5-31)
B\ & P2l &
or
sing, = (5-31a)
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Since the sine function cannot exceed unity, (5-31a) exists only if
4 € £
f2_FB 52 4 (5-32)

6 b & &

L (5-32a)

151 €

If however p, = p,, (5-31a) reduces to

€

;=0 =sin"} ( (5-33)

&g teg

The incidence angle 8, as given by (5-31a) or (5-33), which reduces the

reflection coefficient for parallel polarization to zero, is referred to as the Brewster
angle 8. It should be noted that when g, = p,, the incidence Brewster angle 0, = 8y
of (5-33) exists only if the polarization of the wave is parallel (vertical).

Other forms of the Brewster angle, besides that given by (5-33), are

3
8, =0y = cos™? ( - ) (5-33a)
g + g
&
6,=0;=tan" '],/ — (5-33b)
&

Example 5-2. A parallel polarized electromagnetic wave radiated from a
submerged submarine impinges upon a water—air planar interface. Assuming
the water is lossless, its dielectric constant is 81, and the wave approximates a
plane wave at the interface, determine the angle of incidence to allow complete
transmission of the energy.

Solution. The angle of incidence that allows complete transmission of the
energy is the Brewster angle. Using (5-33b) the Brewster angle of the water—air
interface is

- [ € 1 o
0;wa = Opys = tan 1( FEO) = tan 1(5) = 6.34

This indicates that the Brewster angle is close to the normal to the interface.

Example 5-3. Repeat the problem of Example 5-2 assuming that the same
wave is radiated from a spacecraft in air, and it impinges upon the air—water
interface.

Solution. The Brewster angle for an air—water interface is

8le,

—_ - -1
0iaw - 0Baw = tan (
€

) = tan~! (9) = 83.66°
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It is apparent that the sum of the Brewster angle of Example 5-2 (water—air
interface) plus that of Example 5-3 (air-water interface) is equal to 90°. That
is

Oama + 0oy = 6.34° + 83.66° = 90°

From trigonometry, it is obvious that the preceding relation is always going to
hold no matter what two media form the interface.

Total Reflection-Critical Angle

In Section 5.3.3 we found the angles, satisfying (5-28a) and (5-31a), which allow
total transmission, respectively, for perpendicular and parallel polarizations. When
the permeabilities of the two media forming the interface are the same (B = py),
only parallel polarized fields possess an incidence angle that allows total transmis-
sion. As before, that angle is known as the Brewster angle and it is given by either
(5-33), (5-33a), or (5-33Db).

The next question may be: “Is there an incidence angle that allows total
reflection of energy at a planar interface?” If this is possible, then IT|=1. To
determine the conditions under which this can be accomplished, we proceed in a
similar manner as for the total transmission case of Section 5.3.3.

A. PERPENDICULAR (HORIZONTAL) POLARIZATION

To see the conditions under which the magnitude of the reflection coefficient is
equal to unity, we set the magnitude of (5-17a) equal to

e [
2 cos 8, — L cos g,
) &

[ (B
-2 cos g, + —~ cos g,
) &

This is satisfied provided the second term in the numerator and denominator is
imaginary. Using Snell’s law of refraction, as given by (5-15b), the second term in
the numerator and denominator can be imaginary if

. &y N S
cos §, = y1 — sin?f, = V1- s sin’ 4, = 7‘/ e sin?g, — 1 (5-35)

In order for (5-35) to hold

-1 (5-34)

&

sin® 4, > 1 (5-35a)
K€y
or
Y3
6,> 8, =sin"! 22 (5-35b)
1 SU

The incidence angle 6, of (5-35b) that allows total reflection is known as the critical
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angle. Since the argument of the sine function cannot exceed unity, then
Baty = I8 (5-35¢)

in order for the critical angle (5-35b) to be physically realizable.
If the permeabilities of the two media are the same (p; = g,), then (5-35b)
reduces to

&
9> 6, =sin ! ( = ) (5-36)

&

which leads to a physically realizable angle provided
g, < g (5-36a)

Therefore for two media with identical permeabilities (which is the case for most
dielectrics, aside from ferromagnetic material), the critical angle exists only if the
wave propagates from a more dense to a less dense medium, as stated by (5-36a).

Example 5-4. A perpendicularly polarized wave radiated from a submerged
submarine impinges upon a water—air interface. Assuming the water is loss-
less, its dielectric constant is 81, and the wave approximates a plane wave at
the interface, determine the angle of incidence that will allow complete
reflection of the energy at the interface.

Solution. The angle of incidence that allows complete reflection of energy is
the critical angle. Since for water p, = p,, the critical angle is obtained uvsing
(5-36), which leads to

£
>0 =sin'|,/— | =6.38°
8lg,

Since there is a large difference between the permittivities of the two media
forming the interface, the critical angle of this example is very nearly the same
as the Brewster angle of Example 5-2.

The next question asked may be: “What happens to the angle of refraction
and to the propagation of the wave when the angle of incidence is equal to or
greater than the critical angle?”

When the angle of incidence is equal to the critical angle, the angle of
refraction reduces, through Snell’s law of refraction of (5-15b) and (5-35b), to

. e . (e [Hge
6, = sm_l( - sm0,-) = sin! o 22
P Koty ¥ 1§

K&,
In turn the reflection and transmission coefficients reduce to

= sin~' (1) = 90°

—

(5-37)

[0jg_g =1 (5-38a)
T7lg g =2 (5-38b)
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FIGURE 5-6 Constant phase and amplitude
planes for critical (6, =6,) and
above critical (6, > 6,) incident

(b) angles.

Also the transmitted fields of (5-12a) and (5-12b) can be written as

E| = dyZEOe“f'gZ" (5-39a)
2E,

H' = é‘z—e'f'glx (5-39b)
Lp)

which represent a plane wave that travels parallel to the interface in the +x
direction as shown in Figure 5-6a. The constant phase planes of the wave are
parallel to the z axis. This wave is referred to as a surface wave [2].

The average power density associated with the transmitted fields is given by

2|E)?
M2

1
Silg-s, == Re (E° x H"}) =4, (5-40)

2 0,=8

i c

and it does not contain any component normal to the interface. Therefore there is
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no transfer of real power across the interface in a direction normal to the boundary;
thus all must be reflected. This is also evident by examining the magnitude of the
incident and reflected average power densities associated with the fields (5-10a)
through (5-11d) under critical angle incidence. These are given by

. 1 . . | Eo|® |Eol®
S lo.—o =|= Re(EL x HY = 4, sin8, + d,cos 6| = (5-41a)
[Sivlo,e, l2 (B x ML) =2 ™
1 E, 2 E |2
[P =’—Re(Ei x H7) Nl |d, sin@, — d,cos 6, = [ (5-41b)
it 2 0,=6, ™ 2771

and they are obviously identical.
When the angle of incidence 8, is greater than the critical angle 6. (6, > 6,),
then Snell’s law of refraction can be written as [3]

Bi&
= sin 6,
9,>0, o€y

: B .
sinbylg, ¢ = 73— sin 6,
2

>1 (5-42a)
8,>6,

c

which can only be satisfied provided 8, is complex, that is, §, = 6 + jfy. Also

: m&
o8 6,4 » g =y1 — sin®§ =./1—- sin? 8,
t 0,>0c t 01>0¢ p' € i
i 283

a8

[ 315}

6,>6,

= 4 sin? 6, — 1 (5-42b)

6,>86,

<

which again indicates that 8, is complex.

Therefore when 8, > §,, there is no physically realizable angle 6,. If not, what
really does happen to the wave propagation? Since under this condition 6, is
complex and not physically realizable, this may be a clue that the wave in medium 2
is again a surface wave. To see this, let us examine the field in medium 2, the
reflection and transmission coefficients, and the average power densities.

When the angle of incidence exceeds the critical angle (8, > 6,), the transmit-
ted E field of (5-12a) can be written, using (5-15b) and (5-35b), as

E lg, >0 = &ny Eyexp (—jB,x sinf,) exp (—jB,zcos 6,)1g,>4,

N [ e ] . :
= a,T! Eyexp L—jﬁzx( -——”282 sm0,.) exp(—jﬁzzvl - 51n20’)|0,->0c
n [ mE ] g .
= a,T! Eyexp —szx( 2 sin 0,-) exp ( —jByzy/1 — Ll QRN 0,)
] 911 ] 2017 9,>96,
. [ e o \] g
= 4,T} Eyexp —jBZx( — sm0,-) exp ( -B,z PA e 6, - 1)
] [ 51] ] K&y 0,59,
. [ e g .
= a,T! Eyexp —,Bzz( 2 sin? 6, — 1) exp —szx( i 51n0i)
] & L L?] 8,>6,

E!|g>¢ = 4,T! Eje™ " e Bex (5-43)
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where
e ,
a, = Byy/ — sin? 6 -1 =w\/#181 sin® 0, — u,e, (5-43a)
HoEy 8,56, 8,6,
IS .
B. = Byy/ —— sin, =w\/p& sin 0i|0>0 (5-43b)
K€ 8,56, >0,
w w Upy 1
Ye = B T Tpes T T he 2“.0<Upz
A By = sin 6, 2 sin 6. Higr ST,
K2t 8,>8, K8 8,>6,
(5-43c)

The wave associated with (5-43) also propagates parallel to the interface with
constant phase planes that are parallel to the z axis, as shown in Figure 5-6b. The
effective phase velocity v, Of the wave is given by (5-43c), and it is less than v, of
an ordinary wave in medium 2. The wave also possesses constant amplitude planes
that are parallel to the x axis, as shown in Figure 5-6b. The effective attenuation
constant «, of the wave in the z direction is that given by (5-43a). lts values are such
@Pat the wave decays very rapidly, and in a few wavelengths it essentially vanishes.

his wave is also a surface wave. Since its phase velocity is less than the speed of
light, it is a slow surface wave. Also since it decays very rapidly in a direction
normal to the interface, it is tightly bound to the surface or it is a tightly bound slow
surface wave.

Phase velocities grearer than the intrinsic phase velocity of an ordinary plane
wave in a given medium can be achieved by uniform plane waves at real oblique
angles of propagation, as illustrated in Section 4.2.2C; phase velocities smaller than
the intrinsic velocity can only be achieved by uniform plane waves at complex angles
of propagation. Waves traveling at complex angles are nonuniform plane waves
oriented so as to provide small phase velocities or large rates of change of phase in a
given direction. The price for such large rates of change of phase or small velocities
in one direction is associated with large attenuation at right angle directions.

Example 5-5. Since for §, > 0, the angle of refraction 6, is complex (6, = 6, +
JOx), determine the real 6 and imaginary 8, parts of 0, in terms of the
constitutive parameters of the two media and the angle of incidence.

Solution. Using (5-42a)

. . , P&
sin§, = sin (6 + j,) = sin 8,
L5 1)
or
. . . Mt
sin () cosh (8) + jcos (8) sinh (6,) = P sin 8,
282

Since the right side is real, then the only solution that exists is for the


khaleda
Sticky Note
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imaginary part of the left side to vanish and the real part to be equal to the
real part of the right side. Thus

k2
cos (6z)sinh(8y) = 0 = 8, = 3

&

283

sin (8 ) cosh (8y) =

sinf, = 8, = cosh™! ( 1% Gn 0,,)
L]
In turn cos @, is defined as
cos 8, = cos (0 + jB;) = cos (0z) cosh (8y) — jsin(8,)sinh(8y)
or

cos §, = —j sinh (8,)

which again is shown to be complex as was in (5-42b). When these expressions
for sin8, and cos @, are used to represent the fields in medium 2, it will be
shown that the fields are nonuniform plane waves as illustrated by (5-43).

Under the conditions where the angle of incidence is equal to or greater than
the critical angle, the reflection I'? and transmission T* coefficients of (5-17a) and
(5-17b) reduce, respectively, to [3]

1/—c050 ]/—cosﬂ
F 10>€
‘/— cos 6, + 1/— cos §,

]/—cosﬂ 1/ 1—sm
£

er_lﬂ,zoc = [T} je/?¥ = e/2¥u (5-44)
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where
IT1=1
X
Y, = tan! [—l}
1
B e
X, =./2 21 sin?6, — 1
g K€y
W
R, = 1/ 22 cos g,
€
2,/ — cos¥,
€
T =
illi’,-zl')c [
— cosf, + / — cosé,
) 1
9,286,
I
21/ 2 cos 6,
)
n
—2 cosh + /=1 - sin’ 4,
& &
8,20,
3
21/ 2 cos o,
)
[k D IZCHN
1/—2 cos 6, + 1/—1 \/1 — L sin2g,
) & KaEy
0,26,
m
2‘/ - cos 6,
)
T e G
1/——2 cos 0, — '1/—1 \/ L sin?6, — 1
) & 313
01‘200
Tlle a0, = T2l
where

2R,

VRA + X2

77| =

(5-44a)

(5-44b)

(5-44c)

(5-44d)

(5-45)

(5-45a)

In addition the transmitted average power density can now be written, using
(5-12a) through (5-12b) and the modified forms (5-43) through (5-43b) for the fields
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when the incidence angle is equal to or greater than the critical angle, as
l L]
S,le z0 = 2 Re(E' X H)g,2s,

1 v TP)E¢ . ..
= —Re (éva Ege™ o e‘f”"‘) X (—d,cosf, + d_sin 0,)“(—5)—Le‘“"' P
2 . L} 9,28

ITYPIE .
= —Re [4,(cos 8,)* + d,(sin6,)* | ——— O g2
8,8

| :
s
=

|-

IT? 2 Eol?

[ 1 - sin’6 } +a(sm9)]——0—
8,290
»*
€
_ha smzﬂ)
| 1)

e T2 121 Eof .
+a,| /== sin 0,-) T e
F2ka 2 8,26,

L [mE ITYPIE ..
+4,| ) — sing | |———e %
BaE, 12 8,20,

b2 12
P . TIFIES
A m0,-;——e 2a,z

Svl 8.
avig, = ""252 27'2

(5-46)

8,26,

Agam from (5-46) it is apparent that there is no real power transfer across the
interface in a direction normal to the boundary. Therefore all the power must be
reflected into medium 1. This can also be verified by formulating and examining the
incident and reflected average power densities. Doing this, using the fields (5-10a)
through (5-11b) where the reflection coefficient is that of (5-44), shows that the
magnitudes of the incident and reflected average power densities are those of (5- 41a)
and (5-41b), which are identical.

The propagation of a wave from a more to a less dense medium (e; < & when
g, = p,) under oblique incidence can be summarized as follows.

1. When the angle of incidence is smaller than the critical angle {6, < 6, =
in~!(/e,/¢ )] a wave is transmitted into medium 2 at an angle 4, which is
greater than the incident angle 6;. Real power is transferred into medium 2, and

it is directed along angle 8, as shown in Figure 5-7a.
2. As the angle of incidence increases and reaches the critical angle 6, = 6, =
in ! (,/e,/¢, ), the refracted angle 6,, which varies more rapidly than the incident
angle 8, approaches 90°. Although a wave into medium 2 exists under this
condition (which is necessary to satisfy the boundary conditions), the fields form
a surface wave that is directed along the x axis (which is parallel to the interface).
There is no real power transfer normal to the boundary into medium 2, and all
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the power is reflected in medium 1 along reflected angle 6, as shown in Figure
5-7b. The constant phase planes are parallel to the z axis.

3. When the incident angle 8, exceeds the critical angle 6, [6, > 6, = sin ™! (Je,/8) )],
a wave into medium 2 still exists which travels along the x axis (which is parallel
to the interface) and is simultaneously heavily attenuated in the z direction
(which is normal to the interface). There is no real power transfer normal to the
boundary into medium 2, and all power is reflected into medium 1 along
reflection angle 6., as shown in Figure 5-7c. Although there is no power
transferred into medium 2, a wave exists there that is necessary to satisfy the
boundary conditions on the continuity of the tangential components of the
electric and magnetic fields. The wave in medium 2 travels parallel to
the interface with a phase velocity that is less than that of an ordinary wave in
the same medium {as given by (5-43c)], and it is rapidly attenuated in a direction
normal to the interface with an attenuation constant given by (5-43a). This wave
is tightly bound to the surface, and it is referred to as a tight bound slow surface
wave.

The critical angle is used to design many practical instruments and transmis-
sion lines, such as binoculars, dielectric covered ground plane (surface wave)
transmission lines, fiber optic cables, etc. To see how critical angle may be utilized,
let us consider an example.

Example 5-6. Determine the range of values of the dielectric constant of a
dielectric slab of thickness 7 so that, when a wave is incident on it from one of
its ends at an oblique angle 0° < 4, < 90°, the energy of the wave in the
dielectric is contained within the slab. The geometry of the problem is shown
in the Figure 5-8.

Solution. We assume that the slab width is infinite. To contain the energy of
the wave within the slab, the reflection angle 8, of the wave bouncing within
the slab must be equal to or greater than the critical angle 8. By referring to
Figure 5-8, the critical angle can be related to the refraction angle 8, by

€ 1

T
sinf, = sin(—z- - 0,) = cos §, > sinf, =

£,& e,

or

1
cos b, > —\/Ezr-

FIGURE 5-8 Dielectric slab of thickness ¢ and wave containment within.
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At the interface formed at the leading edge, Snell’s law of refraction must be
satisfied. That is,

B

B

Using this, we can write the aforementioned cos 6, as

1
Bysinf, = B, sinf, = sinf, = — sinf, = r sin 6,
Er

cosf, = {1 —sin’f, = y/1 — —sinf, > —
[

or

Solving this leads to
g, — sin*6, > 1
or
e, > 1+ sin?6,
To accommodate all the angles, the dielectric constant must be
g =2

since the smallest and largest values of 6, are, respectively, 0° and 90°. This is
achievable by many practical dielectric material such as Teflon (e, = 2.1),
polystyrene (&, = 2.56), and many others.

B. PARALLEL (VERTICAL) POLARIZATION

The procedure used to derive the critical angle and to examine the properties for
perpendicular (horizontal) polarization can be repeated for parallel (vertical) polar-
ization. However, it can be shown that the critical angle is not a function of
polarization, and that it exists for both parallel and perpendicular polarizations. The
only limitation of the critical angle is that the wave propagation be to a less dense
medium (p,¢e, < g or &, < ¢ when p; = p,).

The expression for the critical angle for parallel polarization is the same as
that for perpendicular polarization as given by (5-35b) or (5-36). In addition the
wave propagation phenomena that occur for perpendicular polarization when the
incidence angle is less than, equal to, or greater than the critical angle are also
identical to those for parallel polarization. Although the formulas for the reflection
'’ and transmission T'? coefficients, and transmitted average power density S, for
parallel polarization are not identical to those of perpendicular polarization as given
by (5-44) through (5-46), the principles stated previously are identical here. The
derivation of the specific formulas for the parallel polarization for critical angle
propagation are left as an end of chapter exercise for the reader.

LOSSY MEDIA

In the previous sections we examined wave reflection and transmission under
normal and oblique wave incidence when both media forming the interface are
lossless. Let us now examine the reflection and transmission of waves under normal
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and oblique incidence when either one or both media are lossy [4]. Although in
some cases the formulas will be the same as for the lossless cases, there are
differences especially under oblique wave incidence.

Normal Incidence: Conductor—Conductor Interface

When a uniform plane wave is normally incident upon a planar interface formed by
two lossy media (as shown in Figure 5-1 but allowing for losses in both media
through the conductivity ¢), the incident, reflected, and transmitted fields, reflection
and transmission coefficients, and average power densities are identical to (5-1a)
through (5-6¢) except that (a) an attenuation constant must be included in each field
and (b) the intrinsic impedances, and attenuation and phases constants must be
modified to include the conductivities of the media. Thus we can summarize the
results here as

E' = G Ege e P? (5-47a)
. E, .
H = 4,—e w%e /A (5-47b)
Uit
E" = 4 [Eetateths? (5-48a)
T%E, ,
H = -3, et aze i (5-48b)
™
E' = 4 TPEje™ %% /P22 (5-49a)
TPE, ,
H' =4, e~ a%e /B (5-49b)
N2
M1
re= 22 (5-50a)
Mt m
2
y L R—— (5-50b)
N+ m
, |Eo|? (1 )
Si, = 4, e 2 Re| — 5-51a
2 L ( )
| Ey)? 1
Si = —4,|T’P*——e™?™ Re | — (5-51b)
2 ni
| Eq|? 1
8., = ﬁle”IZ——Ql—e‘z“zz Re | — (5-51c)
2 M2

For each lossy medium the attenuation constants «;, phase constants B, and
intrinsic impedances 7, are related to the corresponding constitutive parameters ¢;,
i;, and o, by the expressions in Table 4-1.

The total electric and magnetic fields in medium 1 can be written as

E'=E' + E" = a, Ege e /A7 (1 + [let2azg*2h2) (5-52a)

traveling wave standing wave

H'=H'+ H" =d,(Ey/n)e %% Bz (1 — Thet2n%et/2hz)  (5-52b)

traveling wave standing wave

In each field the factors outside the parentheses form the traveling wave part of the
total wave; those within the parentheses form the standing wave part.
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Ul =dge™?

FIGURE 5-9 Electric and magnetic field intensities, and electric current
density distributions in a lossy earth.

Example 5-7. A uniform plane wave, whose incident electric field has an x
component with an amplitude at the interface of 1072 V/m, is traveling in a
free-space medium and is normally incident upon a lossy flat earth as shown in
Figure 5-9. Assuming that the constitutive parameters of the earth are ¢, = 9,
By =ty and o, = 107! S/m, determine the variation of the conduction
current density in the earth at a frequency of 1 MHz.

Solution. At f=10° Hz
a, 107!

2 _ =2x102>1
wey, 27 X 10%(9 x 10 °/367)

which classifies the material as a very good conductor.
On either side of the interface, the total electric field is equal to

E€9 o =4, X 10731 + I'?|
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where
Ny — T M~ N

T? = =
N, +tm N, + Mg

m= o (14)) = \/2"“0 UrX207) (4 1)) = 20(1 + )

2x 1071
Thus
L, 2n(1+j) =377 —370.72 + j2m
2m(1+j) + 377 383.28 + 27
370.77 /179.04° .
T T38333/094° 0.967/178.1°
and

Ef9| _ =4, x107°1 + 0.967/178.1°|
=4, % 10730.0335 + j0.0321] = 4,(4.64 x 107°)
The conduction current density at the surface of the earth is equal to
Jl,o0=48,Jy=d0E®|,_,=4d,%x107'(4.64 X 107°)
=4 (4.64 X 107°)
or
) = 4.64 pA/m
The magnitude of the current density varies inside the earth as
|| = Jple ™ @e Pa?| = Jem2? = Jem /%

where

) )
8, = skin depth = 1/ -
2 = SR CeP o9, \/27r X 105(47 x 10~7) x 10!
10

=5, " 1.5915 m

™

The magnitude variations of the current density inside the earth are shown in
Figure 5-9 and they exhibit an exponential decay. At one skin depth (z = §,
= 1.5915 m), the current density has been reduced to

Nolz=s, = Jye ! = 0.3679J, = 0.3679(4.64 x 10~°) = 1.707 pA/m?

Therefore at one skin depth the current is reduced to 36.79% of its value at the
surface.

If the area under the current density curve is found, it is shown to be
equal to

o0
o0 [eo]
Jo= [ Vdz= [ e dz = =80 =8y
0 0

0
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The same answer can be obtained by assuming that the current density
maintains a constant surface value J, to a depth equal to the skin depth and
equal to zero thereafter, as shown by the dashed curved in Figure 5-9.

The area under the curve can then be interpreted as the total current
density J, (A/m) per unit width in the y direction. It can be obtained by
ﬁndmg the area formed by maintaining constant surface current density J,
(A/m?) through a depth equal to the skin depth.

Oblique Incidence: Dielectric—Conductor Interface

Let us assume that a uniform plane wave is obliquely incident upon a planar
interface where medium 1 is a perfect dielectric and medium 2 is lossy, as shown in
Figure 5-10 [3]. For either the perpendicular or parallel polarization, the transmitted
electric field into medium 2 can be written, using modified forms of either (5-12a) or
(5-22a), as

E'=E,exp[—v,(xsinf, + zcosb,)] = E, exp [—(ay+jB,)(xsin, + zcos §,)]
(5-53)

It can be shown that for lossy media Snell’s law of refraction can be written as

Y, sinf; = y, sin§, (5-54)
Therefore for the geometry of Figure 5-10,
Y B
sinf, = = sin 6. = . sin 8, (5-55a)
Y2 ay + jB,

Constant amplitude planes
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FIGURE 5-10 Oblique wave incidence upon a dielectric-conductor interface.
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and

, 2
cos§, = y1 — sin’f, = \ﬁ-— ( 24 ) sin?@, = se’* = s(cos{ + jsin{)

Qy + B,

(5-55b)
Using (5-55a) and (5-55b) we can write (5-53) as

1

E'=E, exp{—(a2 +j,82)[xa jfj,B sin 6, + zs(cos ¢ +jsin§)]} (5-56)

2 2
which reduces to
E' = E,exp[—zs(a,cos¢ — B,sin§)]
Xexp { —j[B,xsinb, + zs(a,sin§ + Bycost)]}

E'=E,e ?exp [ —j(Bxsinb, + zq)] (5-57)

where
p =s(aycos{ — B,sin{) =aze (5-57a)
g =s(a,sin{ + B,cos{) (5-57b)

It is apparent that (5-57) represents a nonuniform wave.
The instantaneous field of (5-57) can be written, assuming E, is real, as

& = Re (E'e/*') = E,e ? Re (exp { j[wt — (Byxsing, + z9)]})
& = E,e P cos [wr — (Byx sinf; + zq)] (5-58)

The constant amplitude planes (z = constant) of (5-58) are parallel to the interface,
and they are shown dashed-dotted in Figure 5-10. The constant phase planes
[wt — (kx sin6, + zq) = constant] are inclined at an angle Y, that is no longer #6,.

To determine the constant phase we write the argument of the exponential or
of the cosine function in (5-58) as

wt — (Byxsinb, + zq) = wt — \/(Bl sinf,)’ + ¢2

(B, sinf,)x qz

X - + ; (5-59)
\/E,Bl sinf,)” + g2 \/(B1 sinf,)” + q°
If we define an angle ¢, such that

t = B,siné, (5-60a)

B, sin 6, t
sin ¥, = — - = (5-60b)

\/(Bl sinﬂi) + qz ‘/t +q2

q q
cos Yy = = 5-60c
i \/Gl 5in01)2+ q’ \/72+ q’ ( :
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or

in 4
¥, = tan‘l('B1 o ') = tan ! (é) (5-60d)

we can write (5-59) and in turn (5-58) as

tx z
&' =E, e “PRelexp{ jlwt — 1t + ¢* + 2
P +q it g

= E,e "?Re (exp{j[wt — B,, (xsiny, + zcos xpz)]})

&' =Ey e °f Re(exp{j[wt —Bze(A\p'r)]}) (5-61)
where .

A, =d siny, +d, cosy, (5-61a)

Bre = (B, sin6,) + ¢* (5-61b)

It is apparent from (5-60a) through (5-61a) that

1. The true angle of refraction is y, and not 6, (8, is complex).
2. The wave travels along a direction defined by unit vector 7.

3. The constant phase planes are perpendicular to unit vector 7, and they are
shown as dashed lines in Figure 5-10.

The phase velocity of the wave in medium 2 is obtained by setting the
exponent of (5-61) to a constant and differentiating it with respect to time. Doing
this, we can write the phase velocity v, of the wave as

dr
w(l) - \/Iz + qz(ﬁ‘p- Z) =0

dr
w(1) — y2 + ¢? iy E) =w— By (A," vp) = { (5-62)
or
W w w

(5-62a)

1) = =

pr ,822 v/[2 + q2 \/(Bl sinﬂ,»)z + qz

It is evident that the phase velocity is a function of the incidence angle 6, and the
constitutive parameters of the two media.

Example 5-8. A plane wave of either perpendicular or parallel polarization
traveling in air is obliquely incident upon a planar interface of copper
(6 =5.76 X 107 S/m). At a frequency of 10 GHz, determine the angle of
refraction and reflection coefficients for each of the two polarizations.

Solution. For copper

o, 5.8 X 107(36m) 1037 X 10° > 1
—— = = 1. X >
we, (27 X 10Y%) x107°
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Therefore according to Table 4-1

W0,
a, = BZ ~ )
Using (5-55a)
/ JB e
sinf, = JB sinf, = oho - sinf, = 0=6 =0
o+, —22 (1 +5)

Therefore (5-55b), (5-57a), and (5-57b) reduce to
cos,=1=sef=5=1 (=0

W 0,

2

g =s(aysing + Bye0s) = fy =\ 22

Using (5-60d) the true angle of refraction is

p=s(aycos§ — B,sin§) = a, =

t sin 6, RN TN
Y, =tan"'|{ —| = tan"! A = tan~! | ———— sin 6,

q B, | W0,

2
2wey 2we,
= tan™! sinf, | < tan"! = tan ' (0.139 x 10~ ?)
0 0

¥, = tan"1(0.139 X 10 *sin 4,) < 0.139 X 10 >rad = (7.96 x 10~3)°

Using (5-17a) and (5-24c), the reflection coefficients for perpendicular and
parallel polarizations reduce to

M, cos 8, — n, cos 8, _ mycos 6,—m  cosb, —n /1,

Fb = =
n,¢08 0, + mycos 6,  m,cos b, + n, cosf + n /7,
- —mcosb, + mycos6, —mycosb,+mn, —cosh, + N2/M,
" mcosh +mycos8,  mcosh +1n,  cos 6, + n,/m
Since

/ My [ Eo
7)1 €0 o,
n, _Jeps Jupg V Jjweg

0, + jwe,

|
h

1.02 X 10% /"* > 1 > cos 6,
b
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Then

p  COS 6, —m/m,

rte—1 12~ 4

cos 8; + m1/m,

—cos b, + 1,/
cos 0, + m,/m

b
W

= +1

Thus for a very good conductor, such as copper, the angle of refraction
approaches zero and the magnitude of the reflection coefficients for perpendic-
ular and parallel polarizations approach unity, and they are all essentially
independent of the angle of incidence. The same will be true for all other good

conductors.

Oblique Incidence: Conductor—Conductor Interface

In Section 5.3.4 it was shown that when a uniform plane wave is incident upon a
dielectric—dielectric planar interface at an incidence 6, equal to or greater than the
critical angle 4, the transmitted wave produced into medium 2 is a nonuniform
plane wave. For this plane wave the constant amplitude planes (which are perpen-
dicular to the a,, vector ) of Figure 5-7 are perpendicular to the constant phase
planes (which are perpendicular to the B,, vector), or the angle §, between the a,,

and B,, vectors is 90°.

€1, Hp» 0] €21 10, 02
vo1 = @01 +JBo1 | Y02 =2 +JiBo2

NODUNSNNANNNNNNNNN

% # @2

B2e # B02

SSSNNNANNNNNNNN

ny

FIGURE 5-11 Geometry for uniform and nonuniform plane
wave incidence on a plane boundary between two

conducting media.
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FIGURE 5-12 Comparison of medium 2 modified (a,,, 8,.) with intrinsic (ag,, By,) propagation
constants for (a) uniform plane wave (£ = 0°). (Source: J. . Holmes and C. A. Balanis,
“Refraction of a uniform plane wave incident on a plane boundary between two lossy
media,” IEEE Trans. Antennas Propagat., © 1978, IEEE.) and (b) nonuniform plane wave
(&, # 0°) (Source: R. D. Radcliff and C. A. Balanis, “Modified propagation constants for

nonuniform plane wave transmission through conducting media,” IEEE Trans. Geosci.
Remote Sensing, © 1982, IEEE.)
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FIGURE 5-13 Variation of modified
(ay,, B,,) and intrinsic
(o, Bya) propagation con-
stants as a function of inci-
dent angle for (a) uniform
plane wave (§ = 0°) and
(b) nonuniform plane wave
(&, # 0°) (Source: R. D.
Radcliff and C. A. Balanis,
“Modified propagation con-
stants for nonuniform plane
wave transmission through
conducting media,” IEEE
Trans. Geosci. Remote Sens-
ing, © 1982, IEEE.)
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FIGURE 5-14 Variation of the refraction angles {, and p, for

(a) uniform plane wave (§ = 0°) (Source: J. I.
Holmes and C. A. Balanis, “Refraction of a uniform
plane wave incident on a plane boundary between two
lossy media,” IEEE Trans. Antennas Propagat.,
© 1978, IEEE.) and (b) nonuniform plane wave
(&, # 0°) (Source: R. D. Radcliff and C. A. Balanis,
“Modified propagation constants for nonuniform
plane wave transmission through conducting media,”
IEEE Trans. Geosci. Remote Sensing, © 1982, IEEE.)
as a function of the incident angle {; when medium 2
is a perfect dielectric.
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In Section 5.4.2 it was demonstrated that a uniform plane wave traveling in a
lossless medium and obliquely incident upon a lossy medium also produces a
nonuniform plane wave where the angle £, between the a,, and B,, vectors in
Figure 5-10 is greater than 0° but less than 90°. In fact for a very good conductor
the angle ¢, between a,, and B,, is almost zero [for copper with ¢ = 5.76 X 10’
S/m, £, < (8 X 107%)°]. As the conducting medium becomes less lossy the angle £,
increases and in the limit it approaches 90° for a lossless medium. In fact for all
lossless media, the angle between the effective attenuation constant «,, and phase
constant B,, should always be 90°, with reactive power flowing along o, and positive
real power along B,, [4]. This is necessary since there are no real losses associated
with the wave propagation along B,,. This was well illustrated in Section 5.3.4 for

x 4 Plane of
— constant phase
B /2
1
—_—
‘jr/2 Re (S TMy) i
a l Inductive reactive
Im (STMy) power only
|

constant amplitude

/2
Y %
Positive real power only ————> Y | \ z
’ Plane of

(a)
x Plane of
constant phase
|
/2
B
1
c ¥
Re (™) Inductive reactive
' power only
a TMy
Im@™) ! _—
& - >
w/2 ~ y | z
— |

-

- /e\’ 0(\\\1 Plane Of

OW
- posiiNe red\ ¥ constant amplitude

(b)

FIGURE 5-15 Analysis of complex Poynting vector S™ for
nonuniform TM” plane wave in («) lossless and (b)
lossy media . (Source: R. B. Adler, L. J. Chu and R.
M. Fano, Electromagnetic Energy Transmission and
Radiation, 1960. Reprinted by permission of John
Wiley & Sons, Inc.)
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the nonuniform wave produced in a lossless medium when the incidence angle was
equal to or greater than the critical angle.

It is very interesting to investigate the field characteristics of uniform or
nonuniform plane waves that are obliquely incident upon interfaces comprised of
lossy—lossy interfaces. These types of waves have been examined {5, 6}, hut because
of the general complexity of the formulations they will not be repeated here. The

X
Plane of
r&— constant phase
/2
B
/ ) |
i |
Re (§TE")
N Capacitive reactive
al Him(s™®) power only
|
m/2
7 @ _
Positive real power only ——> Yy z

| Plane of
constant amplitude

(a)

/ Plane of constant phase

(b)

FIGURE 5-16 Analysis of complex Poynting vector STE” for nonuniform TE” plane wave in
(a) lossless and (b) lossy media. (Source: R. B. Adler, L. J. Chu and R. M. Fano,
Electromagnetic Energy Transmission and Radiation, 1960. Reprinted by permis-
sion of John Wiley & Sons, Inc.)
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reader is referred to the literature and to the end of chapter problems. We will
summarize the general conclusions derived from these investigations.

1. In medium 2 the wave propagates with an effective attenuation constant a,, and
effective phase constant B,,, each of which in general is different, respectively,
form the intrinsic attenuation ay, and phase By, constants of the medium. For
uniform waves the intrinsic attenuation and phase constants were represented by
a, and B,, respectively. Referring to the geometry of Figure 5-11, this is
illustrated in Figures 5-12 and 5-13 for uniform and nonuniform incident plane
waves and typical parameters of the earth.

2. The angle §, between the effective attenuation constant a,, and effective phase
constant f,, is equal to or greater than 0° and equal to or smaller than 90°
(0° < £, < 90°). This is illustrated in Figure 5-14 for uniform and nonuniform
plane waves incident on a perfect dielectric. Also in Figure 5-14 the variations of
the refraction angle v, are exhibited as a function of the incidence angle .

3. The real and reactive power flow in lossy media depend on the polarization.

For TM waves (H = 4 H, for the geometry of Figure 5-11), positive real
power flows along directions that are parallel to the constant amplitude planes,
or perpendicular to the a,, vector, whereas reactive power flows along directions
that are parallel to the constant phase planes, or perpendicular to the B,, vector.
A comparison of the complex Poynting vector S™” for TM* waves in lossless
and lossy media is illustrated graphically in Figure 5-15 [4].

For TE” waves (E = 4 E, for the geometry of Figure 5-11), both real and
reactive powers flow parallel to the planes of constant amplitude and constant
phase. A comparison of the complex Poynting vector S™" for TE> waves in
lossless and lossy media is illustrated graphically in Figure 5-16.

An excellent discussion of uniform and nonuniform plane waves propagating
in lossless and lossy media and associated interfaces is found in Chapters 7 and 8
of [4].

REFLECTION AND TRANSMISSION OF MULTIPLE INTERFACES

Many applications require dielectric interfaces that exhibit specific characteristics as
a function of frequency. Accomplishing this often requires multiple interfaces. The
objective of this section is to analyze the characteristics of multiple layer interfaces.
To reduce the complexity of the problem, we will consider only normal incidence
and restrict most of our attention to lossless media. A general formulation for lossy
media will also be stated.

Reflection Coefficient of a Single Slab Layer

Section 5.2 showed that for normal incidence the reflection coefficient I'? at the
boundary of a single planar interface is given by (5-4a) or

rb_u

= 5-63
mp—— (5-63)
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and at a distance z = —¢ from the boundary it is given by (5-5a) or

I (z=—¢)=Tbe /2R (5-64)

Just to the right of the boundary the input impedance in the +z direction is
equal to the intrinsic impedance 7, of medium 2, that is,

]

Zy(2=0")=m, = (5-65)
&
The input impedance at z = —¢ can be found by using the field expressions (5-1a)
through (5-2¢). By definition Z; (z = —¢) is equal to
Etota.l _
|z— '3 (5-66)

Zin|z= —= Hmta]|2= .,
where

E®e, _ _,=(E'+ E")| __,= Ee™P(1 + Tt /?h’) = EgetP?[1 + T,(¢)]

(5-66a)
HtOtal‘z=_{=(Hi _ Hr)|z=~(= _;’Ee+j/31{(1 _ Fbefj2/31t’) — :728+jﬁlt’[1 _ I‘m(/)]
1 1
(5-66b)
Therefore
L+ Tl PR (14 T,(¢)
Ziolem—¢= M\ 7T o2 | =™ 1-T.(2) (5-66¢)

which by using (5-63) can also be written as

™

1+ TPe~/28¢ 1+ T(¢)
Zinlz- = M| T | <M T, (2)

n, + ju, tan (B,¢)
n, + jn,tan (B,¢)

(5-66d)

Equation 5-66d is analogous to the well-known impedance transfer equation that is
widely used in transmission line theory [7].

Using the foregoing procedure for normal wave incidence we can derive
expressions for multiple layer interfaces [8]. Referring to Figure 5-17a the input
impedance at z = 0" is equal to the intrinsic impedance 7, of medium 3, that is

Zu(z=0") =, (5-67)
In turn the input reflection coefficient at the same interface can be written as

Z,(0") = my MM
Z,(0T) +my w3+ oy

[h(z=07) = (5-67a)
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(b)

FIGURE 5-17 Impedances and reflection and transmission coefficients for wave propagation
in dielectric slab. (a) Dielectric slab. (b) Reflection and transmission coefficients.
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At z = —d* the input impedance can be written using (5-66d) as

1+ T, (z=0)e /25 (m; +my) + (3 — my)e /2P
Zy(z= —d") =, ) =n2(

1-T,(z= 0 )e /a4 (m+m) — (0 — nz)evﬂﬂzd
(5-67b)

and the input reflection coefficient at z = —d~ can be expressed as

Z.(z= -d') -

T T
Z(z=—-d)+mn

in

(z=-d7)=

_mlns + ) + (= m)e ] — mi[(my + 1) — (5 — m)e 2]
no[ (s + M) + (13 — ) e 2] + i [(m3 + 1) — (m5 - 1) e /]
(5-67¢)

In Figure 5-17a we have defined individual reflection coefficients at each of the
boundaries. Here these coefficients are referred to as intrinsic reflection coefficients,
and they would exist at each boundary if two semi-infinite media form each of the
boundaries (neglecting the presence of the other boundaries). Using the intrinsic
reflection coefficients defined in Figure 5-17a, the input reflection coefficient of
(5-67¢) can also be written as

Ty, + Dyye /4

Talz = =d7) = 77 T, Ty /2P2d

(5-67d)

Equation 5-67d can also be derived using the ray-tracing model of Figure
5-17b. Ty, is the intrinsic reflection coefficient of the initial reflection and
T, T3 T5e 7%, etc., are the contributions to the input reflection that are due to the
multiple bounces within the medium 2 slab. The total input reflection coefficient can
be written in a geometric series that takes the form of

—j28
T, Ty pe ™

L(z=-d) =T, + W (5-68)
where
0= B,d (5-68a)
Since according to (5-4a) and (5-4b)
I=-1y, (5-69a)
T,=1+1), (5-69b)
T,=1+1,=1-1), (5-69¢)

(5-68) can be rewritten and reduced to the form of (5-67d).
If the magnitudes of the intrinsic reflection coefficients |I'},| and |I,;| are low
compared to unity, (5-67d) can be approximated by

I‘lz + I‘Be—IZBZd Tl =1
I .(z=-d)= . = T, + [e /A 5-70
ln( ) 1 + r12r23e—_,2ﬁ2d |r23|<<1 12 23 ( )
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The approximate form of (5-70) yields good results if the individual intrinsic
reflection coefficients are low. Typically when |T},| = |I,;| < 0.2, the error of the
approximate form of (5-70) is equal to or less than about 4 percent. The approxi-
mate form of (5-70) will be very convenient for representing the input reflection
coefficient of multiple interfaces (> 2) when the individual intrinsic reflection
coefficients at each interface are low compared to unity.

Example 5-9. A uniform plane wave at a frequency of 10 GHz is incident
normally on a dielectric slab of thickness & and bounded on both sides of air.
Assume that the dielectric constant of the slab is 2.56.

1. Determine the thickness of the slab so that the input reflection coefficient at
10 GHz is zero.

2. Plot the magnitude of the reflection coefficient as a function of frequency
between 5 GHz < f < 15 GHz when the dielectric slab is 0.9375 cm.

Solution.

1. For the input reflection coefficient to be equal to zero, the reflection
coefficient of (5-70) must be set equal to zero. This can be accomplished if

[Ty, + Tyye /22 = 0

Since

then
Tyl L — e7%24| = 0 = 28,d = 2n7 n=90,1,2,...

For nontrivial solutions, the thickness must be

nwn
=A, n=12,3,...

d= — =
B, 2

where A, is the wavelength inside the dielectric slab. Thus the thickness of
the slab must be an integral number of half wavelengths inside the
dielectric. At a frequency of 10 GHz and a dielectric constant of 2.56, the
wavelength inside the dielectric is

\ 30 x 10°
27 10 x 10%/2.56

2. At a frequency of 5 GHz, the dielectric slab of thickness 0.9375 cm is

= 1.875 cm

equal to
0.9375/2.56 A, am (A,
- =025, = 2B,d= —| 2| =
4= 30X 10%/5 x 10° 2= 26, A2(4) 7
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01 FIGURE 5-18 Input reflection coef-

ficient, as a function of fre-

| | | quency, for wave propaga-

5 7 3 11 13 15 tion through a dielectric
Frequency (GHz) slab.

and at 15 GHz it is equal to

0.9375/2.56 A, 4m [ 3\,
d= 5 5 =0.75A, = 2B,d = —|—=| =37
30 x 10°/15 X 10 A\ 4
Since
m-m  m/m-1 1-\e 0.6
Ipy=-TIy= = = = -— = —0.231
mtm m/mtl 1+ e 2.6

at f= 5 and 15 GHz the input reflection coefficient of (5-70) achieves the
maximum magnitude of

—-0.231 — 0.231 2(0.231)
1-(-0231)(0.231) | 1 + (0.231)

A complete plot of |T,(z = d7)| for 5 GHz < f < 15 GHz is shown in the
Figure 5-18. ,

Using the approximate form of (5-70), the magnitude of the input
reflection coefficient is equal to

ITw(z =d7)| =5, =|-0.231 — (0.231)| = 0.462

15 GHz

Irin(z = d_)l =

The percent error of this is

—0.438 + 0.462 100 = 5.48
t =|———1| X = 3.
percent error 0.433

Example 5-10. A uniform plane wave is incident normally upon a dielectric
slab whose thickness at f, = 10 GHz is A, /4 where A, is the wavelength in
the dielectric slab. The slab is bounded on the left side by air and on the right
side by a semi-infinite medium of dielectric constant ¢,, = 4.

1.

Determine the intrinsic impedance 7, and dielectric constant ¢,, of the
sandwiched slab so that the input reflection coefficient at f, = 10 GHz is
zero.
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2. Plot the magnitude response of the input reflection coefficient for 0 < /=<
20 GHz when the intrinsic impedance and physical thickness of the slab are
those found in part 1.

3. Using the ray-tracing model of Figure 5-17b, at fo = 10 GHz determine the
first and next two higher-order terms that contribute to the overall input
reflection coefficient. What is the input reflection coefficient using these
three terms?

Solution.

L In order for the input reflection coefficient to vanish, the magnitude of
(5-70) must be equal to zero, that is

[Ty, + Te 72R24 = 0

Since at f, = 10 GHz, d = A,,/4, then

2w\ [ Ay,
2,32d|f=1oonz=2 }\—20 ( 4 )=7T

Also
T~ M
I, =
N, + 1
and
N3 — 1M
Iy = ——
n;t M
Thus

N — M N3 — My

M, tm N3+ 10,

|F12 + I’23e‘jzﬁzdld=>\zﬂ/4 =
f=10GHz

(m2 = m)(ns + my) = (3 = my)(m, + my) —o
(n2 + 1)(n3 + 7,)

or
2|5 = mymsl = 0 = n, = nym;

. Eo Bo 1
Since n; = y/ — = 377 ohms and n; = ,/ — = —x, = 188.5 ohms then
£ 4¢, 2
Ny, = ymn; = % = 0.707n, = 0.707(377) = 266.5 ohms
The dielectric constant of the slab must be equal to
€y =2
whereas the physical thickness of the dielectric is

LM, WX’
T4 T aox10%)2 e
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It is apparent then that whenever the dielectric is bounded by two semi-infinite
media and its thickness is a quarter of a wavelength in the dielectric, its
intrinsic impedance must always be equal to the square root of the product of
the intrinsic impedances of the two media on each of its sides in order for the
input reflection coefficient to vanish. This is referred to as the quarter-wave-
length transformer which is so popular in transmission line design.

2. Since at f; = 10 GHz, d = A, /4 = 0.53 cm, then at 0 < f < 20 GHz

=255+ (7)

also
N, — ™ /M — 1 1_‘/5
I, = = =
M+ m ny/m + 1 1+v2
M3 — M n3/M, — 1 1-\/'2'
= = =

= =T
N3+ M, n3/M + 1 142 2

Therefore the magnitude of the input reflection coefficient of (5-70) can be
written now as

T,(1 + e /"/7h)
1+ (rn)ze—ﬁf/fo

IT(z=—d7)| =

035

0.333

0.30

0.25

0.20

0.15

Input reflection coefficient (')

ny=188.5,n=377

0.10
\ /' One section

— ——— Two-section binomial

0051 )
— — — Two-section Tschebyscheft

00146 F————F—
| | |
0 0.5 1.0 15 2.0

Relative frequency (f/fq)

FIGURE 5-19 Responses of single-section, two-section binomial, and
two-section Tschebyscheff quarter-wavelength transformers.
(Source: C. A. Balanis, Antenna Theory: Analysis and Design.
Copyright © 1982, John Wiley & Sons, Inc. Reprinted by
permission of John Wiley & Sons, Inc.)
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whose maximum value, which occurs when f= 0 and 2f, = 20 GHz, is
approximately equal to
2|1,

M3 — M
To(z=-d)| = —2 _ _ir =
| )l (1 +|r12|2) I 13|

mtm

= 0.333 = 2|T,| = 0.3431

A complete plot of |T,,(z = —d™) |d=A20/4 when 0 < f < 20 GHz is shown
in the Figure 5-19.

It is interesting to note that the magnitude of the input refiection
coefficient monotonically decreases from f = 0 to f,, and it monotonically
increases from f, to 2f,. It can also be noted that the bandwidth of the
response curve near f, is very small, and any deviations of the frequency
from f, will cause the reflection coefficient to rise sharply.

3. According to Figure 5-17b, the first-order term of the input reflection
coefficient is

N, — M 266.5 — 377

T, = = = —0.1717
B, 4+, 2665 + 377
The next two higher terms are equal to
. 2 LUl 2 ‘
Ty Ty Tye /P = . ( o - )e‘f"
Mttt /int+n
2(377) 1885 — 266.5\ 2(266.5)
= - = +0.1664
377 + 266.5 ( 188.5 + 266.5 ) 377 + 266.5
‘ 2 mn - -m\Y 2 .
T12F21I'223T21e_’451d= ™ ( 1 772)('73 L} ( M2 o2
mtmimtn At/ iyt
2(377) (377~ 266.5\(188.5 — 266.5\> 2(266.5)
T 377 + 2665 (377 + 266.5 )( 188.5 + 266.5 ) 377 + 266.5
= 0.0049

[y, = Ty, + T,0pTye 722 + T, T TR Ty e /424

= —0.1717 + 0.1664 + 0.0049

= —4X%X107%=0
Thus the first three terms, or even the first two terms, provide an excellent
approximation to the exact value of zero.

The bandwidth of the response curve can be increased by flattening the curve
near f;. This can be accomplished by increasing the number of layers bounded
between the two semi-infinite media. The analysis of such a configuration will be
discussed in Section 5.5.2.

If the three media of Figure 5-17 are lossy, then it can be shown that the
overall reflection and transmission coefficients can be written as [3]

E’ (1= Z,)A+ Zy) + (1 + Z)(1 ~ Zyy)e ™

' = — 5-71a
" E’ (1 + le)(l + 223) + (1 - le)(l - Zz3)eA272d ( )
T E 4 (5-71b)

T E (1= Z,)A = Zy)e ™+ (1 + Zp)(1 + Zyy) e )
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where
B, o
Zij=—— i, j=1,2,3 (5-710)
B,
Y = * \/jwp'k(ok +jw5k) (5‘71d)

The preceding equations are valid for lossless, lossy, or any combination of lossless
and lossy media.

Reflection Coefficient of Multiple Layers

The results of Example 5-10 indicate that for normal wave incidence the response of
a single dielectric layer sandwiched between two semi-infinite media did not exhibit
very broad characteristics around the center frequency f;, and its overall response
was very sensitive to frequency changes. The characteristics of such a response are
very similar to the bandstop characteristics of a single section filter or single section
quarter-wavelength impedance transformer. To increase the bandwidth of the sys-
tem under normal wave inctdence multiple layers of dielectric slabs, each with
different dielectric constant, must be inserted between the two semi-infinite media.
Multiple section dielectric layers can be used to design dielectric filters [9]. Coating
radar targets with multilayer slabs can also be used to reduce or enhance their
scattering characteristics.

When N layers, each with its own thickness and constitutive parameters, are
sandwiched between two semi-infinite media as shown in Figure 5-20 the analysis
for the overall reflection and transmission coefficients is quite cumbersome, al-
though it is straightforward. However, an approximate form of the input reflection
coefficient for the entire system under normal wave incidence can be obtained by
utilizing the approximation first introduced to represent (5-70). With this in mind,

o N
E Hi «

e H | Tin

Y

FIGURE 5-20 Normal wave propagation through N layers sandwiched between two
media.
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the input reflection coefficient under normal wave incidence for the system of Figure
5-20 referenced at the boundary of the leading interface can be written approxi-
mately as [1, 8]

r, = T, + I‘lei/zﬁxlﬁ + er*ﬂ(ﬁldl*lizdz) + ... +I‘Ne—jz(/31d1 +Badrt o +Bydy) (5_72)

where

=1

[,= — (5-72a)
m+ M
1~

r=—— (5-72b)
mtm
;=7

r,= —->2 (5-72¢)
73t 1,
nL =1

ry= —~=~ (5-72d)
.t Ny

Expression 5-72 is accurate provided that at each boundary the intrinsic reflection
coefficients of (5-72a) through (5-72d) are small in comparison to unity.
A. QUARTER-WAVELENGTH TRANSFORMER

Example 5-10 demonstrated that when a lossless dielectric slab of thickness Ay/4 at
a frequency f, is sandwiched between two lossless semi-infinite dielectric media, the
input reflection coefficient at f; is zero provided its intrinsic impedance 7, is equal

to
T = yMolL (5-73)
where 7; = intrinsic impedance of dielectric slab

7o = intrinsic impedance of the input semi-infinite medium
ML

I

It

intrinsic impedance of the load semi-infinite medium.

However as was illustrated in Figure 5-19 the response of the input reflection
coefficient as a function of frequency was not very broad near the center fre-
quency f;.

Matchings that are less sensitive to frequency variations and that provide
broader bandwidths require multiple A /4 sections. In fact the number of sections
and the intrinsic impedance of each section can be designed so that the reflection
coefficient follows, within the desired frequency bandwidth, prescribed variations
that are symmetrical about the center frequency. This design assumes that the
semi-infinite media and the dielectric slabs are all lossless so that their intrinsic
impedances are all real. The discussion that follows parallels that of [1] and [8].

Referring to Figure 5-20, the total input reflection coefficient T, for an
N-section quarter-wavelength transformer with n; > 5, can be written using an
extension of the approximation used to represent (5-70) as [1, 8]

N
Lo(f) =T+ Te/ + Te /¥ + ... 4T e /M = % T e /2% (5.74)
=0

n=
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where T, and 8 are represented, respectively, by

T, = Tnsr = M (5-74a)
nn+1 + nn
] d 27 [ Any "L (5-74b)
-nd- 2315 '

In (5-74) T, represents the reflection coefficient at the junction of two infinite lines
that have intrinsic impedances 7, and m,,,, f, represents the designed center
frequency, and f represents the operating frequency. Equation 5-74 is valid pro-
vided the T’s at each junction are small (the requirements will be met if n, = ;).
For lossless dielectrics the n,’s and T',’s will all be real.

For a symmetrical transformer (I, = T, I} = Iy_;, etc.) (5-74) reduces to

T, (f) = 2¢/¥[T,cos N@ + T,cos (N — 2)8 + Ihcos (N — 4)6 + -] (5-75)
The last term in (5-75) should be
Ty n-1)yc0os8  for N = odd integer (5-75a)
AN for N = even integer (5-75b)
B. BINOMIAL (MAXIMALLY FLAT) DESIGN

One technique, used to design an N-section A /4 transformer, requires that the input
reflection coefficient (5-74) have maximally flat passband characteristics. For this
method, the junction reflection coefficients (I',’s) are derived using the binomial
expansion and we can equate (5-74) to [1, 8]

Al M~ Mo
Tn(f)= X T’ = e /M ———cos" ()
n=0 e o (5-76)
— N
=19-N Mz~ Mo Y CNei2n8
M.+ Mo oo "
where
N!
CN= —— =0,1,2,...,N -
" (N-n)n! TEH LS (5-76a)
From (5-76)
r,=2N2t_Tocw (5-77)
Lt Mo

For this type of design, the fractional bandwidth Af/f, is given by

Y Y I 2
—_—=— = - — | = _ = -
7 A 2(1 fo) 2(1 70'") (5-78)

Since

cHEE e
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(5-78) reduces using (5-76) to

A7 2 2 o5 1 L - (5-80)
fo B s cos ("IL - 770)/(71L + Tlo) )

where I is the magnitude of the maximum value of reflection coefficient that can
be tolerated within the bandwidth.
The usual design procedure is to specify

PN

the load intrinsic impedance 7,

the input intrinsic impedance 7,

the number of sections N

the maximum tolerable reflection coefficient T, (or fractional bandwidth Af/ fo)

and to find

1. the intrinsic impedance of each section
2. the fractional bandwidth (or maximum tolerable reflection coefficient T,)

To illustrate the principle let us consider an example.

Example 5-11. Two lossless dielectric slabs each of thickness A,/4 at a center
frequency f, = 10 GHz are sandwiched between air to the left and a lossless
semi-infinite medium of dielectric constant ¢, = 4 to the right. Assuming a
fractional bandwidth of 0.375 and a binomial design:

1.

Determine the intrinsic impedances, dielectric constants, and thicknesses of
the sandwiched slabs so that the input reflection coefficient at f, = 10 GHz
is zero.

Determine the maximum reflection coefficient and SWR within the frac-
tional bandwidth.

Plot the response of the input reflection coefficient for 0 < f < 20 GHz
when the intrinsic impedances and physical thicknesses of the slabs are
those found in part 1. Compare the response of the two-section binomial
design with that of the single section of Example 5-10.

Solution.

1.

Using (5-76a) and (5-77)

[N oy Mo N!

§ ot ne n. + o (N = n)in!

Since the input dielectric is air and the load dielectric has a dielectric
constant &; = 4, then

N = 377

377
=] 4% = — =188

€18
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Therefore
=1 188.5 — 377\ 2! 1
n=0: I, = 2o 22(——)_ - —
m + n 188.5 + 377 ) 210! 12
1-1/12
=T =N m = 0.846m, = 318.94 ohms
A
=e, =140 d, = TO = 0.634 cm
-1 188.5 — 377\ 2! 1
n=1:I‘1=n2 L = 2(4)_=__
M, +tm 188.5 + 377 ) 111! 6
1-1/6
Mm=m m = 0.714w, = 227.72 ohms

e, =274 dy=\,/4=0453cm

2. For a fractional bandwidth of 0.375, the magnitude of the maximum
reflection coefficient T', is obtained using (5-80) or

& 0.375 =2 ¥ cos! L .

— =0.375=2 - —cos

fo m (n = mo)/(nr + mo)
which for 5, = 188.5 and 1, = 377 leads to

I, =0.028
The maximum standing wave ratio is

SWR 1+T, 1+0.028 058
" 1-T, 1-0028

3. The magnitude of the input reflection coefficient is given by (5-76) as
1 1 T
cos’f = — cos? 8 = — cos® | — !
3 3 2\ £,

which is shown plotted in Figure 5-19 where it is also compared with that
of the one- and two-section Tschebyscheff design to be discussed next.

ML — Mo
Irinl =

ML ™Mo

C. TSCHEBYSCHEFF (EQUAL-RIPPLE) DESIGN

The reflection coefficient can be made to vary within the bandwidth in an oscillatory
manner and have equal-ripple characteristics {10-12]. This can be accomplished by
making I, vary similarly as a Tschebyscheff (Chebyshev) polynomial. For the
Tschebyscheft design, the equation that corresponds to (5-76) is [1, 8]

—no Ty(sec 8, cos )

TL(f) = e_jNonL

5-81
n,+my Ty(sech,) ( )

where T, (z) is the Tschebyscheff polynomial of order N.
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The maximum allowable reflection coefficient occurs at the edges of the
passband where 6 = §,, and | Ty (sec §,,cos6)|,_, = 1. Thus

M Mo 1
n, + M Ty(secd,,)

I,

m

(5-82)
The first few Tschebyscheff polynomials can be found in [1, 8]. For z = sec 6, cos 4,
the first three polynomials reduce to

Ty(sec 8, cos 8) = sec 8, cos §

T,(sec §, cos ) = 2(sec ,,cos §)* — 1 = sec®f,,cos 26 + (sec? 6, — 1)
4(sec 6,,cos ) — 3(sec 6, cos §)
sec® 8,,cos 30 + 3(sec® 6, — sec d,,) cos 8 (5-83)

Ty(sec 8, cos 8)

The remaining details of the analysis are found in [1, 8].

The design of Example 5-11 using a Tschebyscheff transformer is assigned as
an exercise to the reader. However its response is shown plotted in Figure 5-19 for
comparison.

In general, multiple sections (either binomial or Tschebyscheff) provide greater
bandwidths than a single section. As the number of sections increases, the band-
width also increases. The advantage of the binomial design is that the reflection
coefficient values within the bandwidth monotonically decrease from both ends
toward the center. Thus the values are always smaller than an acceptable and
designed value that occurs at the “skirts” of the bandwidth. For the Tschebyscheff
design, the reflection coefficient values within the designed bandwidth are equal to
or smaller than an acceptable and designed value. The number of times the
reflection coefficient reaches the maximum value within the bandwidth is deter-
mined by the number of sections. In fact, for an even number of sections the

di | dy |ds| |d,—| dy
E,‘H,)% I = | I |
forko N E' H!
7
€0/ Ko

FIGURE 5-21 Oblique wave propagation through N layers of dielectric slabs.
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reflection coefficient at the designed center frequency is equal to the maximum
allowable value whereas for an odd number of sections it is zero. For a maximum
tolerable reflection coefficient, the N-section Tschebyscheff transformer provides a
larger bandwidth than a corresponding N-section binomial design, or for a given
bandwidth the maximum tolerable reflection coefficient is smaller for a Tschebyscheff
design.

D. OBLIQUE-WAVE INCIDENCE

A more general formulation of the reflection and transmission coefficients can be
developed by considering the geometry of Figure 5-21 where a uniform plane wave
is incident at an oblique angle upon N layers of planar slabs that are bordered on
either side by free space. This type of a geometry can be used to approximate the
configuration of a radome whose radius of curvature is large in comparison to the
wavelength. It can be shown that the overall reflection and transmission coefficients
for perpendicular (horizontal) and parallel (vertical) polarizations can be written
as 3]

Perpendicular (Horizontal)

E' B,
r,=-=-22 5-84
L EL 4, (5-84a)
T EL ! 5-84b
L ElJ_ - AO ( - )

Parallel (Vertical)

r,= E_G (5-85a)
" E, D,
-2 5-85b
- EL - DO ( - )
The functions A4,, By, C,, and D, are found using the recursive formulas
2
4= 400+ Y0 + B, (1= 1) (5-86a)
e Vi
Bi= —[4,,(1 = ¥.1) + B,,(1+ ¥,,,)] (5-86b)
e¥s
Cj = —‘2_[(:141(1 + Zj+1) + Dj+1(1 - Zj+1)] (5'86C)
eV

Dj = T[C'H(l - Zj+1) + Dj+1(1 + Zj+1)] (5'86d)

J
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where
Ay =Cyi = (5-86¢)
By =Gy =0 (5-86f)
cos 8 —jtand )
Y. — Jj+1 j+1 J+1 5.86
S cos 6, \/ 1—]tan8) (5-86¢)
cos 8 1 — jtand,
Z,., = hd ) (5-86h)
cos 6, j“ ]tan8]+1)
y; =d;y cos¥, (5-861)
Y, = i,/jij(oj +jwej) (5-86j)
0, = complex angle of refraction in the jth layer (5-86k)

POLARIZATION CHARACTERISTICS ON REFLECTION

When linearly polarized fields are reflected from smooth flat surfaces, the reflected
fields maintain their linear polarization characteristics. However, when the reflected
surfaces are curved or rough, a linearly polarized component orthogonal to that of
the incident field is introduced during reflection. Therefore the total field exhibits
two components: one with the same polarization as the incident field (main
polarization) and one orthogonal to it (cross polarization). During this process, the
field is depolarized owing to reflection.
Circularly polarized fields in free space incident upon flat surfaces

1. Maintain their circular polarization but reverse their sense of rotation when the
reflecting surface is perfectly conducting.

2. Are transformed to elliptically polarized fields of opposite sense of rotation when
the flat surface is a lossless dielectric and the angle of incidence is smaller than
the Brewster angle.

Similarly, elliptically polarized fields in free space upon reflection from flat
surfaces

1. Maintain their elliptical polarization and magnitude of axial ratio but reverse
their sense of rotation when reflected from a perfectly conducting surface.

2. Maintain their elliptical polarization but change their axial ratio and sense of
rotation when the reflecting surface is a dielectric and the angle of incidence is
smaller than the Brewster angle.

To analyze the polarization properties of a wave when it is reflected by a
surface, let us assume that an elliptically polarized wave is obliquely incident upon a
flat surface of infinite extent as shown in Figure 5-22 [7]. Using the localized
coordinate system (x’, y, z’) of Figure 5-22, the incident electric field components
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E1, K1, 0y

>
L

E2, M2, 02

FIGURE 5-22 Elliptically polarized wave incident on a flat lossy surface.

can be written as
E\=d Eje/®T=a E)e (5-87a)
E =4 E e ®"=34,E}e/Brrov (5-87b)
where E9 and E? are assumed to be real.
For this set of field components the Poincaré sphere angles (4-58a) through

(4-59b) can be written (assuming that the ratio in (4-58a), selected here to demon-
strate the procedure, satisfies the angular limits of all the Poincaré sphere angles) as

, E} (5-88a)
v =tan"!'| —
E}
; ; : : 5-88b
8 =¢\, — ¢\ = ¢, ( )
¢ = cot ! (ARY) (5-88¢)
' = tilt angle of incident wave (5-88d)

where &' is the phase angle by which the perpendicular component of the incident
field leads the parallel component. It is assumed that (AR') is positive for left-hand
and negative for right-hand polarized fields. These two sets of angles are related to
each other by (4-60a) through (4-61b), or

cos (2y") = cos (2¢') cos (277) (5-89a)

(an (8°) = tén (2¢")

m (5-89b)
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or
sin (2¢') = sin (2y*) sin (§8") (5-89¢)
tan (27') = tan (2y') cos (8*) (5-894d)

In a similar manner the reflected fields of the elliptically polarized wave can be
written according to the localized coordinate system (x”, y, z”’) of Figure 5-22 as

E',,= A Ele # "= —G ThEVe #"r = 4 .| TPESe /B r-m=80)

= 4 |[t|EQe /B T4 (5-90a)
E, = a_yEi e BT = 4 TP EQ e/ =90 = g [T |EQ ¢ /(B r =850
a8 |EQ e /" r o) (5-90b)

where {} and {| are the phases of the reflection coefficients for parallel and
perpendicular polarizations, respectively. The Poincaré sphere angles y” and 8" of
the reflected field can now be written by referring to (5-90a) and (5-90b) as

r (IErl)
y' = tan~

[ITIED
ThED

|E%] T

rb
= tan 1(l | tany' ) (5-91a)

=g (00 (rrg) = (0 -m (- | O

where 8" is the phase angle by which the perpendicular ( y) component leads the
parallel (x"') component of the reflected field. Using the angles y” and 8" of (5-91a)
and (5-91b), the corresponding Poincaré sphere angles ¢, 77 (tilt angle of ellipse)
and axial ratio (AR)" of the reflected field can be found using the relations

sin (2¢”) = sin(2y") sin (8") (5-92a)

tan (277) = tan (2y") cos (8") (5-92b)
(5-92¢)

(AR)’ = cot (¢")

Following a similar procedure, the transmitted fields can be expressed as

E’“= dmel __j's’-r =4 mT.',’Eﬂe_fB"' - dxmlT |E0 — (Bl r—£)

=4 ., |TE|EO e~ /B r=%0) (5-93a)
E' =d,E e "= TPES e /" =¥ = 4 |TP|EQ e /(B"r—¥-¢0)
A — few—
=4 ,T?|ES e /¥ (5-93b)

where ¢/, and §', are the phases of the transmission coefficients for parallel and
perpendicular polarizations, respectively. The Poincaré sphere angles 6 and vy’ can
now be written by referring to (5-93a) and (5-93b) as

E4 1\ _(ITIES (178 (5-942)
y' = tan 1l — tany’
[E| ITVIE, %
, , 5-94b
8’=¢’L_¢tll=(8’+£’l)— 1”=8|+(£I_L__ 1) ( )
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. o _
E! i ‘1<EL> E!
i y'=tan —_— L
1 0 Eﬁ i 0
|Ej| = E < — |El=E7
T aseize v T it
o) = ¢y =0 o) =¢, =8
N | . |
-1t = b/ 78 = |T8] e/t rf = rflet T8 = |78 ]t
l 1 1 1
b 0 0
€| =14/ E) |E{| =T4| EY IEL =IT5 | EY L =I5 EQ
¢} = ¢z ¢ =dy s =9, ¢\ =}
=t = =8+ =8+ €]

FIGURE 5-23 Block diagram for polarization analysis of reflected and transmitted
waves.

where &’ is the phase angle by which the perpendicular (y) component of the
transmitted field leads the parallel (x ") component of the transmitted field. Using
the angles y* and &' of (5-94a) and (5-94b), the corresponding Poincaré sphere
angles ¢, r* (tilt angle of ellipse) and axial ratio (AR)" of the transmitted field can be
found using the relations

sin (2¢') = sin (2y’) sin (8") (5-95a)
tan (27') = tan (2y") cos (8") (5-95b)
(AR)" = cot (&) (5-95¢)

The set of (5-90a) through (5-92¢) and (5-93a) through (5-95¢) can be used to
find, respectively, the polarization of the reflected and transmitted fields once the
polarization of the incident fields of (5-87a) through (5-88d) has been stated. A
block diagram of the relations between the incident, reflected, and transmitted fields
is shown in Figure 5-23. The parallel component of the incident field is taken as the
reference for the phase of all of the other components.

Example 5-12. A left-hand (CCW) circularly polarized field traveling in free
space at an angle of @, = 30° is incident on a flat perfect electric conductor of
infinite extent. Find the polarization of the reflected wave.

Solution. A circularly polarized wave is made of two orthogonal linearly
polarized components with a 90° phase difference between them. Therefore we
can assume that these two orthogonal linearly polarized components represent
the perpendicular and parallel polarizations. Since the reflecting surface is
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CCw
€0, 1O (circular) x

(elliptical)

(b)

FIGURE 5-24 Circularly polarized wave incident upon flat surfaces with infinite and zero
conductivities. (@) Infinite conductivity. (b) Lossless ocean.
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perfectly conducting (7, = 0), the reflection coefficients of (5-17a) and (5-24c)
reduce to

rt=-1=1/r=T=1 ¢ =
Tt=-1=1/7 =% =1 {=n

Since the incident field is left-hand circularly polarized, then according to
(5-87a) through (5-88b)

E°=E°
: . T
81=¢IJ_= 5
. . E° T 1
i=tan"!|— | = — = tany' =
Y an F0 ) any
Thus according to (5-91a) and (5-91b)
vy =tan~! @tany‘ -7
T 4
_ 7 7
8’=8’-—7r+(§1—§,’|)= 5 —g+(m—7)= —3

On the Poincaré sphere of Figure 4-20 the angles y" = 7/4 and 6" = —@/2
define the south pole which represents right-hand (CW) circular polarization.
Therefore the reflected field is right-hand (CW) circularly polarized, and it is
opposite in rotation to that of the incident field as shown in Figure 5-24a4.

Example 5-13. A left-hand (CCW) circularly polarized field traveling in free
space at an angle of #, = 30° is incident on a flat lossless (o, = 0) ocean
(e, = 8lgy, 1, = py) of infinite extent. Find the polarization of the reflected
and transmitted fields.

Solution. Since the incident field is left-hand circularly polarized, then accord-
ing to (5-87a) through (5-88b)

E)=E
big
Si=a¢ = —
¢, >
. E° 7 .
v =tan"! —; = — =tany' =1
E, 4

To find the polarization of the reflected field, we proceed as follows. Using
(5-18a)

cos (30°) — VBT /1 — (3)sin? (30°) 0866 — 91 — %(})

1
I’ = _ 4
T c0s(30°) + VBT Y1 — (&)sin? (30°) 0866 + 91 — & (%)
0.866 — 8.986
"~ 0.866 + 8.986

2= —0824=[t|=0824 (" =x
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Using (5-25a)

_ —cos(30°) + i 1 - (3)sin (30°)  —0.866 + &1 = 4(3)
" cos(30°) + & 1 - (&)sin? (30°)  0.866 + 51— &(2)
| -0.866 + 0.111
0.866 + 0.111

It= -0.773 = |I'’| = 0.773 r=

According to (5-91a) and (5-91b)

) I"’ (0824
vy =tan"!| ——tany’| = tan~ m) = 46.83° = 0.817rad

. 7 7
=8 —-a+ (¢ —-¢0) = ) —g+(r—m)= )
Using (5-92a) through (5-92c)
2¢" = sin~! [sin (2y") sin (8")]
m
= sin"! [sin (93.66°) sin(— 5)] = —86.34°

=¢ = —43.17°
27" = tan"! [tan (2y") cos (87)]

7
= tan"! [tan (93.66°)cos(— 5)] = 180°

= 1" = 90°
(AR)” = cot (&") = cot (—43.17°) = —1.066

On the Poincaré sphere of Figure 4-20 the angles y” = 0.817 and 6" = —# /2
locate a point on the lower hemisphere on the principal xz plane. Therefore
the reflected field is right-hand (CW) elliptically polarized, and it has an
opposite sense of rotation compared to the left-hand (CCW) circularly polar-
ized incident field as shown in Figure 5-24b. Its axial ratio is — 1.066.

To find the polarization of the transmitted field we proceed as follows.
Using (5-18b)

2cos (30°) 2(0.866)
cos (30°) + x/8—l—\/1 - (ﬁ) sin? (30°) 0.866 + 8.986

=0.1758 = |T?| = 0.1758 £, =0

Using (5-25b)

, 2/& cos (30°) _ 2(3)0.866

T? = -
" cos(30°) + (& 1 - (&) sin?(30°) 0866 + 0.111

=0.197 = [T?| = 0.197 £,=0
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According to (5-94a) and (5-94b)

: 1 _lel ' 1(0'1758) 41.75° = 0.729 rad
— - 1 =t - = . © = - ra
Y tan |T,’,’| tany an 0197
0 =8+ (g, -¢)=5+(0-0=7

Using (5-95a) through (5-95c¢)
26 = sin~! [sin (2y*) sin (8*)] = sin~! [sin (83.5°) sin (90°)] = 83.5°
= ¢' = 41.75°

27" = tan"?! [tan (2y’) cos (8*)] = tan~1 [tan (83.5°) cos (90°)] = 0

=r7r'=0°

(AR)’ = cot (¢') = cot (41.75°) = 1.12

On the Poincaré sphere of Figure 4-20 the angles y' = 0.729 and § = 7 /2
locate a point on the upper hemisphere on the principal xz plane. Therefore
the transmitted field is left-hand (CCW) elliptically polarized, and it is of the
same sense of rotation as the left-hand (CCW) circularly polarized incident
field as shown in Figure 5-24b. Its axial ratio is 1.12.
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PROBLEMS

5.1. A uniform plane wave traveling in a dielectric medium with e, = 4 and p, = 1 is
incident normally upon a free-space medium. If the incident electric field is given by

E'=4,2%10 %/

write:

(a) The corresponding incident magnetic field.

(b) The reflection and transmission coefficients.

(c) The reflected and transmitted electric and magnetic fields.
(d) The incident, reflected, and transmitted power densities.

FIGURE P5-1

5.2. The dielectric constant of water is 81. Calculate the percentage of power density
reflected and transmitted when a uniform plane wave traveling in air is incident
normally upon a calm lake. Assume that the water in the lake is lossless.

5.3. A uniform plane wave propagating in a medium with relative permittivity of 4 is
incident normally upon a dielectric medium with dielectric constant of 9. Assuming
both media are nonferromagnetic and lossless, determine (a) the reflection and
transmission coefficients and (b) the percentage of incident power density that is
reflected and transmitted.

5.4. A vertical interface is formed by having free space to its left and a lossless dielectric
medium to its right with € = 4¢, and p = g, as shown in Figure P5-4. The incident
electric field of a uniform plane wave traveling in the free-space medium and

FIGURE P5-4
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incident normally upon the interface has a value of 2 X 1073 V/m right before it

strikes the boundary. At a frequency of 3 GHz, find:

(a) The reflection coefficient.

(b) The SWR in the free-space medium.

(c) The positions (in meters) in the free-space medium where the electric tield
maxima and minima occur. '

(d) The maximum and minimum values of the electric field in the free-space
medium.

A time-harmonic electromagnetic wave traveling in free space is incident normally
upon a perfect conducting planar surface, as shown in Figure P5-5. Assuming the
incident electric field is given by

i A —jBoz
Ef =4 Ee o

find (a) the reflected electric field, (b) the incident and reflected magnetic fields, and
(c) the current density J; induced on the conducting surface.

X

€0 K0

Incident
B

Reflected
tp—————

FIGURE P5-5

A uniform plane wave traveling in air is incident normally on a half space occupied
by a lossless dielectric medium of relative permittivity of 4. The reflections can be
eliminated by placing another dielectric slab, A,/4 thick, between the air and the
original dielectric medium, as shown in Figure P5-6. To accomplish this, the
intrinsic impedance 7, of the slab must be equal to \/m where n, and 7, are,
respectively, the intrinsic impedances of air and the original dielectric medium.
Assuming that the relative permeabilities of all the media are unity, what should the
relative permittivity of the dielectric slab be to accomplish this?

n0o




246 REFLECTION AND TRANSMISSION

5.7. A uniform plane wave traveling in free space is incident normally upon a lossless
dielectric slab of thickness 7, as shown in Figure P5-7. Free space is found on the
other side of the slab. Derive expressions for the total reflection and transmission
coefficients in terms of the media constitutive electrical parameters and thickness of

the slab.

£Qr Ko

€01 M0

FIGURE P5-7

5.8. The vertical height from the ground to a person’s eyes is 4, and from his eyes to the

top of his head is Ah.

A flat mirror of height y is hung vertically at a distance x from

the person. The top of the mirror is at a height of &4 + (AA/2) from the ground, as
shown in Figure P5-8. What is the minimum length of the mirror in the vertical
direction so that the person only sees his entire image in the mirror?

ah_]

Il

Mirror

72 FIGURE P5-8

5.9. A linearly polarized wave is incident on an isosceles right triangle (prism) of glass,

and it exits as shown

in Figure P5-9. Assuming that the dielectric constant of the

prism is 2.25, find the ratio of the exited average power density S, to that of the

incident S,.

L 450

V
e, =225 4 45°

9999909 /49)7,

FIGURE P5-9
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5.10. A uniform plane wave is obliquely incident at an angle of 30° on a dielectric slab of
thickness d with & = 4e, and p = p, that is embedded in free space, as shown in
Figure P5-10. Find the angles 6, and 6, (in degrees).

i

30°

FIGURE P5-10

5.11. A perpendicularly polarized uniform plane wave traveling in free space is obliquely
incident on a dielectric with a relative permittivity of 4, as shown in Figure 5-2.
What should the incident angle be so that the reflected power density is 25% of the
incident power density?

5.12. Repeat Problem 5-11 for a parallel polarized uniform plane wave.

5.13. Find the Brewster angles for the interfaces whose reflection coefficients are shown
plotted in Figure 5-5.

5.14. A parallel polarized uniform plane wave is incident obliquely on a lossless dielectric
slab that is embedded in a free-space medium, as shown in Figure P5-14. Derive
expressions for the total reflection and transmission coefficients in terms of the
electrical constitutive parameters, thickness of the slab, and angle of incidence.

FIGURE P5-14

5.15. Repeat Problem 5-14 for a perpendicularly polarized plane wave, as shown in
Figure PS-15.
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5.16

5.17.

5.18.

5.19.

5.20.
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FIGURE P5-15

. A perpendicularly polarized plane wave traveling in a dielectric medium with
relative permittivity of 9 is obliquely incident on another dielectric with relative
permittivity of 4. Assuming that the permeabilities of both media are the same, find
the incident angle (measured from the normal to the interface) that results in total
reflection.

Calculate the Brewster and critical angles for a parallel polarized wave when the
plane interface is (a) water to air (¢, of water is 81), (b) air to water, and (c) high
density glass to air (¢, of glass is 9).

A uniform plane wave traveling in a lossless dielectric is incident normally on a flat
interface formed by the presence of air. For e,’s of 2.56, 4, 9, 16, 25, and 81:

(a) Determine the critical angles.

(b) Find the Brewster angles if the wave is of parallel polarization.

(c) Compare the critical and Brewster angles found in parts a and b.

(d) Plot the magnitudes of the reflection coefficients for both perpendicular |T"| |
and parallel |, | polarizations versus incidence angle.

(e) Plot the phase (in degrees) of the reflection coefficients for both perpendicular
and parallel polarizations versus incidence angle.

The transmitting antenna of a ground-to-air communication system is placed at a
height of 10 m above the water, as shown in Figure P5-19. For a separation of
10 km between the transmitter and the receiver, which is placed on an airborne
platform, find the height %, above water of the receiving system so that the wave
reflected by the water does not possess a parallel polarized component. Assume that
the water surface is flat and lossless.

FIGURE P5-19

For the geometry of Problem 5-19 the transmitter is radiating a right-hand circularly
polarized wave. Assuming the aircraft is at a height of 1101.11 m, give the
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polarization (linear, circular, or elliptical) and sense of rotation (right or left hand)
of the following,.

(a) A wave reflected by the sea and intercepted by the receiving antenna.
(b) A wave transmitted, at the same reflection point as in part a, into the sea.

The heights above the earth of a transmitter and receiver are, respectively, 100 and
10 m, as shown in Figure P5-21. Assuming that the transmitter radiates both
perpendicular and parallel polarizations, how far apart (in meters) should the
transmitter and receiver be placed so that the reflected wave has no parallel
polarization? Assume that the reflecting medium is a lossless flat earth with a
dielectric constant of 16.

Transmitter

T~<

100 m Receiver

l €01 Mo —¢—10 m

FIGURE P5-21

A light source that shines isotropically is submerged at a depth d below the surface
of water, as shown in Figure P5-22. How far in the x direction (both positive and
negative) can an observer (on the water interface) go and still see the light? Assume
that the water is flat and lossless with a dielectric constant of 81.

L.

FIGURE P5-22

The 30° to 60° dielectric prism shown in Figure P5-23 is surrounded by free space.

(a) What is the minimum value of the prism’s dielectric constant so that there is no
time-average power density transmitted across the hypotenuse when a plane
wave is incident on the prism, as shown in the figure?

FIGURE P5-23
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5.24,

5.25.

5.26.
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(b) What is the exiting angle 6, if the dielectric constant of the prism is that found
in part a?

A uniform plane wave of parallel polarization, traveling in a lossless dielectric
medium with relative permittivity of 4, is obliquely incident on a free-space
medium. What is the angle of incidence so that the wave results in a complete (a)
transmission into the free-space medium and (b) reflection from the free-space
medium?

A fish is swimming in water beneath a circular boat of diameter D, as shown in
Figure P5-25.

(a) Find the largest included angle 26, of an imaginary cone within which the fish
can swim and not be seen by an observer at the surface of the water.

(b) Find the smallest height of the cone.

Assume that light strikes the boat at grazing incidence 6, = #/2 and refracts into

the water.

FIGURE P5-25

Any object above absolute zero temperature (0 K or — 273°C) emits electromag-
netic radiation. According to the reciprocity theorem, the amount of electromag-
netic energy emitted by the object toward an angle 6, is equal to the energy received
by the object when an electromagnetic wave is incident at an angle 8,, as shown in
Figure P5-26. The electromagnetic power emitted by the object is sensed by a
microwave remote detection system as a brightness temperature T given by

TB = eTm = (1 - Irlz)Tm

where e = emissivity of the object (dimensionless)
I' = reflection coefficient for the interface
T, = thermal (molecular) temperature of object (water)

FIGURE P5-26
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It is desired to make the brightness temperature T equal to the thermal (molecular)
temperature T,,.

(a) State the polarization (perpendicular, parallel, or both) that will accomplish this.
(b) At what angle 8, (in degrees) will this occur when the object is a flat water
surface?

A uniform plane wave at a frequency of 10* Hz is traveling in air, and it is incident
normally on a large body of salt water with constants of 0 = 3 S/m and &, = 81. If
the magnitude of the electric field on the salt water side of the interface is 1073
V/m, find the depth (in meters) inside the salt water at which the magnitude of the
electric field has been reduced to 0.368 X 1073 V/m.

At large observation distances the field radiated by a satellite antenna which is
attempting to communicate with a submerged submarine is locally TEM (also
assume uniform plane wave), as shown in Figure P5-28. Assuming the incident
electric field before it impinges on the water is 1 mV/m and the submarine is
directly below the satellite, find at 1 MHz:

(a) The intensity of the reflected E field.

(b) The SWR created in air.

(c) The incident and reflected power densities.

(d) The intensity of the transmitted E field.

(e) The intensity of the transmitted power density.

(f) The depth d (in meters) of the submarine where the intensity of the transmitted
electric field is 0.368 of its value immediately after it enters the water.

(g) The depth (in meters) of the submarine so that the distance from the surface of
the ocean to the submarine is 20\ (A in water).

(h) The time (in seconds) it takes the wave to travel from the surface of the ocean to
the submarine at a depth of 100 m.

(i) The velocity of the wave in water to that in air (v/v,).

Satellite

FIGURE P5-28

A uniform plane wave traveling inside a good conductor with conductivity o; is
incident normally on another good conductor with conductivity o, but with o, > o,.
Determine the ratio of g,/0, so that the SWR inside medium 1 near the interface is
1.5.

A right-hand circularly polarized uniform plane wave traveling in air is incident
normally on a flat and smooth water surface with ¢, = 81 and o = 0.1 S/m, as
shown in Figure P5-30. Assuming a frequency of 1 GHz and an incident electric
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x

Reflected T j Incident

Yy

FIGURE PS-30

field of
E' = (c'iy + c?zef‘”)EOefBO)‘
do the following.

(a) Determine the value of .

(b) Write an expression for the corresponding incident magnetic field.

(c) Write expressions for the reflected electric and magnetic fields.

(d) Determine the polarization (including sense of rotation) of the reflected wave.

(e) Write expressions for the transmitted electric and magnetic fields.

(f) Determine the polarization (including sense of rotation) of the transmitted
wave.

(g) Determine the percentage (compared to the incident) of the reflected and
transmitted power densities.

A right-hand circularly polarized wave is incident normally on a perfect conducting
flat surface (o = o0).

(a) What is the polarization and sense of rotation of the reflected field?

(b) What is the normalized (maximum unity) output voltage if the reflected wave is
received by a right-hand circularly polarized antenna?

(c) Repeat part b if the receiving antenna is left-hand circularly polarized.

Repeat Problem 5.31 if the reflecting is water (f = 10 MHz, g, =28l and o =
4 S/m).

A parallel polarized plane wave traveling in a dielectric medium with ¢, p, is
incident obliquely on a planar interface formed by the dielectric medium with €5, iy
such that e, < pu,. Assuming that the incident angle 6, is equal to or greater
than the critical angle 6, of (5-35b), derive expressions for the reflection I'? and
transmission T? coefficients, and the incident S’ , reflected S”, , and transmitted S
average power densities.

Using the geometry of Figure 5-11 and assuming a parallel polarized incident
uniform plane wave traveling at an angle y;, do the following.

(a) Write expressions for the incident, reflected, and refracted magnetic fields.

(b) Derive expressions that can be used to solve for the effective attenuation a,,
and the effective phase §8,, constants, in terms of the incident angle ¥, and the
intrinsic propagation constants vy, and ¥y,,.

Hint: Use that v,, * v,, = (vy,)? = (g + jBo)*



5.35.

5.36.

5.37.

5.38.
5.39.
5.40.
5.41.

5.42.

PROBLEMS 253

Use the geometry of Figure 5-11 and assume a parallel polarized incident nonuni-
form plane wave traveling at an angle v,.

(a) Write expressions for the incident, reflected, and refracted magnetic fields.

(b) Derive expressions that can be used to solve for the effective attenuation a,,
and the effective phase f8,, constants, in terms of the angles ¢, and £, and the
intrinsic propagations constants y;, and ¥g,.

Hint: Use that v,, * Y5, = (You)?* = (@g + jBo2)™

Two vertical lossless dielectric slabs, each of thickness equal to A,/4 at a center
frequency of f, = 2 GHz, are sandwiched between a lossless semi-infinite medium
of dielectric constant &, = 2.25 to the left and air to the right. Assume a fractional
bandwidth of 0.5 and a binomial design.

(a) Find the magnitude of the maximum reflection coefficient within the allowable
bandwidth.

(b) Determine the magnitude of the reflection coefficients at each interface (junc-
tion).

(c) Compute the intrinsic impedances, dielectric constants, and thickness (in cen-
timeters) of each dielectric slab.

(d) Determine the lower and upper frequencies of the bandwidth.

(e) Plot the magnitude of the reflection coefficient inside the dielectric medium with
g, = 2.25 as a function of frequency (within the bandwidth).

It is desired to design a three-layer (each layer of A /4 thickness) impedance
transformer to match a semi-infinite dielectric medium of ¢, = 9 on one of its sides
and one with ¢, = 2.25 on the other side. The maximum SWR that can be tolerated
inside the dielectric medium with ¢, = 9 is 1.1. Assume a center frequency of f, = 3
GHz and a binomial design.

(a) Determine the allowable fractional bandwidth and the lower and upper frequen-
cies of the bandwidth.

(b) Find the magnitude of reflection coefficients at each junction.

(c) Compute the magnitude of the maximum reflection coefficient within the
bandwidth.

(d) Determine the intrinsic impedances, dielectric constants, and thicknesses (in
centimeters) of each dielectric slab.

(e) Plot the magnitude of the reflection coefficient inside the dielectric medium with
g, = 9 as a function of frequency (within the bandwidth).

Repeat Example 5.11 using a Tschebyscheff design.
Repeat Problem 5.36 using a Tschebyschefl design.
Repeat Problem 5.37 using a Tschebyscheff design.

A right-hand (CW) elliptically polarized wave traveling in free space is obliquely
incident at an angle 6, = 30°, measured from the normal, on a flat perfect electric
conductor of infinite extent. If the incident field has an axial ratio of — 2, determine
the polarization of the reflected field. This is to include the axial ratio as well as its
sense of rotation. Assume that the time—phase difference between the components
of the incident field is 90°.

Repeat Problem 5.41 if the reflecting surface is a flat lossless (o, = 0) ocean

(&, = 8lg, and p, = py) of infinite extent. Also find the polarization of the wave
transmitted into the water.
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CHAPTER

6

AUXILIARY VECTOR
POTENTIALS,

CONSTRUCTION OF
SOLUTIONS, AND RADIATION
AND SCATTERING EQUATIONS

INTRODUCTION

It is common practice in the analysis of electromagnetic boundary-value problems
to use auxiliary vector potentials as aids in obtaining solutions for the electric (E)
and magnetic (H) fields. The most common vector potential functions are the A,
magnetic vector potential, and F, electric vector potential. They are the same pair
that were introduced and used extensively in the solution of antenna radiation
problems [1]. Although the electric and magnetic field intensities (E and H) represent
physically measurable quantities, for most engineers the vector potentials are strictly
mathematical tools. The introduction of the potentials often simplifies the solution,
even though it may require determination of additional functions. Much of the
discussion in this chapter is borrowed from [1].

The Hertz vector potentials II, and II, make up another pair. The Hertz
vector potential II, is analogous to A and II, is analogous to F. The functional
relation between them is a proportionality constant that is a function of the
frequency and the constitutive parameters of the medium. In the solution of a
problem, only one set, A and F or II, and II,, is required. The author prefers A and
F, and they will be used throughout this book.

The main objective of this book is to obtain electromagnetic field configura-
tions (modes) of boundary-value propagation, radiation, and scattering problems.
These field configurations must satisfy Maxwell’s equations or the wave equation
and the appropriate boundary conditions. The procedure is to specify the electro-
magnetic boundary-value problem, which may or may not contain sources, and to
obtain the field configurations that can exist within the region of the boundary-value
problem. This can be accomplished in either of two ways, as shown in Figure 6-1.
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Integration
Path 1

Sources

Radiated fields
M EH

Integration Differentiation
Path 2 Path 2

Vector potentials
AF

(m,, )

FIGURE 6-1 Block diagram for computing radiated fields from
electric and magnetic sources. (Source: C. A. Balanis,
Antenna Theory: Analysis and Design. Copyright © 1982,
John Wiley & Sons, Inc. Reprinted by permission of John
Wiley & Sons, Inc.)

One procedure for obtaining the electric and magnetic fields of a desired
boundary-value problem is to use Maxwell’s or the wave equations. This is accom-
plished essentially in one step, and it is represented in Figure 6-1 by path 1. The
formulation using such a procedure is assigned to the reader as an end of chapter
problem.

The other procedure requires two steps. In the first step, the vector potentials
A and F (or II, and II,) are found, once the boundary-value problem is specified.
In the second step, the electric and magnetic fields are found, after the vector
potentials are determined. The electric and magnetic fields are functions of the
vector potentials. This procedure is represented by path 2 of Figure 6-1, and,
although it requires two steps, it is often simpler and more straightforward; hence it
is often preferred. The mathematical equations of this procedure will be developed
next, and they will be utilized in this book to illustrate solutions of boundary-value
electromagnetic problems.

In a homogeneous medium, any solution for the time-harmonic electric and
magnetic fields must satisfy Maxwell’s equations

VXE=-M — jopH (6-1a)
V XH=1J + jweE (6-1b)
v-E= 2 (6-1c)
£
qvm
V-H= (6-1d)
I
or the vector wave equations
1
VE+ BE=V XM + joud + —Vq,, (6-2a)
£
1
VH+ BH= -V XJ +jweM + —Vgq,, (6-2b)
I

where

B? = wie (6-2c¢)
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6.2

In regions where there are no sources, J = M = ¢,, = ¢,,, = 0. In these regions, the
preceding equations are of simpler form. Whereas the electric current density J may
represent either actual or equivalent sources, the magnetic current density M can
only represent equivalent sources. Although all of these equations will still be
satisfied, an alternate procedure is developed next for the solution of the electric and
magnetic fields in terms of the auxiliary vector potentials A and F.

THE VECTOR POTENTIAL A

In a source-free region, the magnetic flux density B is always solenoidal, that is,
V + B = 0. Therefore, it can be represented as the curl of another vector because it
obeys the vector identity

V:VXA=0 (6-3)
where A is an arbitrary vector. Thus we define
B,=pH,=V XA (6-4)

or

1
H,= -V XA (6-4a)
M

where subscript A indicates the fields due to the A potential. Substituting (6-4a) into
Maxwell’s curl equation

V XE, = —jopH, (6-5)
reduces it to
VXE,=—jopH, = —jwV X A (6-6)
which can also be written as
V X [E, + jwA] =0 (6-7)
From the vector identity
v x (~Vg,) =0 (6-8)
and (6-7), it follows that
E, +jwA = V¢, (6-9)
or
E,= -V, - jwA (6-9a)

¢, represents an arbitrary electric scalar potential that is a function of position.
Taking the curl of both sides of (6-4) and using the vector identity

VXV XA=V(V-A)-VA (6-10)
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leads to
V X (pH,) = V(V + A) - VA (6-10a)
For a homogeneous medium, (6-10a) reduces to
UV X H, = V(V -A) - VA (6-11)

Equating Maxwell’s equation

V XH,=J+ jweE, (6-12)

to (6-11) leads to
pd + jopeE, = V(V < A) - VA (6-13)
Substituting (6-9a) into (6-13) reduces it to

VA +BA=—pJ + V(V - A) + V(joped,) = —pJ + V(V * A + joped,)
(6-14)

where B2 = wue.

In (6-4), the curl of A was defined. Now we are at liberty to define the
divergence of A, which is independent of its curl. Both are required to uniquely
define A. In order to simplify (6-14), let

1

VA= jeed, = ¢ = -
Jwue

vV-A (6-15)

which is known as the Lorentz condition (or gauge). Other gauges may be defined.
Substituting (6-15) into (6-14) leads to

VA + BA = —pJ (6-16)

In addition, (6-9a) reduces to

1
E,= —V¢, — juA = —jwuA — j—V(V + A) (6-17)
WHE

Once A is known, H, can be found from (6-4a) and E, from (6-17). E, can
just as easily be found from Maxwell’s equation 6-12 by setting J = 0. Since (6-16)
is a vector wave equation, solutions for A in rectangular, cylindrical, and spherical
coordinate systems are similar to those for E in Sections 3.4.1A, 3.4.2, and 3.4.3.

THE VECTOR POTENTIAL F

In a source-free region, the electric flux density D is always solenoidal, that is,
V « D = 0. Therefore, it can be represented as the curl of another vector because it
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obeys the vector identity
Ve (-VXF)=0 (6-18)
where F is an arbitrary vector. Thus we can define Dy by
D= -V XF

or

1
Ep= ——V XF (6-19)
13

where the subscript F indicates the fields due to the F potential. Substituting (6-19)
into Maxwell’s curl equation

V X Hg = jweEg (6-20)
reduces it to

V X (Hg + joF) = 0 (6-21)

From the vector identity of (6-8), it follows that

H; = —Vé, — joF (6-22)

where ¢, represents an arbitrary magnetic scalar potential that is a function of
position. Taking the curl of (6-19)

1 1
VXEr=--VXVXF=-—(VV:F - V°’F) (6-23)
£ £

and equating it to Maxwell’s equation

V XEgp= -M — jopHp (6-24)

lead to
V2F + jopeHp = VV + F — eM (6-25)

Substituting (6-22) into (6-25) reduces it to

V2F + B2F = —eM + V(V + F + jopes,,) (6-26)
Letting
1
V'F=—jw#8¢m=’¢m=— - V'F (6‘27)
Jwpe

reduces (6-26) to

V’F + B*F = —eM (6-28)
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and (6-22) to

Hp = —jwF - Lv(v - F) (6-29)
WUE

Once F is known, E; can be found from (6-19) and Hg from (6-29) or (6-24) by
setting M = 0. Since (6-28) is a vector wave equation, solutions for F in rectangular,
cylindrical, and spherical coordinate systems are similar to those for E in Sections
3.4.1A, 34.2, and 3.4.3.

THE VECTOR POTENTIALS A AND F

In the previous two sections, we derived expressions for the E and H fields in terms
of the vector potentials A (E,,H,) and F (E; and Hg). In addition, expressions
that A and F must satisfy were also derived. The total E and H fields are obtained
by the superposition of the individual fields due to A and F.

The procedure that can be used to find the fields of path 2 of Figure 6-1 is as
follows.

SUMMARY

1. Specify the electromagnetic boundary-value problem, which may or may not
contain any sources within its boundaries, and its desired field configurations
(modes).

2. a. Solve for A using (6-16),

VA + BA = —puJ | where 8% = we (6-30)

Depending on the problem, solutions for A in rectangular, cylindrical, and
spherical coordinate systems take the forms found in Sections 3.4.1A, 34.2,
and 3.4.3.

b. Solve for F using (6-28),

VF + B%F = —¢M | where 82 = w?ue (6-31)

Depending on the problem, solutions for F in rectangular, cylindrical, and
spherical coordinate systems take the forms found in Sections 3.4.1A, 3.4.2,
and 3.4.3.

3. a. Find H, using (6-4a) and E, using (6-17). E, can also be found using (6-12)
by letting J = 0.

1
H, = ;V X A (6-32a)

1
E, = —jwA —j;#-ev(v < A) (6-32b)
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or

1
E,=—V XH,
jwe

(6-32¢)

b. Find E; using (6-19) and H using (6-29). H. can also be found using (6-24)

by letting M = 0.

1
Er= ——V XF
&

1
Hy = —jwF — j—V(V *F)
wpe

or

1
HF= - —V X EF
JWR

(6-33a)

(6-33b)

(6-33¢c)

4. The total fields are then found by the superposition of those given in step 3, that

is,

1 1
E=E,+E.= —jwA - j—V(V+A)- -V XF
WHLE €

or
1 1
E=E,+E=—V XxXH,- -V XF
Jwe €
and
1 1
H=H,+Hy=-V XA —joF - j—V(V *F)
u WHLE
or

1 1
H=H,+H = -V XA-—V XE,
B Jeop

(6-34)

(6-34a)

(6-35)

(6-35a)

Whether (6-32b) or (6-32c) is used to find E, and (6-33b) or (6-33c) to find H
depends largely on the nature of the problem. In many instances one may be more
complex than the other. For computing radiation fields in the far zone, it will be
easier to use (6-32b) for E, and (6-33b) for Hg because, as it will be shown, the
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second term in each expression becomes negligible in this region. The same solution
should be obtained using either of the two choices in each case.

CONSTRUCTION OF SOLUTIONS

For many electromagnetic boundary-value problems, there are usually many field
configurations (modes) that are solutions that satisfy Maxwell’s equations and the
boundary conditions. The most widely known modes are those that are referred to
as Transverse ElectroMagnetic (TEM), Transverse Electric (TE), and Transverse
Magnetic (TM).

TEM modes are field configurations whose electric and magnetic field compo-
nents are transverse to a given direction. Often, but not necessarily, that direction is
the path that the wave is traveling. TE modes are field configurations whose electric
field components are transverse to a given direction; for TM modes the magneric
field components are transverse to a given direction. Here we will illustrate methods
that utilize the vector potentials to construct TEM, TE, and TM modes.

Transverse Electromagnetic Modes: Source-Free Region

TEM modes are usually the simplest forms of field configurations, and they are
usually referred to as the lowest-order modes. For these field configurations both the
electric and magnetic field components are transverse to a given direction. To see
how these modes can be constructed using the vector potentials, let us illustrate the
procedure using the rectangular and cylindrical coordinate systems.

A. RECTANGULAR COORDINATE SYSTEM

According to (6-34) the electric field in terms of the vector potentials A and F is
given by

1 1
E=E,+Ef= —joA —j—V(V +-A) - -V XF (6-36)
WHE €

Assuming the vector potentials A and F have solutions of the form
A(x,y,z2)=a8,A4.(x,y,z) +d,4,(x,y,z) +4d,4,(x,y,z) (6-37)

which satisfies (6-30) with J = 0

VA+BA=0 (6-38)
or

V4, + B4, =0 (6-38a)

VA, + B4, =0 (6-38b)

VA, + 4,=0 (6-38¢)
and

F(x’ Vs Z) = ﬁxl:;((x’ Vs Z) + é\yFy(x’ b Z) + é\ze(X’ Y, z) (6'39)
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which satisfies (6-31) with M = 0

V’F + BF =0 (6-40)
or
VF + B*, =0 (6-40a)
2
VF, + B%F, =0 (6-40b)
VF, + B, =0 (6-40c)

(6-36), when expanded, can be written as

E=a l—ij —j——l-— 74, + 9’4, + 974, —l(g—ﬂ)
x * “ope| Ix?  dIxdy dx 0z e\ dy dz
+d [—ij —jL 74, L4 $ 34 l(E - an)

y Y Twpe\dxdy  dy?  dyd:z e\ 0z dx

1
WhE

3’4, 34, 94, 1{dF
+ +—| - =
dxdz dyd:z dz

Similarly (6-35)
1 1
H=H, +Hy,= -V X A - juF — j—V(V + F) (6-42)
o WHE

when expanded using (6-37) and (6-39) can be written as

1 (3%, 97F, d°F, 1(04, 94,
+_ —
pl dy 0z

H=4,|-joF —j— + +
a"[ JO%% pre dx?  dxdy 3x0z

9°F, 9%F, 9%,

1
+ay[—ijy e

1({94, 04,
wpe | dx dy * ay? * dydz ;( 9z ax)
N 1 [ 3°F, 3%F, 9°F, 1(04, 04,
ta. _ij;_Jw_ps(axaz * dyd:z * dz? * ;( ox ay )} (6-43)

Example 6-1. Using (6-41) and (6-43) derive expressions for the E and H
fields, in terms of the components of the A and F potentials, that are TEM to
the z direction (TEM?).

Solution. 1t is apparent by examining (6-41) and (6-43) that TEM?
(E, = H, = 0) modes can be obtained by any of the following three combina-
tions.

1. Letting
A, =A,=F =F =0 A,#0 E+0 a/dx + 0 a/dy # 0

For this combination, according to (6-41)

. y 1 9%, L TR D
- o L BN _
: Jods jwue az? qua 922 WHE)A
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provided
A(x, y,2) = A7 (x, p)e ™ + A7 (x, y)e™

Similarly according to (6-43)

H,= —jwF,—j

z

1 9%F, 1 (92
j — + wpe|F,=0

wpe 022 jwpe az?

provided
E(x, y,z) = F'(x, y)e ™ + F (x, y)e*#

Also according to (6-41) and (6-43)

. 1 847 19F\ L da7 _13E\ . .o
= _ e - Z+ - — z -
x Vre Ox e dy ¢ /E dx e dy ¢ * *
. 1 04; 10FT\ oA VAR Lo,
= | — + - -iBz 4 _ z -
Y \/ﬁg dy e ax |° Ve 3y e 9x |° Y Y
u F( 1 047 19F\
=/ =1-= + — ~ipz
x m ‘/}L—E dy e ax |°
Y 2 X L2 W
—_ + — z = + -
p\yue 9y e ax |° * x
€ 3
n= S+ [ ()
€ 1 94} 1 9F' .
H=1-- -2 e B
Y © ‘/ﬁ dx e dy
€ 1 dA; 1 9F] B e H
— _ R Z = + -
p\ re 9x e dy ¢ Y ’
Hy= 5 (B == (E)
y ‘1, X Ij, P
Also
s B __E _[E
¥ Hf H! &
yoo EL_E_[E
v HS  HS e
2. Letting

A,=A,=A,=F,=F,=0 F#0 3/0x#0 3/dy#0

y z
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For this combination, according to (6-41) and (6-43)
E =0

H PR L2, el r 0
? Jo% que dz? wpe \ 9z bt

provided
F(x,y,2) = E*(x, p)e # + F (x, y)e#:

Also according to (6-41) and (6-43)

1 9F* 10F
E = —-— e B — — etB = Ery E
e dy e dy
E 19" B 2 B = EYLE
= +— R = E*+ E;
Y e dx © e Ox © 7 7
(1 0F e (13F |
Ho=——|-——|e#4 |- |= )e*f/’z =H'+ H]
x p\e dx ple ox

I
|
=lm
—
a5l
e’
+
Ny
3
e

1 dF7 e[ 19F\ _
H S P Y L e = Hi+ H
g B\ e dy p\ e dy

- =) - /e @)

Also
_— E} L E;’ _[E
Y Hf Hf €
7 E; E; o
oH H Ve
3. Letting

A, =A4,=F,=F,=F,=0 A4,#0 3/dx#0 3/3y +0

For this combination, according to (6-41) and (6-43)

H =0

1 0%, R

I L DA _

E. Jed, jwpe dz2 jw,ue 922 ke
provided

A(x,y,2) =A(x, y)e™ B+ A7 (x, y)e*#:
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. 1oo4; 1 4]
= —— Bz 4
T T e ax € Jue ax
. 1oa4r 1 ;
= — = e P+
y ‘/—p's dy Vee
€ 1 8A+)
Hx - _ — —Bz 4
p | Yee 9y

It

e e+ E ()

g 1 947\ e 1 94;
H =,/—-1- e B — f —
Y p yue dx p\ Yue dx

SRS

Also
— E! ~ Ey+ (R
vOHY H' Ve
y X
zoo B B JE
v H HS €
SUMMARY

(1 dA,;

,/,an

et = Ef+ E;

et = EX+ E;

)e”ﬁz =H!+ H

+j8z _ + -
)e”—Hy+Hy

From the resuits of Example 6-1, it is evident that TEM? modes can be obtained by

any of the following three combinations:

TEM®
A,=A,=F,=F,=0 8/dx+0 3/dy+0
A, = A (x, y)e P+ A (x, y)e™
F, = F'(x,y)e ™ + F (x, y)e**

A=A, =A,=F =F,=0 3/dx+0 3/dy #0

F,=F'(x,y)e ™ + F (x, y)e*

Ay=A,=F=F =F =0 a/dx + 0 a/dy #0

A, =Af(x,y)e P+ A (x, y)e™

(6-44)
(6-44a)
(6-44b)

(6-45)
(6-45a)

(6-46)
(6-46a)

A similar procedure can be used to derive TEM modes in other directions such as

TEM* and TEM”.
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B. CYLINDRICAL COORDINATE SYSTEM

To derive expressions for TEM modes in a cylindrical coordinate system, a proce-
dure similar to that in the rectangular coordinate system can be used. When (6-34)

1 1
E=E,+Ez= —jwA - j—V(V+A) -~ -V XF (6-47)
WULE €
and (6-35)
1 1
H=H,+Hy=-V XA —joF - j—V(V +F) (6-48)
i wpe

are expanded using

Ap,¢,2) =d,4,(p,9,2) +d,A4,(p,9,2) +d,4,(p,9,2) (6-49a)
F(p,$,2) = d,F(p,¢,2) + d,F(p,¢,2) + d,F(p,¢,2) (6-49b)

as solutions, they can be written as

1 3[1 39 194, 94,] 1(13F, 9F,
E=&P{—ij | = () + = S

wpe dp | p dp p do dz e\p d¢ dz
114139 194,
o ;a—p“’A») ’ a¢ ]
P PRI LA A)+l%+ aAz]
wpe dz | p dp p d¢ dz
11[ 9 dF
———[ap( o) - 2| (650)
. 1 419 1 3F, 9F, 104, 94,
H=d”{—ij_Jw—;wT9;[p BP(E’)+;3_¢+ 32]+n(0 do dz )}
11419 10F, 9F,
+d¢{—ij" w_#;;‘é;[p ﬁp( PE) * b 36 32]
(8Ap 8Az)}
p\ dz ap
N 1 419 1 9F, 4F,
+“z{‘f°’F‘f7:‘a?[pa—p("m+;£+ =
+13[a‘1( A¢)-3a—’16}} (6:51)

Example 6-2. Using (6-50) and (6-51) derive expressions for the E and H
fields, in terms of the components of the A and F potentials, that are TEM to
the p direction (TEM?).
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Solution. It is apparent by examining (6-50) and (6-51) that TEM?

(E, =
tions:

1. Letting

= 0) modes can be obtained by any of the following three combina-

A,=A,=F,=F=0 A, #0 FE=+0 3/3¢+0 3/3z+0

For this combination, according to (6-50) and (6-51)

E = —jwA

E = —j—|—

]

p

wpe

provided

Also

o e 04| = o | S a0 |+ e

wpe dp | p dp wype p dp
d [ d4 A
a_p(a_pp + 7‘) + (.OZ]LEAP]
94 1 dA A
apzp + ;% - —; + wzueAp
a? 19 X
T T

A,(p,¢,2) = A (¢, 2)HP(Bp) + 4, (¢, 2) HP(Bp)

provided

, 1 919
H,= —joF, - j— —|——(pF,)

wpe dp | p dp
1{92 14 1 e o
=—j—|—=+-—+ =+ =
wpel dp>  pdp P BEIE

F(p,¢,2) = F' (¢, 2)HP(Bp) + F; (¢, z) H(Bp)

In addition

2. Letting

11914 1 0F
Eo= —ipm |25 (A0 | - T 52

wue p dp | p dp e 0z

1 8[1 ] 1( 1 dF,
Ez=—'——— - _—_r

wpe 3z | p d £ p3¢)

114 194
Hy= —j— | ==—(pE)| + - =2
* 7 one paqb[p 3p( )] p oz

1

WHE

oo a[la(F)+1 144,
2= 9z |p ap P B paqb)

A=A, <A, =F,=F,=0 F+0 3/06#0 3/3z#0

[}
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For this combination, according to (6-50) and (6-51)

E,=0
, 1 a1 9
H, = —Jwﬂ—fw_ma—p[;a—p(l’ﬂ)]
1 {9 14 1 )
=‘5ﬁﬁ?*?@”?+ﬁﬂ=°

provided
F(p,9,2) = E' (¢, 2)HP(Bp) + F, (¢, 2) HP(Bp)

In addition

__L19%
¢ e dz
P
: € p d¢
1 14014
H=_____. -
¢ wuw%[n Bp(p ")]

o 1 913
e ——(pF,)

3. Letting

A,=A,=F=F,=F=0 A4,#0 3/d¢+#0 3/3z+0

For this combination, according to (6-50) and (6-51)

H,=0
1 d|1 0
E, = —ij,,—jw—l;a—p[;gg(PAp)]
1 {3* 149 1 s
=”JJE+E%‘F+B“=°

provided
4,00, 0, 2) = A, (9, 2) H{P(Bp) + 4, (¢, 2) H(Bp)

In addition

‘ 119319 )
= w0 09 | p 35 P
1 a1 4
= —j— —|=—{(pA

= g |52 (o4,

1(04,
H""E( az)

1( 13Ap)
H=—|--—

p\ p d¢
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SUMMARY

From the results of Example 6-2, it is evident that TEM? modes can be obtained by
any of the following three combinations:

A,=A,=F,=F=0 d/d¢ #+ 0 a/dz # 0 (6-52)
A,(p,¢,2) = A7 (9. 2) HP(Bo) + 4, (¢, 2) H'(Bp) (6-52a)
F(p,¢,2) = F (¢, 2)HP(Bp) + F, (¢, 2) H(Bp) (6-52b)

A,=A,=A,=F,=F=0 d/d¢+#0 3/9z+0 (6-53)
E(p.9,2) = F (¢, 2) HP(Bp) + F; (9, 2) H{"(Bp) (6-53a)

A,=A,=F=F,=FE=0 3/36+0 3/3z#0 (6-54)
A (p,¢,2) = A (9, 2)HP(Bp) + 4, (¢, 2) H{"(Bp) (6-54a)

A similar procedure can be used to derive TEM modes in other directions such as
TEM? and TEM~.

Transverse Magnetic Modes: Source-Free Region

Often we seek solutions of higher-order modes, other than transverse electromag-
netic (TEM). Some of the higher-order modes, often required to satisfy boundary
conditions, are designated as transverse magnetic (TM) and transverse electric (TE).
Classical examples of the need for TM and TE modes are modes of propagation in
waveguides [2].

Transverse magnetic modes (often also known as transverse magnetic fields)
are field configurations whose magnetic field components lie in a plane that is
transverse to a given direction. That direction is often chosen to be the path of wave
propagation. For example, if the desired fields are TM to z (TM?), this implies that
H_ = 0. The other two magnetic field components (4, and H,) and three electric
field components (E,, E,, and E,) may or may not all exist.

By examining (6-43) and (6-51) it is evident that to derive the field expressions
that are TM to a given direction, independent of the coordinate system, it is sufficient
to let the vector potential A have only a component in the direction in which the fields
are desired to be TM. The remaining components of A as well as all of F are set equal
to zero.

A. RECTANGULAR COORDINATE SYSTEM

T™?

To demonstrate the aforementioned procedure, let us assume that we wish to derive
field expressions that are TM to z (TM?). To accomplish this, we let

A=4d,4,(x,p,2) (6-55a)
F=0 (6-55b)

I
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The vector potential A must satisfy (6-30) which reduces from a vector wave
equation to a scalar wave equation

V24,(x, y,2) + B4, (x, y,2) =0 (6-56)

Since (6-56) is of the same form as (3-20a), its solution using the separation of
variables method can be written according to (3-23) as

4.(x, y,2) = f(x)g(»)h(2) (6-57)

The solutions of f(x), g(y), and h(z) take the forms given by (3-28a) through
(3-30b). The most appropriate forms for f(x), g(y), and h(z) much be chosen
Judiciously to reduce the complexity of the problem, and they will depend on the
configuration of the problem. For the rectangular waveguide of Figure 3-2, for
example, the most appropriate forms for f(x), g(y), and h(z) are those given,
respectively, by (3-28b), (3-29b), and (3-30a). Thus for the rectangular waveguide,
(6-57) can be written as

A.(x,y,2) = [Cicos (Bx) + Dysin(Bx)][C,c0s(B,7) + Dysin(B,y)]
X (Aye ™7 + ByetiB:?) (6-58)
where
B2+ BZ + B2 = B2 = wie (6-58a)

Once 4, is found, the next step is to use (6-41) and (6-43) to find the E and H
field components. Doing this, it can be shown that by using (6-55a) and (6-55b) we
can reduce (6-41) and (6-43) to

TM? Rectangular Coordinate System

1 9%, 144,
Ex=_jw_;us8xaz "=;3y
1 9%, 194, (6-59)
E,= _jw—ne dyoz H,= _; dx

1 {92
E,= —j—|—= + B*|4, H,=0
wpe \ dz

which satisfy the definition of TM? (i.e., H, = 0).

For the specific example for which the solution of A4, as given by (6-58) is
applicable, the unknown constants C;, D;, C,, D,, A,, B,, B., B,, and B, can be
evaluated by substituting 4, of (6-58) into the expressions for E and H in (6-59) and
enforcing the appropriate boundary conditions on the E and H field components.
This will be demonstrated in Chapter 8, and elsewhere, where specific problem
configurations are attempted. Following these or similar procedures should lead to
the solution of the problem in question.
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Expressions for the E and H field components that are TM* and TM” are
given, respectively, by

TM * Rectangular Coordinate System

Let
A=dA(xy.2) (6-60a)
F=0 (6-60Db)
Then
1 ( a?
E, = —j—| == +B*|4, H =0
wpe | dx
E 1 9%, o 104, (6-61)
y queaxay Y ou 9z
E 1 94, " 104,
@ jwueaxaz P dy
where A, must satisfy the scalar wave equation
VA, (x,p,2) + B (x,y,2) =0 (6-62)

TM* Rectangular Coordinate System

Let
A=4d,4,(x,y,2) (6-63a)
F=0 (6-63b)
Then
1 944 1 dA
E = —j— Y H = -—-—-— 4
x pre dxdy x p dz
E ! o 214 H =0 6-64
= —fj— — 4+ = -
¥ J‘A)ILE ay)_ B y y ( )
1 3% 1 dA4
Ez = —j_ 2 H = -2
wpe dydz fop dx

where 4, must satisfy the scalar wave equation of
2
VA(x,p,2) +BA,(x,y,2)=0 (6-65)

The derivations of (6-61) and (6-64) are left to the reader as end of chapter
assignments.
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The expressions of (6-59), (6-61), and (6-64) are valid forms for the E and H
field components of any problem in a rectangular coordinate system, which are,
respectively, TM?, TM*, and TM”. A similar procedure can be used to find
expressions for the E and H field components that are TM to any direction in any
coordinate system.

B. CYLINDRICAL COORDINATE SYSTEM

In terms of complexity, the next higher-order coordinate system is that of the
cylindrical coordinate system. We will derive expressions that will be valid for TM?,
TM? and TM? are more difficult and are not usually utilized. Therefore they will
not be attempted here. The procedure for TM* in a cylindrical coordinate system is
the same as that used for the rectangular coordinate system, as outlined previously
in this section.

T™M?

To accomplish this, let

A=4d,4,(p,¢,2) (6-66a)
F=0 (6-66b)

The vector potential A must satisfy (6-30) with J = 0 which reduces from its
vector form to the scalar wave equation

VA(p, ¢, 2) + B4, (p, ¢, 2) = 0 (6-67)

Since (6-67) is of the same form as (3-54c), its solution using the separation of
variables method can be written according to (3-57) as

A.(p. 0. 2) = f(p)g(¢)h(z) (6-68)

The solutions of f(p), g(¢), and h(z) take the forms given by (3-67a) through
(3-69b). The most appropriate forms for f(p), g(¢), and h(z) must be chosen
Judiciously to reduce the complexity of the problem, and they will depend upon the
configuration of the problem. For the cylindrical waveguide of Figure 3-5, for
example, the most appropriate forms for f(p), g(¢), and h(z) are those given,
respectively, by (3-67a), (3-68b), and (3-69a). Thus for the cylindrical waveguide,
(6-68) can be written as

4.(p, ¢, 2) = [4J,(B,p) + B,Y,,(B,p)][C,cos (ms) + D, sin(me)]
X (Aye B 4+ Bye*ifr) (6-69)
where
B+ B =pB* (6-69a)

Once A, is found, the next step is to use (6-50) and (6-51) to find the E and H
field components. Then we can show that by using (6-66a) and (6-66b), (6-50) and
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(6-51) can be reduced to

TM? Cylindrical Coordinate System

194, 11 94,
Es S ope 3paz * pp 39
11 0%, u 1 94, (6-70)
E,= —j—— S
¢ wpe p dpdz ¢ p dp

1 [ 92 X
E,=—-j— |75 +B87 |4, H =0
wpe | dz

which also satisfies the TM? definition (i.e., H, = 0).

For the specific example for which the solution of A4, as given by (6-69) is
applicable, the unknown constants 4;, By, C;, D,, A;, Bj, B,, and B, can be
evaluated by substituting 4, of (6-69) into the expressions for E and H in (6-70) and
enforcing the appropriate boundary conditions on the E and H field components.
This will be demonstrated in Chapter 9, and elsewhere, where specific problem
configurations are attempted. Following these or similar procedures should lead to
the solution of the problem in question.

It should be stated that the same TM mode field constructions can be obtained
by initiating the procedure with a solution to the scalar wave equation for the
electric field component in the direction in which TM mode fields are desired. For
example, if TM? modes are desired, assume a solution for E; of the same form as
the vector potential component A,. It can then be shown through Maxwell’s
equations that all the remaining electric and magnetic field components (with
H_ = 0) can be expressed in terms of E,. The same can be done for other TM'
modes by beginning with a solution for E; having the same form as the vector
potential component A;. The only difference between the two formulations, one of
which uses the vector potentials adopted in this book and the other that uses the
fields themselves, is a normalization constant. For TM* modes, for example, this
normalization constant according to (6-59) is equal to —j(32/3z% + B*)/wpe =
—j(B% — B?)/wpe. The preceding procedure is a very popular method used by
many authors, and it is assigned to the reader as end of chapter exercises.

Transverse Electric Modes: Source-Free Region

Transverse electric (TE) modes can be derived in a fashion similar to the TM fields
of Section 6.5.2. This time, however, we let the F vector potential have a nonvanish-
ing component in the direction in which the TE fields are desired, and all the
remaining components of F and A are set equal to zero. Without going through any
of the details, we will list the expressions for the E and H field components for TE?,
TE*, and TE” in rectangular coordinates and TE® in cylindrical coordinates. The
details are left as exercises for the reader.
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A. RECTANGULAR COORDINATE SYSTEM
Modes that are TE?, TE*, and TE” are obtained as follows.

TE? Rectangular Coordinate System

Let
A=0 (6-71a)
F=4,F(x,y,z) (6-71b)
Then
1 dF, 1 47
*T g dy x__]w_p.eax(?z
E L 9k, H L (6-72)
Y e ax v jwp.e dydz
1 [ 92
E =0 H, = —j—|— + B*|FE,
wpe \ dz
where F, must satisfy the scalar wave equation of
VPF(x,y.2) + BE(x, y,2) = 0 (6-73)
TE~* Rectangular Coordinate System
Let
A=0 (6-73a)
F=4F(x,y,1z) (6-73b)
Then
1 (92
E, =0 H = —j—| == + B*|F,
wpe | dx
1 dF, 1 9°F
= —_ = = —j— - (6-74)
” e dz Y wpe dx dy
E 1 dF, " 1 3%,
e dy Z_—pre dx dz

where F, must satisfy the scalar wave equation of

V?F(x,y,2) + BF(x,y,2) = 0 (6-75)



TE ¥ Rectangular Coordinate System

CONSTRUCTION OF SOLUTIONS 275

-
i

(o]

i F,(x,y,z)

Let
Then
_ L9k
* g 0z
E =0
g o _L1%%
z e dx

10,

jwue dxdy

1 92
Hy= —_];’E(a—yz +
1 asz

qus dydz

X

where F, must satisfy the scalar wave equation of

2 2 —
v F;)(x’y’z)—{-BFy(x’y’Z)_O

B. CYLINDRICAL COORDINATE SYSTEM

Modes that are TE? are obtained as follows.

TE? Cylindrical Coordinate System

=d4,F,(p,9,z)

(=]

Let
Then
5 1 9F,
P ep 04
1 9F,
L dp
E, =0

1 9%
H, = _Jw—p,e dpdz

1 0F,
H, = —jwuep dodz

1 (8
H, = *Jw—”s(a—zz“

where F, must satisfy the scalar wave equation of

V2F,(p,¢,2) + BF(p,$,2) =0

As was suggested earlier for the TM modes, an alternate procedure for
construction of TE' field configurations will be to initiate the procedure with a

(6-76a)
(6-76b)

(6-77)

(6-78)

(6-79a)
(6-79b)

(6-80)

(6-81)
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6.6

z A

(x5 2) Lo

(x", ¥, 2")

faj (b)
FIGURE 6-2 Coordinate systems for computing radiation fields. (Source: C. A. Balanis,
Antenna Theory: Analysis and Design. Copyright © 1982, John Wiley & Sons, Inc.

Reprinted by permission of John Wiley & Sons, Inc.) (@) Source at origin. (») Source
not at origin.

solution for the H; component with the same form as the vector potential compo-
nent F. For example, if TE* modes are desired, assume a solution for H, of the
same form as the vector potential component F,. It can then be shown through
Maxwell’s equations that all the remaining electric and magnetic fields (with
E, = 0) can be expressed in terms of H,. The only difference between the two
formulations, one that uses the vector potentials adopted in this book and the other
that uses the fields themselves, is a normalization. For TEZ modes, for example, this
normalization constant according to (6-72) is equal to —j(32/3z2 + B?)/wpe =
—Jj(B? — B?)/wpe. The preceding procedure is also a very popular method used by
many authors, and it is assigned to the reader as end of chapter exercises.

SOLUTION OF THE INHOMOGENEOUS VECTOR POTENTIAL
WAVE EQUATION

In Sections 6.2 and 6.3 we derived the inhomogeneous vector wave equations 6-16
and 6-28. In this section we want to derive the solutions to each equation.

Let us assume that a source with current density J,, which in the limit is an
infinitesimal point source, is placed at the origin of a x, y, z coordinate system, as
shown in Figure 6-2a. Since the current density J, is directed along the z axis, only
an A, component will exist. Thus we can write (6-16) as

VA, +BMU, = —pl

A (6-82)
At points removed from the source (J, = 0), the wave equation reduces to
VA, + B, =0 (6-83)

Since in the limit the source is a point, it requires that A, is not a function of



SOLUTION OF THE INHOMOGENEOUS VECTOR POTENTIAL WAVE EQUATION 277

direction (8 and ¢); in a spherical coordinate system, 4, = A4_(r) where r is the
radial distance. Thus (6-83) can be written as

VA,(r) + BMA,(r) = i-{)—[rz 94.(r) + B, (r)=0 (6-84)

r2 ar ar

which when expanded reduces to

d?A.(r) 2 dA,(r) B
g + 7 o + ,BZAZ(I‘) =0 (6—843)

The partial derivative has been replaced by the ordinary derivative since 4, is only a
function of the radial coordinate.
The differential equation 6-84a has two independent solutions

efjﬁr

" (6-85a)

e+j/3r

(6-85b)

Equation 6-85a represents an outwardly (in the radial direction) traveling wave and
(6-85b) describes an inwardly traveling wave, assuming e/*‘ time variations. For this
problem, the source is placed at the origin with the radiated fields traveling in the
outward radial direction. Therefore, we choose the solution of (6-85a), or

e IBr
A, =4, =C (6-86)
r
In the static case, w = 0, 8 = 0, (6-86) simplifies to
G
A, = — (6-86a)

which is a solution to the wave equation 6-83, 6-84, or 6-84a when 8 = 0. Thus at
points removed from the source, the time-varying and the static solutions of (6-86)
and (6-86a) differ only by the e /#" factor, or the time-varying solution of (6-86) can
be obtained by multiplying the static solution of (6-86a) by e /4"

In the presence of the source (J, # 0) and with 8 = 0, the wave equation 6-82
reduces to

Vi, = —pJ, (6-87)
This equation is recognized as Poisson’s equation whose solution is widely docu-

mented. The most familiar equation with Poisson form is that relating the scalar
electric potential ¢ to the electric charge density g. This is given by

vip= -2 (6-88)

whose solution is

¢ = # I/ V% dv’ (6-89)
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where r is the distance from any point on the charge density to the observation
point. Since (6-87) is similar in form to (6-88), its solution is similar to (6-89), or

A=/ fV— v’ (6-90)

Equation 6-90 represents the solution to (6-82) when B8 = 0, the static case. Using
the comparative analogy between (6-86) and (6-86a), the time-varying solution of
(6-82) can be obtained by multiplying the static solution of (6-90) by e ~#’. Thus

e /Br

A, _—ff Jo——dv’ (6-91)

which is a solution to (6-82).
If the current densities were in the x and y directions (J, and J, ), the wave
equation for each would reduce to

VA, + BU, = —ul, (6-92a)
2
VU, + U, = —pd, (6-92b)

with corresponding solutions similar in form to (6-91), or

A= f/f"
4, = 47fffj

The solutions of (6-91), (6-93a), and (6-93b) allow us to write the solution to
the vector wave equation 6-16 as

s

If the source is removed from the origin and placed at a position represented
by the primed coordinates (x’, ', z*), as shown in Figure 6-2b, (6-94) can be
written as

e BT

(6-93a)

e /Br

(6-93b)

e JBr

(6-94)

e /B
A(x, y,z) = Z’%ff/y.l(x’, ¥y, z) (6-95a)

where the primed coordinates represent the source, the unprimed coordinates
represent the observation point, and R represents the distance from any point in the
source to the observation point. In a similar fashion we can show that the solution
of (6-28) is given by

(6-95b)

-JB
Fx, 0 2) = = [f[ My, 2)
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If J and M represent linear densities (m '), (6-95a) and (6-95b) reduce to
surface integrals, or

" e BR

_* g / 6-96

A= oy ) as (6:96a)
€ e /BR

= fSMS(x,y,z) ——ds (6-96b)

For electric and magnetic currents I, and I,,, they in turn reduce to line integrals of
the form

e /R

R

“ ’ 7 ’ 7 -
A= h—ﬂ_fcle(x Ly, 2) dl (6-97a)

e~/BR

R

dr’ (6-97b)

8 I ’ ’ 7
F_ELm(X’y7Z)

Example 6-3. A very thin linear electric current element of very short length
(£ < A) and with a constant current

IC(Z,) = ZiZIE

such that I /= constant, is positioned symmetrically at the origin and ori-
ented along the z axis, as shown in Figure 6-2a. Such an element is usually
referred to as an infinitesimal dipole [1]. Determine the electric and magnetic
fields radiated by the dipole.

Solution. The solution will be obtained using the procedure summarized in
Section 6.4. Since the element (source) carries only an electric current I, the
magnetic current I, and the vector potential F of (6-97b) are both zero. The
vector potential A of (6-97a) is then written as

ez e /PR ,
A(x, y,z) = p f—z/z a,l, R dz

where R is the distance from any point on the element, —£/2 < z’ < £/2, to
the observation point. Since in the limit as £— 0 (£ < A), then

R=vr
so that
ple L .n plt
Alx, y,2) = §, ——r de’ = @4 e JPr
( Y ) z dqr f_//z z 4or

Transforming the vector potential A from rectangular to spherical components
using the inverse (in this case also transpose) transformation of (I1-9) from



280 VECTOR POTENTIALS, SOLUTIONS, AND EQUATIONS

Appendix II, we can write

pl,le B
A, =A,cos80 = B e—— cos 8
wr
. pl e "
Ag= —A,sinf = — ————sinf
ar
A,=0

Using the symmetry of the problem, that is, no variations in ¢, (6-32a)
can be expanded in spherical coordinates and written in simplified form as

N a4,
H= a¢;[5;(r/19) - W]
which reduces to
H =H,=0
BI,¢ sinf 1 ]
H, Ay 1+ B e Pr

The electric field E can be found using either (6-32b) or (6-32¢), that is,

1 1
E=—jwA - j—V(V+-A)=—V XH
WHE Jwe

and either leads to

E 1,lcos b ) 1 P
= S -+- R —JPr
P Darr? JBr ¢
BI.¢ siné 1 1 .
Ep=jp——— |1+ — — e B
0 = IN T Br (Br)
E,=0

The E- and H-field components are valid everywhere except on the source
itself.

6.7 FAR-FIELD RADIATION

The fields radiated by antennas of finite dimensions are spherical waves. For these
radiators, a general solution to the vector wave equation 6-16 in spherical compo-
nents, each as a function of r, 6, and ¢, takes the general form

A=3d,A4,(r,0,¢)+d,4,(r,0,¢) +d,A,(r.0,¢) (6-98)

The amplitude variations of r in each component of (6-98) are of the form 1/r",
n=1,2,... [1]. Neglecting higher-order terms of 1/r" (1/r" =20, n=2,3,...)
reduces (6-98) to

e P

A=[ad,d4.0,¢)+deA;(0.9) + a,4,(0,¢)] r— o (6-99)
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The r variations are separable from those of 6 and ¢. This will be demonstrated by

many examples in the chapters that follow.
Substituting (6-99) into (6-17) reduces it to

E=—

1 _
—{—jwe[a,(0) + doAp(0.6) + 3, 45(0. )]}
1
(6-100a)

The radial E-field component has no 1/r terms because its contributions from the

first and second terms of (6-17) cancel each other.
Similarly, by using (6-99), we can write (6-4a) as
1 . w — A ~ ~
M= {2 (4.0 + diy(6.0) - 4,410 9)]|
1
+;{}+ (6-100b)

where 1 = y/p/e is the intrinsic impedance of the medium.
Neglecting higher-order terms of 1/r", the radiated E and H fields have only
0 and ¢ components. They can be expressed as
Far-Field Region

E, =0 E, = —jwA
(6-101a)

E, = —jwA
Eo _ __J,w Aﬂ = (for the 8 and ¢ components
¢ Jo%e only since E, = 0)

H =0 -
@ E H,~ 2 xE 24 x A
. L = Y
Hy=+j—-A4,= —— fog A 1
n n )= (6-101b)
w E, (for the 8 and ¢ components

Hy=—j Ae=+ only since H, = 0)

¢ 7 7

Radial field components exist only for higher-order terms of 1/r".
In a similar manner, the far-zone fields that are due to a magnetic source M

(potential F) can be written as
Far-Field Region

H =0 Hp = —joF
(6-102a)

(for the # and ¢ components

=
n
|

~.
€

o

only since H, = 0)

E = Er= —nd, X Hg = jond, X F
Ey = —junF, = +nH -
? ¢ 4 (for the # and ¢ components (6-102b)

only since E, = 0)

by
]
+
~..
g
=
o)
|
|
=
=
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6.8

6.8.1

VECTOR POTENTIALS, SOLUTIONS, AND EQUATIONS

Simply stated, the corresponding far-zone E- and H-field components are
orthogonal to each other and form TEM (to r) mode fields. This is a very useful
relation, and it will be adopted in the following chapters for the solution of the
far-zone radiated fields. The far-zone (far-field) region for a radiator is defined as
the region whose smallest radial distance is 2.D2/A where D is the largest dimension
of the radiator (provided D is large compared to the wavelength) [1).

RADIATION AND SCATTERING EQUATIONS

In Sections 6.4 and 6.6 it was stated that the fields radiated by sources represented
by J and M in an unbounded medium can be computed using (6-32a) through
(6-35a) where A and F are found using (6-95a) and (6-95b). For (6-95a) and (6-95b)
the integration is performed over the entire space occupied by J and M of Figure
6-2b [or J; and M of (6-96a) and (6-96b) or I, and I, of (6-97a) and (6-97b)]. These
equations yield valid solutions for all observation points. For most problems, the
main difficulty is the inability to perform the integrations in (6-95a) and (6-95b),
(6-96a) and (6-96b), or (6-97a) and (6-97b). However for far-field observations the
complexity of the formulation can be reduced.

Near Field

According to Figure 6-2b and equation 6-95a the vector potential A that is due to
current density J is given by

e

u JBR
A(x, y,z) = EfffVJ(x’, V&) (6-103)

where the primed coordinates (x’, y’, z’) represent the source and the unprimed
coordinates (x, y, z) represent the observation point. Here we intend to write
expressions for the E and H fields that are due to the potential of (6-103) which
would be valid everywhere [3, 4]. The equations will not be in closed form, but will
be convenient for computational purposes. The development will be restricted to the
rectangular coordinate system.

The magnetic field due to the potential of (6-103) is given by (6-32a) as

1 1 e /PR
HA=;VXA=Z—;VXff/VJ(x,y,z) = do (6-104)
Interchanging integration and differentiation we can write (6-104) as
1 e /AR
—_ v ’ ’ ’ ’ N
H, 4wffV X[J(x,y,z) - }dv (6-104a)

Using the vector identity
V x (gF) = (Vg) XF + g(V x F) (6-105)

we can write

e /BR

R

e /PR

~JBR
vV X [ z J(x', y', z’)} = V( ) X J(x', y',z') + V X Jx',y,z)

(6-106)
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Since J is only a function of the primed coordinates and V is a function of the
unprimed coordinates,

v xJ(x',y,z)=0 (6-106a)
Also
e /PR . {1+ jBR
v = —R ~JBR 6-106b
) A 1009

where R is a unit vector directed along the line joining any point of the source and
the observation point. Using (6-106) through (6-106b) we can write (6-104a) as

Ha(x,y.2) = ~ - [[[ (Rx¥)

which can be expanded in its three rectangular components [3, 4]
1 1+ 8

Hyo= o [ 1= 200, = (v = )]
1 1+ 8

Hyy= o [[[ 1= 200 = (- 09—

HAZ=4ﬂfff[(y Y1 (5 - ) 0]

Using (6-32b) or Maxwell’s equation 6-32c we can write the corresponding
electric field components as

BR
I e R gy dy’dz’ (6-107)

R
e PR gx' dy’ dz2’ (6-107a)

R
e PR dx"dy’ dz’ (6-107b)

e #BRdx' dy’ dz’ (6-107¢)

1 1
E,=d,E\, +4,E\, + 4,Ey,=-joA—j—V(V +A) = —V X H, (6-108)
WUE Jwe

which with the aid of (6-107a) through (6-107c) reduce to

E,, 4W'BfffGJ+(x—x)G2

X [(x — XV A+ (y =), + (2~ z’)Jz]}e‘fﬂR dx’ dy’ dz’
(6-108a)

;11
I

.= w/ff Gy, + (y = )G,

X [(x - X)W+ (y=y), + (2 - z’)Jz]}e_fBR dx’ dy’ dz’
(6-108b)

E,, 477,8fff G,J, + (z - 2)G,

X [(x XN+ Ay =y, + (z - z’)Jz]}e_fBR dx’dy' dz’
(6-108¢)
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where
—1 - jBR + B2R?
G, = IE (6-108d)
3 + j3BR — B2R2
, = I (6-108e)
In the same manner, we can write for the vector potential of (6-95b)
€ e JBR
F _ — ’ ’ ’ ’ _
(v 9,2) = o= [ MCx'y ) = do (6-109)
the electric field components using (6-33a),
1
Er=-—-V XF (6-110)
€
as
1 1+/8R S
Ep = Ef/fy[(z — )M, = (y = y)M.]—5—e R dx'dy'dz’ (6-110a)
1 1+ jBR
- _ _ o _ 7 -jBR ’ ’ ’ _
Er,= — - f/fV[(x XM, = (z = 2)M,]—S—e PR dx'dy'dz’ (6-110b)
1 1+/8BR
— o _ o —jBR ’ ’ ’ _
Ep. =~ fffV[(y YIM, = (x = x)M,| —5—e #Rdx'dy’ dz’ (6-110c)

Similarly the corresponding magnetic field components can be written using (6-33b)
or (6-33¢c)

1 1
Hp = —joF - j—V(V +F) = - —V x E; (6-111)
WE Jou

as

Hg, = — 4"7]571 fffV{GlMx +(x - x)G,

X [(x = X)M, + (y—y )M, + (z - z’)MZ]}e‘fBR dx’ dv’ dz’
(6-111a)

HF_V == 4'”]31’ fffV{GlMy + (.y _y/)GZ
X [(x —X)M + (y—y )M, + (z - z/)Mz]}e’fﬁR dx'dy' dz’
(6-111b)

Hy, = 4:Bn fffV{Gle + (2~ 2)G,

X [(x = X)M + (y =y )M, + (z - z’)MZ]}e_fBR dx’dy’ dz’
(6-111c)

where G, and G, are given by (6-108d) and (6-108e).
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Far Field

It was shown in Section 6.7 that the field equations for far-field (8r > 1) observa-
tions simplify considerably. Also in the far zone the E- and H-field components are
orthogonal to each other and form TEM (to r) mode fields. Although the field
equations in the far zone simplify, integrations still need to be performed to find the
vector potentials of A and F given, respectively, by (6-95a) and (6-95b), or (6-96a)

Z{\

R Observation point
(x, y. 2)

x',y',z’on S

I
|
|
|
|
|
!
|
|
|
|
!
|
N

(by

FIGURE 6-3 Coordinate system for aperture antenna analysis.
(Source: C. A. Balanis, Antenna Theory: Analysis and
Design. Copyright © 1982, John Wiley & Sons, Inc.
Reprinted by permission of John Wiley & Sons, Inc.) (a)
Near and far fields. (b) Far field.
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and (6-96b), or (6-97a) and (6-97b). However, the integrations, as will be shown
next, can be simplified if the observations are made in the far field.

If the observations are made in the far field (8r > 1), it can be shown [1] that
the radial distance R of Figure 6-3a from any point on the source or scatterer to the
observation point can be assumed to be parallel to the radial distance r from the
origin to the observation point, as shown in Figure 6-3b. In such cases the relation
between the magnitudes of R and r of Figure 6-3a, given by

1/2
R= [r2 + (r')? = 21’ cos x{/] / (6-112)
can be approximated, according to Figure 6-3b, most commonly by [1]

rRo|"™ r'cosy for phase variations (6-112a)
o for amplitude variations (6-112b)

where ¢ is the angle between r and r’. These approximations yield a maximum
phase error of 7/8 (22.5°) provided the observations are made at distances

2D?
r> T (6-113)

where D is the largest dimension of the radiator or scatterer. The distance (6-113)
represents the minimum distance to the far-field region. The derivation of (6-113), as
well as distances for other zones, can be found in [1]. Using (6-112a) and (6-112b)
we can write (6-96a) and (6-96b), assuming the current densities reside on the
surface of the source, as

A= %ffSJse;BR ds’ = “:;TrN (6-114a)
F= E%jjSMse_;R ds' = sz;jer (6-114b)
where
N = f fs J e Bricosy gor (6-114c)
L=/ fs M e /8 0¥ g (6-114d)

It was shown in Section 6.7 that in the far field only the § and ¢ components
of the E and H fields are dominant. Although the radial components are not
necessarily zero, they are negligible compared to the 6 and ¢ components. Also it
was shown that for (6-32b) and (6-33b), or

E, = —jw[A + %v(v -A)] (6-115a)
H, = —jw[F + %v(v -F)] (6-115b)

where A and F are given by (6-114a) and (6-114b), the second terms within the
brackets only contribute variations of the order 1/r2, 1/r3 1 /r®, etc. Since
observations are made in the far field, the dominant variation is of the order 1 /r
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and it is contained in the first term of (6-115a) and (6-115b). Thus for far-field
observations, (6-115a) and (6-115b) reduce to

E, ~ —jwA (8 and ¢ components only) (6-116a)
H; = —joF (6 and ¢ components only) (6-116b)
which can be expanded and written as
(Ea)g = —Jjwd, (6-117a)
(Ep)o = —JwA, (6-117b)
(Hg)g = —jwFy (6-117¢)
(Hg)y = —jwF, (6-117d)

The radial components are neglected because they are very small compared to the 6
and ¢ components.

To find the remaining E and H fields contributed by the F and A potentials,
that is Ex and H,, we can use (6-33a) and (6-32a), or

1
E;= —-V xXF (6-118a)
€
1
H,=-V XA (6-118b)
©

However, we resort instead to (6-117a) through (6-117d). Since the observations are
made in the far field and we know that the E- and H-field components are
orthogonal to each other and to the radial direction (plane waves) and are related by
the intrinsic impedance of the medium, we can write, using (6-117a) through
(6-117d),

(Ep)g = +n(Hg), = —junF, (6-119a)

(EF)¢> = ""(HF)o = t+jwnky (6-119b)

(Hp)p= — {Eads +jwﬁ (6-119¢)
7 n

(Hp)p = + (Ea)o = —jw%'- (6-119d)

Combining (6-117a) through (6-117d) with (6-119a) through (6-119d) and remem-
bering that the radial components are negligible, we can write the E- and H-field
components in the far field as

E =0 (6-120a)
Eg=(Ep)g+ (Ep)g= _j“’[Aa + nF¢] (6-120b)
Ey=(Es)s + (Ep)y = _jw[A.p_TII’;;] (6-120c)
H =0 (6-120d)
Hy=(H)o+ (Hp)o= + [ 4, = nEi) (6-120¢)

Jjw
H, = (Ha)y+ (Hp)y = —T[Ao+nF¢] (6-120f)



288 VECTOR POTENTIALS, SOLUTIONS, AND EQUATIONS

Using 4,4, A,, Fy, and F, from (6-114a) through (6-114d), that is,

e JBr
Ay = N, -
0= =N, (6-121a)
pe B
A, = N, -
o= N (6-121b)
ce Br
F,= L -
y= Lo (6-121c)
ce Br
F, = L -121
¢ 4ar ° (6 21d)
we can reduce (6-120a) through (6-120f) to
E =0 (6-122a)
jBe
Ey= — L, + 1N, 6-122b
jBe
Ey= +=———(Ly — N,) (6-122c)
H =0 (6-122d)
ﬁeﬁﬁr L
Hy~+7 N, - = (6-122¢)
4ar ]
Be B L
H,= - B (Na —f) (6-122f)
4ar

A. RECTANGULAR COORDINATE SYSTEM

To find the fields of (6-122a) through (6-122f) the functions N,, N,, Ly, and L,
must be evaluated from (6-114c) and (6-114d). The evaluation of (6-114c) and
(6-114d) can best be accomplished if the most convenient coordinate system is
chosen.

For radiators or scatterers whose geometries are most conveniently repre-
sented by rectangular coordinates, (6-114c) and (6-114d) can best be expressed as

N= | fs Jerhreost gy = | fs (G,J, + a0, + a,J,) e =¥ gs' (6-1232)

L= f'/;Mse+jBr’cos¢ ds’ = _/._/;(éxMx + éyMy + d\zMz)e+jBr’cos¢ ds’ (6-123b)
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Using the rectangular-to-spherical component transformation of (II-13a)

a, sinfcos¢ cosfcose¢ —sing || d,
a,|= sinfsing cosfsing cos ¢ || dg (6-124)
a, cos 0 —siné 0 d,

we can reduce (6-123a) and (6-123b) for the 6 and ¢ components to

N, = ff(]xcos fcos + J,cos 8 sing — J, sin @ )e PV ds’ (6-125a)
s

Ny = [[(~J.sing + Jcos ¢)e eV ds’ (6-125b)
S

Ly = ff(chos fcosd + M,cosfsing — M, sind)e™ P e ds” | (6-125¢)
s

L= f fs (—M, sing + M, cos ¢)e eV ds’ (6-125d)

Some of the most common and practical radiators and scatterers are repre-
sented by rectangular geometries. Because of their configuration, the most conve-
nient coordinate system for expressing the fields or current densities on the
structure, and performing the integration over it, would be the rectangular. The
three most common and convenient coordinate positions used for the solution of the
problem are shown in Figure 6-4. Figure 6-4a, b, and ¢ show, respectively, the
structure in the yz plane, in the xz plane, and in the xy plane. For a given field or
current density distribution, the analytical forms for the radiated or scattered fields
for each of the arrangements would not be the same. However, the computed values
will be the same because the problem is physically identical.

For each of the geometries shown in Figure 6-4, the only difference in the
analysis will be in the following formulations.

1. The components of the equivalent currents, J,, J,, J,, M,, M, and M..
2. The difference in paths from the source to the observation point, r’cos .
3. The differential area ds’.

In general, the nonzero components of J; and M, will be
J,, J,, M,,and M, (Fig. 6-4a) (6-126a)
J,J,, M, ,and M, (Fig. 6-4b) (6-126b)
Jo Jy, M,_, and M, (Fig. 6-4¢) (6-126¢)
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x | y#

fa) (b)

fc)

FIGURE 6-4 Rectangular aperture and plate positions for antenna and scattering system analysis.
(Source: C. A. Balanis, Antenna Theory: Analysis and Design. Copyright © 1982, John
Wiley & Sons, Inc. Reprinted by permission of John Wiley & Sons, Inc) (a) yz plane.
(b) xz plane. (¢) xy plane.

The differential paths will be of the form

rcosy=r-+4, = (éyy’ + c?zz’) (a4, sinfcos¢ + a,sinfsin¢ + 4, cos 0)

=y'sinfsing + z'cos§ (Fig. 6-4a) (6-127a)
ricosy=r'+d, = (d,x +4,z’)+(d,sinBcos¢ + a,sinfsin¢ + &, cos f)
= x'sinfcos¢ + z'cos § (Fig. 6-4b) (6-127b)

rrcosy=r -4, =(ax" + ﬁyy’) *(d,sinfcos ¢ + d,sinfsing + d,cosf)

=x'sinfcos¢ + y’sinfsing (Fig. 6-4¢) (6-127¢)
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and the differential areas of

ds' = dy'd:’ (Fig. 6-4a) (6-1282)

ds’ = dx'dz’ (Fig. 6-4b) (6-128b)

ds’ = dx'dy’ (Fig. 6-4c) (6-128¢)
SUMMARY

To summarize the results, we will outline the procedure that must be followed to
solve a problem using the radiation or scattering integrals. Figure 6-3 is used to
indicate the geometry.

1. Select a closed surface over which the actual current density J; or the equivalent
current densities J, and M exist.

2. Specify the actual current density J; or form the equivalent currents J; and M,
over S using [1, 3, 5]

J=AxH, (6-129a)
M,= -4 XE, (6-129b)

5

A

where # = unit vector normal to the surface S
E, = total electric field over the surface S
H, = total magnetic field over the surface S

3. (Optional) Determine the potentials A and F using, respectively, (6-103) and
(6-109) where the integration is over the surface S of the sources.

4. Determine the corresponding E- and H-field components that are due to J; and
M, using (6-107a) through (6-107c), (6-108a) through (6-108e), (6-110a) through
(6-110c), and (6-111a) through (6-111c). Combine the E- and H-field components
that are due to both J, and M to find the total E and H fields.

These steps are valid for all regions (near field and far field) outside the surface
S. If, however, the observation point is in the far field, steps 3 and 4 can be replaced
by 3" and 4'.

3. Determine Ny, N,, Ly, and L, using (6-125a) through (6-125d).
4'. Determine the radiated E and H fields using (6-122a) through (6-122f).

This procedure can be used to analyze radiation and scattering problems. The
radiation problems most conducive to this procedure are aperture antennas, such as
waveguides, horns, reflectors, and others. These aperture antennas are usually best
represented by specifying their fields over their apertures.

Example 6-4. The tangential E and H fields over a rectangular aperture of
dimensions a and b, shown in Figure 6-5, are given by

A a a

Ea=ayEO _ESX/SE
EO

=4 — b b

Ha axn __Sy/S_

2 2

E,=H,=0 elsewhere

a
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X

FIGURE 6-5 Rectangular aperture geometry for radiation problem.

Find the far-zone fields radiated by the aperture, and plot the three-dimen-
sional pattern when @ = 3A and b = 2A. The fields over the aperture and
elsewhere have been simplified in order to reduce the complexity of the
problem and to avoid having the analytical formulations obscure the analysis
procedure.

Solution.

1. The surface of the radiator is defined by —a/2 < x < a/2and —b/2 <y < b/2.

2. Since the electric and magnetic fields exist only over the bounds of the aperture,
the equivalent current densities J, and M| representing the aperture exist only
over the bounds of the aperture. This is a good approximation, and it is derived
by the equivalence principle in Chapter 7 [1, 3, 5]. Using (6-129a) and (6-129b)
the current densities J;, and M can be written, by referring to Figure 6-5, as

Eg . Eo E,
J=AaxH,=4,X|-d,—|=—-d,—=J=J,=0 J,=—-—
n n n

M= -AXE, = —-d4,X4d,E,=4d.E,= M, =E, M,=M, =0
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3. Using (6-125a), (6-127¢), and (6-128c) we can reduce N, to

Ny = ff[]xcos fcos¢ + J,cosfsing — J, sin 0] o JBrIcos Y g
s .

= — E cos 0 sin ¢fb/2 a/2 ej[i(x’sin()cosqb+y'sin0 sing) dx/ dy’
U —bs2Y—ay2
Using the integral

. 44

Sin —C)
c/2 .

f e/ dz = ¢| —zg—=

—c/2 —c

reduces Ny to

M= abnEO{cosﬂsin¢[Sin)((X) Hsmg) ]}

Ba
where X = B sin 8 cos ¢

b
Y= '87 sin @ sin ¢

In a similar manner N,, L4, and L, of (6-125b), (6-125¢), and (6-125d) can be
written as

N, ff(_fx sin¢ + J,cos ¢)ejﬂr'cos\p ds’
S ]

, sin;X)Hsin}(/Y)]}

= ff(chosﬂcosgb + M, cosfsing — M, sjna)ejl?r’cosxp ds’
s

abE, {
- cos
n

&
|

aon{c080005¢[Sin)((X) Hsin}(/Y) }}

t~
Il

¢ _/_/[—Mx sin¢ + MyCOS ¢]ejBr’cos¢ ds’
S

e 0]

X Y

The corresponding far-zone E- and H-field components radiated by the aperture
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are obtained using (6-122a) through (6-122f), and they can be written as

EI'

E,

=H =0
, sin (X) |[sin(Y)
—?sm¢(l+cosﬁ)[ ¥ H ¥ }
sin (X) |[sin(Y)
—Ecos¢(l+cos0)[ e ” 7 }
E,
o
E,
o~ 4 —
1
_abBEge
- 2ar

In the principal E and H planes, the electric field components reduce to

A three-dimensional plot of the normalized magnitude of the total electric field
intensity E (E = \/E(,2 + Ej) for an aperture with @ = 3\, b = 2X as a function of
8, and ¢ (0° < 8 < 180°,0° < ¢ < 360°) is shown plotted Figure 6-6. Because the
aperture is larger in the x direction (@ = 3A) its pattern in the xz plane exhibits a
larger number of lobes compared to the yz plane, as shown also in the two-dimen-

E Plane (¢ = /2)

E.=E, =0
. (Bb
C sm(Tsmﬂ)
E0=E(l+COSH)T—
— sinf
2
H Plane (¢ = 0)
E’.=E0=O
a
C sin(%sinﬂ)
E¢=?(1+cosﬁ)—T—
751n0

sional E- and H-plane patterns in Figure 6-7.

To demonstrate the application of the techniques to scattering, let us consider

a scattering problem.
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Relative
magnitude

1.0

. R :
~ a - e v
i} S > } [/
H-plane (x-z, ¢ = 0°) E-plane (y-z, ¢ = 90°)

FIGURE 6-6 Three-dimensional field pattern of a constant field rectangular aperture (a = 3A
and b = 2XA). (Source: C. A. Balanis, Antenna Theory: Analysis and Design.
Copyright © 1982, John Wiley & Sons, Inc. Reprinted by permission of John Wiley &
Sons, Inc.)

Example 6-5. A parallel polarized uniform plane wave traveling on the yz
plane at an angle 4, from the z axis is incident upon a rectangular electric
perfectly conducting flat plate of dimensions @ and b, as shown in Figure 6-8.
Assuming that the induced current density on the plate is the same as that on
an infinite conducting flat plate, find the far-zone spherical scattered electric
and magnetic field components in directions specified by 8, ¢.. Plot the
three-dimensional scattering pattern when a = 3\ and b = 2A.

Solution. Since the incident wave is a parallel polarized uniform plane wave,
the incident electric and magnetic fields can be written as

E' = E,(4,cos 6, + d,sin ;) e #sindi~'cos)

E
Hi — _Oé\ eij(y/sinB,—z'cosﬂ,)
P
n
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( - |3
OO

’

o \\\\ | i:’ ) o
V-7

»\\?‘A

@
a=3A
b=2\
120° E plane (d>\= 90°) 120°
=== [ plane (¢ =0°)

150° 150°

Relative power (dB down)

180°

FIGURE 6-7 E-(¢ = 90°) and H-plane (¢ = 0°) power patterns of a
rectangular aperture with a uniform field distribution.

The electric current density induced on the surface of the plate is given by
Jo=AxH| _ =a, x(H+H)|_,

According to Figure 5-4 and (5-24c), the reflected magnetic field of (5-21b) can
be written as

H =-T'H=—-(-H') =H
Then
J =4, x (H + H) o =2§'VH" - éyz%e_,py'sma,
or
J.=J,=0 everywhere

E,
0 _ e
J,=2—e Jky'sing, and zero elsewhere

¢ —a/2 <x' <a/2
N —b2<y <b2
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E! z AN S

\ S
N\

o

FIGURE 6-8 Uniform plane wave incident on a rectangular conducting plate.

Because the geometry of the plate corresponds to the coordinate system of
Figure 6-4¢, equation 6-125a can be written using (6-127¢) and (6-128c¢) as

Ny = ff[./xcos 8, cos ¢, + J,cos , sin¢, — J, sin gx] o B oSy gor
s .

E
— 2_0 cos os sin ‘Ps'/.b/z /a/2 ejBx’sin@_,. cos ¢>\ej/3y’(sin6’>‘ sing, —siné,) dx’ dyr
n —b/2Y —ay2

Using the integral

[
2 Sin EC)
/ ejuz dz =¢ —a
—e2 e
2
reduces N, to
E sin (X sin(Y
Ny = 2ab—{ cos 6, sin ¢, (X) ()
i ’ X Y

Ba
where X = 5 sin 8, cos ¢,
b :
Y= 7(sm # sin¢, — sinéd,)
Similarly, according to (6-125b), N, can be written as

N¢> = ff(_']x sin ¢, + .]VCOS ¢S)ej/3r’c05¢ds,
S )

= 2ab% {cos ¢X[Sin§(X) H Sinl(/Y) }}
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Because the plate is a perfect electric conductor
M, =M,=M,=0 everywhere
Therefore, according to (6-125¢) and (6-125d)

Thus the scattered electric and magnetic field components can be reduced
according to (6-122a) through (6-122f) to

E’=H =0
BEge /kr sin(X) |[sin(Y)

E§ = —jab—>—|cos 8, si

P Jja Tar {cos  SIN ¢, X % }
BE e /kr sin (X) | sin(Y)

E; = job———

s =Jab— {Cos‘i’s X Y }
ES

Hy=-—=2
n
E;

Hy=+—=2

¢ 7

In the principal E and H planes, the electric field components reduce,
respectively, as follows.

E Plane (¢, =7 /2,31 /2)

Ef=E}=0
. Bb( 6, — sing)
ke —(4sind, — siné,
Ej = —jab'BEOe s st sin| —-(&sinf, — sind, +for ¢, = 7/2
&~ g b —f = 37/2
2ar B?(isinﬂs — siné,) or &, ™/
H Plane (¢, = 0,7)
Ef=Ej=0
BE e 7" sin( sm()) (———sm0)
o
S~ 47
Es Jab 2ar Ba
—— sin 4, s1n0
2 2

A three-dimensional plot of the normalized magnitude of the total electric
field E° [ES = \/(E(,f)2 + (E;)z] for a plate of a = 3\ and b = 2\ when the
incidence angle 8, = 30° is shown in Figure 6-9. Its corresponding two-dimensional

pattern in the yz plane (¢, = 90°, 270°) is exhibited in Figure 6-10. It can be
observed that the maximum scattered field is directed near #, = 30° which is near
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Relative magnitude
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R
]
yz plane (¢ = 90°)
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FIGURE 6-9 Three-dimensional normalized scattering field pattern of a plane wave incident
on a rectangular ground plane.

10+
o
)
5 075
£
S
z os - FIGURE 6-10 Two-dimen-
}‘_;" : sional normalized
g electric field scat-
S tering pattern for
0.251— a plane wave inci-
dent (8, = 30° and
¢, = 90°, 270°) on
00 113 L J .
90.0 450 0.0 45.0 90.0 a flat conducting

plate with a = 3\
Observation angle 6, (degrees) and b = 2A.
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the direction of specular reflection (defined as the direction along which the angle of
reflection is equal to the angle of incidence). For more details see Section 11.3.

By using such a procedure for plates of finite size, the scattering fields are
accurate at and near the specular direction. The angular extent over which the
accuracy is acceptable increases as the size of the scatterer increases. Other tech-
niques, such as those discussed in Chapters 12 and 13, can be used to improve the
accuracy everywhere.

B. CYLINDRICAL COORDINATE SYSTEM

When the radiating or scattering structure is of circular geometry, the radiation or
scattering fields can still be found using (6-122a) through (6-122f). The N, N,, L,,
and L, functions must still be obtained from (6-114c) and (6-114d) but must be
expressed in a form that is convenient for cylindrical geometries. Although the
general procedure of analysis for circular geometry is identical to that of the
rectangular as outlined in the previous section, the primary differences lie in
the following,.

1. The formulation of the equivalent currents, J,, Jy Js My, M, and M,.
2. The differential paths from the source to the observation point, r’cos .
3. The differential area ds’.

Before we consider an example we will reformulate these differences for the circular
aperture.

Because of the circular profile of the aperture, it is often convenient and
desirable to adopt cylindrical coordinates for the solution of the fields. In most
cases, therefore, the radiated or scattered electric and magnetic field components
over the circular geometry will be known in cylindrical form, that is, E,, E,, E,,
H,, H,, and H,. Thus the components of the equivalent currents M and J, would
also be conveniently expressed in cylindrical form, M,, M,, M,, J,, J,, and J,. In
addition, the required integration over the aperture to find Ny, N,, Ly, and L, of
(6-125a) through (6-125d) should also be done in cylindrical coordinates. It is then
desirable to reformulate r’cos ¢ and ds’, as given by (6-127a) through (6-128c).

The most convenient position for placing the structure is that shown in Figure
6-11 (structure on xy plane). The transformation between the rectangular and
cylindrical components of J; is given in Appendix II, equation II-7a, or

J, cos¢’  —sing’ 0} J
J, | =|sin¢’ cos¢’ 0[] J, (6-130a)
J, 0 0 1l

A similar transformation exists for the components of M. The rectangular and
cylindrical coordinates are related by (see Appendix II)

x" = p'cos ¢’
y" = p’sin¢’ (6-130b)

’ ’

z =2
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24\

FIGURE 6-11 Circular aperture mounted on an infinite ground plane. (Source: C. A. Balanis, Antenna Theory:

Analysis and Design. Copyright © 1982, John Wiley & Sons, Inc. Reprinted by permission of John
Wiley & Sons, Inc.)

Using (6-130a), equations 6-125a through 6-125d can be written as

Ny = ff [JPCOSOCOS((I) —¢') + Jq,COSﬂ sin(¢ — ¢’) — J Sing]e//jr’cm¢ ds’ (6‘1313)
A

N, = _[f [—J,sin(¢ — &) + Jycos (¢ — o) eBr e gy’ (6-131b)
S

L9 B ff[MPCOSHCOS(q) — ¢') + M¢ COSOSiﬂ((ﬁ _ ¢/) _ M: Sino]e/ﬁr'cosd/ ds’ (6'1310)
S

L,= [[[-M,sin(¢ ~ o) + Mycos (¢ — $)]e/ ¥ ds’ (6-131d)
S
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where r’cos y and ds’ can be written, using (6-127c), (6-128c) and (6-130b), as

r'cosy = x’sinfcos¢ + y’sinfsing = p’sinfcos(p — ¢') | (6-132a)
ds" =dx'dy’ = p'dp’ d¢’ (6-132b)

In summary, for a circular aperture antenna the fields radiated can be

obtained by either of the following methods.

1. If the fields over the aperture are known in rectangular components, use the same

procedure as for the rectangular aperture except that (6-132a) and (6-132b)
should be substituted in (6-125a) through (6-125d).

. If the fields over the aperture are known in cylindrical components, use the same

procedure as for the rectangular aperture with (6-131a) through (6-131d), along
(6-132a) and (6-132b), taking the place of (6-125a) through (6-125d).

Example 6-6. To demonstrate the methods, the field radiated by a circular
aperture mounted on an infinite ground plane will be formulated. To simplify
the mathematical details, the field over the aperture of Figure 6-11 will be
assumed to be
E, =4k,
E, p'<a

The objective is to find the far-zone fields radiated by the aperture. The fields
over the aperture have been simplified in order to reduce the complexity of the
problem and to avoid having the analytical formulations obscure the analysis
procedure.

Solution.

. The surface of the radiating aperture is that defined by p’ < a.
2. Since the aperture is mounted on an infinite ground plane, it is shown by the

equivalence principle in Chapter 7 and elsewhere [1, 3, 5] that the equivalent
current densities that lead to the appropriate radiated fields are given by
M={—2ﬁan=dx2Eo p<a

0 elsewhere
J =0 elsewhere

This equivalent model for the current densities is valid for any aperture mounted
on an infinite perfectly conducting electric ground plane. Thus according to
(6-125a) and (6-125b)

Using (6-125c), (6-132a) and (6-132b)

a 27 o ,
L, = 2E,cos 8 cos ¢f p'[/ e HBp sinbcos (9=9) g | p’
0 )
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Because
fzﬂeﬂﬁ”/smoc"s (¢—¢) de’ = 277./0( Bp’ sin 0)
0
we can write L, as
Ly = 47E, cos 8 cos gbj:JO( Bp’sinb)p’ dp’

where Jy(¢) is the Bessel function of the first kind of order zero. Making the
substitution

t = Bp’sinf
dt = Bsinfdp’
reduces Ly to

4mEcos § cos ¢

Basin
L,= tJ,(t) dt
¢ (,[?sinﬂ)2 fo (1)

A Relative
magnitude
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FIGURE 6-12 Three-dimensional field pattern of a constant field circular aperture mounted on
an infinite ground plane (a = 1.5A). (Source: C. A. Balanis, Antenna Theory:
Analysis and Design. Copyright © 1982, John Wiley & Sons, Inc. Reprinted by
permission of John Wiley & Sons, Inc.)
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Since

[Ceh(z) dz =z0(2)]; = 84(8)

where J;(8) is the Bessel function of order 1, L, takes the form of

J(Basin§)
L, = 4na’E /] _—
P 7a O{COS cosq&[ Ba sin 0
Similarly L, of (6-125d) reduces to
. Ji(Basinf)
L¢ = _4Wd2EO{Sln¢[W' }

Using Ny, N,, Ly, and L, previously derived, the electric field components of
(6-122a) through (6-122c) can be written as

E =0
,Baone_fﬂ’{ . [Jl(,Ba sin §) ]}
Ey=j—— ——(sin¢| ————

Basin @
. Ba’Eje " cos f cos J(Basin@)
¢+~ ¢ Basinf

T
2
5
°
m 110
Z
&
2
60° 8..,. 20 60°
2
[ 2 \ z N
0]
o

90° >

Ay,

a=15x
120° = E plane (¢ = 90°) 120°
=== H plane (¢ = 0°)

150° 150°

180°

FIGURE 6-13 E-(¢ = 90°) and H-plane (¢ = 0°) power patterns of a circular
aperture with a uniform field distribution.
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In the principal E and H planes, the electric field components simplify to
E Plane (¢ =7 /2)
E =E,=0

£ Ba’Ege [ J(Basinb)
67 J Basiné

.
H Plane (¢ = 0)
Er = Ea = O
Ba’Ege " Ji(Basin§)
j—————(c0os | ————
r

E =
0=/ Basin @

A three-dimensional plot of the normalized magnitude of the total electric
field intensity E (E = \/E; + E_) for an aperture of a = 1.5\ as a function of ¢
and ¢ (0° < 8 < 90° and 0° < ¢ < 360°) is shown plotted in Figure 6-12, and it
seems to be symmetrical. However, closer observation, especially through the
two-dimensional E- and H-plane patterns of Figure 6-13, reveals that the pattern is
not symmetrical. It does, however, possess characteristics that are almost identical.
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PROBLEMS

6.1. If H, = jweV X II,, where II, is the electric Hertzian potential, show that
(@) VI, + B2T1, = j(1 /we)d.
() E, =B, + V(V - 1I1,).
© II, = —j(1/wpe)A.
62. f E, = —jwpV X II,, where II, is the magnetic Hertzian potential, show that
(a) VI, + B7TI, = j(1/wp)M.
(b) H, = B°II, + V(V - II,).
(©) II, = —j(1/wpe)F.

6.3. Develop expressions for E, and H, in terms of J using the path 1 procedure of
Figure 6-1. These expressions should be valid everywhere.

6.4. Develop expressions for E; and Hy in terms of M using the path 1 procedure of
Figure 6-1. These expressions should be valid everywhere.
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6.5.

6.6.

6.7.

6.8.

6.9.

6.10.

6.11.

6.12.

6.13.

6.14.
6.15.
6.16.
6.17.

6.18.
6.19.

In rectangular coordinates derive expressions for E and H, in terms of the compo-
nents of the A and F potentials, that are TEM* and TEM”. The procedure should
be similar to that of Example 6-1, and it should state all the combinations that lead
to the desired modes.

In cylindrical coordinates derive expressions for E and H, in terms of the compo-
nents of the A and F potentials, that are TEM? and TEM?*. The procedure should
be similar to that of Example 6-2, and it should state all the combinations that lead
to the desired modes.

Derive the expressions for the components of E and H of (6-61) and (6-64), in terms
of the components of A and F, so that the fields are TM* and TM?”.

Select one component of E and write the other components of E and all of H in
terms of the initial component of E so that the fields are TM*, TM”, and TM?. Do
this in rectangular coordinates.

In cylindrical coordinates, select one component of E and write the other compo-
nents of E and all of H in terms of the initial component of E so that the fields are
TM?.

In rectangular coordinates derive the expressions for the components of E and H as
given by (6-72), (6-74), and (6-77) that are TE?, TE*, and TE”.

In cylindrical coordinates, derive the expressions for E and H as given by (6-80)
which are TE”,

Select one component of H and write the other components of H and all of E in
terms of the initial component of H so that the fields are TE*, TE”, and TEZ. Do
this in rectangular coordinates.

In cylindrical coordinates, select one component of H and write the other compo-
nents of H and all of E in terms of the initial component of H so that the fields are
TE-.

Verify that (6-85a) and (6-85b) are solutions to (6-84a).
Show that (6-90) is a solution to (6-87) and that (6-91) is a solution to (6-32).
For Example 6-3 derive the components of E, given the components of H.

Show that for observations made at very large distance (87 > 1) the electric and
magnetic fields of Example 6-3 reduce to

Bl te Br
Ey=jn———sind
dar
E
Hy= =
M
E =0

Verify (6-100a) and (6-100b).

Show that (6-112) reduces to (6-112a) provided r > 2D?/A, where D is the largest
dimension of the radiator or scatterer. Such an approximation leads to a phase error
that is equal to or smaller than 22.5°.
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The current distribution on a very thin wire dipole antenna of overall length £ is
given by

{ l
d,l,sin B(E—z’) OSZ,SE

0

IA

£
__SZ’
2

£
4,l,sin B(E + z')

where I, is a constant. Representing the distance R of (6-112) by the far-field
approximations of (6-112a) through (6-112b), derive the far-zone electric and
magnetic fields radiated by the dipole using (6-97a) and the far-field formulations of
Section 6.7.

Show that the radiated far-zone electric and magnetic fields derived in Problem 6.20
reduce for a half-wavelength dipole (£= A/2) to

7 cos
—jBr — COS
Ioe B COS(Z )

I

E .
o =/ 2ar sin 6

E4

n

E,=E,=H, =Hy,=0

H,

1

Simplify the expressions of Problem 6.3, if the observations are made in the far field.
Simplify the expressions of Problem 6.4, if the observations are made in the far field.

The rectangular aperture of Figure 6-4a is mounted on an infinite ground plane that
coincides with the xy plane. Assuming that the tangential field over the aperture is
given by

E,=4,E, —a/2 <y <a/2 —b/2 <z <b/2
and the equivalent currents are

2AXE, —a/2 <y <a/2 —b/2 <z <b/2

M, = {
0 elsewhere
J =0 everywhere

find the far-zone spherical electric and magnetic field components radiated by the
aperture.

Repeat Problem 6.24 when the same aperture is analyzed using the coordinate
system of Figure 6-4b. The tangential aperture field distribution is given by

E,=4.E, -b/2 < x' <b/2 —a/2 <z <a/2
and the equivalent currents are
M ={2ﬁan —b/2 <x"<b/2 —a/2 <z <a/2
* 0 elsewhere

J =0 everywhere
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6.26.

6.27.

6.28.

6.29.

6.30.

6.31.

6.32.

Repeat Problem 6.24 when the same aperture is analyzed using the coordinate
system of Figure 6-4c. The tangential aperture field distribution is given by

E, =4,k —a/2 <x' <a/2 -b/2 <y <b/2
and the equivalent currents are
M 2{2ﬁXEa —a/2 <x"<a/2 —b/2 <y <b/2
* 0 elsewhere
J, =0 everywhere

Repeat Problem 6.24 when the aperture field distribution is given by

T
E,= &oncos(—y’) —a/2 <y <a/2 -b/2 <z <b/2
a

Repeat Problem 6.25 when the aperture field distribution is given by
T
E, = ﬁxEocos(——z’) —-b/2<x"<b/2 —a/2 <z <a/2
a

Repeat Problem 6.26 when the aperture field distribution is given by
m
E, = dyEocos(;x’) —a/2<x" <a/? -b/2 <y <b/2

For the aperture of Example 6-4 find the angular separation (in degrees) between
two points whose radiated electric field value is 0.707 of the maximum (half-power
beamwidth). Do this for the radiated fields in the (a) £ plane (¢ = #/2) and (b) H
plane (¢ = 0). Assume the aperture has dimensions @ = 4A and b = 3\.

For the circular aperture of Figure 6-11 derive expressions for the far-zone radiated
spherical fields when the aperture field distribution is given by

@ E, = a,E)l - (p'/a)’)], ¢’ < a.
(b) E, = d,Ey[1 — (p'/a)]2, o' < a.
For both cases use equivalent currents M and J; such that
MS={2ﬁXE“ p<a
0 elsewhere
J,=0 elsewhere

A coaxial line of inner and outer radii of a and b, respectively, is mounted on an
infinite conducting ground plane. Assuming that the electric field over the aperture

FIGURE P6-32
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of the coax is
vV 1
- —— —
¢ *eln(b/a) p’
where V is the applied voltage and ¢ is the permittivity of medium in the coax, find

the far-zone spherical electric and magnetic field components radiated by the
aperture. Use equivalent currents M and J, such that

M={2ﬁan a<p <b
g 0 elsewhere

E a<p <b

J=0 everywhere

For the aperture of Example 6-6 find the angular separation (in degrees) between
two points whose radiated electric field value is 0.707 of the maximum (half-power
beamwidth). Do this for the radiated fields in the (a) E plane (¢ = 7/2) and (b) H
plane (¢ = 0). Assume that the radius of the aperture is 3A.
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CHAPTER

/

ELECTROMAGNETIC
THEOREMS AND PRINCIPLES

INTRODUCTION

In electromagnetics there are a number of theorems and principles that are funda-
mental to the understanding of electromagnetic generation, radiation, propagation,
scattering, and reception. Many of these are often used to facilitate the solution of
interrelated problems. Those that will be discussed here are the theorems of duality,
uniqueness, image, reciprocity, reaction, volume equivalence, surface equivalence,
induction, and physical equivalent ( physical optics). When appropriate, examples
will be given to illustrate the principles. :

DUALITY THEOREM

When two equations that describe the behavior of two different variables are of the
same mathematical form, their solutions will also be identical. The variables in the
two equations that occupy identical positions are known as dual quantities, and a
solution for one can be formed by a systematic interchange of symbols with the
other. This concept is known as the duality theorem.

Comparison of (6-30), (6-32a), (6-32b), (6-32¢), and (6-95a), respectively, to
(6-31), (6-33a), (6-33b), (6-33¢), and (6-95b), shows that they are dual equations and
their variables are dual quantities. Thus if we know the solutions to one set (ie.,
J # 0, M = 0), the solutions to the other set (J = 0, M # 0) can be formed by a
proper interchange of quantities. The dual equations and their dual quantities are
listed in Tables 7-1 and 7-2 for electric and magnetic sources, respectively. Duality
only serves as a guide to forming mathematical solutions. It can be used in an
abstract manner to explain the motion of magnetic charges giving rise to magnetic
currents, when compared to their dual quantities of moving electric charges creating
electric currents [1]. It must, however, be emphasized that this is purely mathemati-
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TABLE 7-1
Dual equations for electric (J) and magnetic (M) current sources

Electric sources (J # 0, M = 0) Magnetic sources (J = 0, M # 0)

V XE, = —jopH, V X Hp = jweEg
V XH, =J+ jweE, -V XEg=M + jopHg
VA + BA=—pJ V2F + B*F = —eM

e~/BR e iR

A=4—’;fffVJ v F=4—waffVM e
1 1

H,=-V XA Ep=—--V XF
£

N

1 1
EA= —ij -'jw—"'EV(V°A) HF= —ij—j—‘;P—eV(V 'F)

TABLE 7-2
Dual quantities for electric (J) and magnetic (M) current sources

Electric sources (J # 0, M = 0) Magnetic sources (J = 0, M # 0)

=
>

WE "

—3
~
=

>

cal in nature since at present there are no known magnetic charges or currents in
nature.

Example 7-1. A very thin linear magnetic current element of very small length
(£ < M), although nonphysically realizable, is often used to represent the fields
of a very small loop radiator. It can be shown that the fields radiated by a
small linear magnetic current element are identical to those radiated by a small
loop whose area is perpendicular to the length of the dipole [2]. Assume that
the magnetic dipole is placed at the origin and is symmetric along the z axis
with a constant magnetic current of

Find the fields radiated by the dipole using duality.

Solution. Since the linear magnetic dipole is the dual of the linear electric
dipole of Example 6-3, the fields radiated by the magnetic dipole can be
written, using the dual quantities of Table 7-2 and the solution of Example
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6-3, as
E’, = Ea = 0
BI,¢ sin@ 1 ]
Ey= —j————— |14+ — |e "
4ar JjBr

11,¢coséd 1 ]
H=—-——7—-|1+4+—+ e /Bt

n 27r JBr

1 B8I,¢sind 1 1 ,
Hy=j= " 1+ —— = —— "

n 47r JBr (Br)
H =0

UNIQUENESS THEOREM

Whenever a problem is solved, it is always gratifying to know that the obtained
solution is unique, that is, it is the only solution. If so, we would like to know under
what conditions or what information is needed to obtain such solutions.

Given the electric and magnetic sources J; and M,, let us assume that the
fields generated in a lossy medium of complex constitutive parameters é and i
within S are E¢, H® and E® H?. Each set must satisfy Maxwell’s equations

-V XE=M, + jopH V XH=J+J + jweE (7-1)

or
-V XE‘=M, +jwiH* V xXH*=J, + J.°+ jwiE* (7-1a)
-V XE*=M, +jupH® VvV XxXH’=1J, + J?+ jwiE® (7-1b)

Subtracting (7-1b) from (7-1a) we have that
-V x (E°— E®) = jui[H* - H?] V x (H°- H?)= (o+jwé)(E“— E?) (7-2)
or

—V x 8E = juidH = 6M,

within § (7-2a)
+V X 6H = jwédE = 8J,
Thus, the difference fields satisfy the source-free field equations within S. The
conditions for uniqueness are those for which 6E=8H =0 or E“= E? and
H¢ = H®.
Let us now apply the conservation of energy equation 1-55a using S as the
boundary and SE, 6H, 8J,, and 8M, as the sources [1]. For a time-harmonic field
(1-55a) can be written as

#;ExH*-ds+fffV(E-J,*+H*-M,)dv’=0 (7-3)



UNIQUENESS THEOREM 313
which for our case must be
#(SE x 8H*) - ds + [[[ [8E« (o + joi)*8E* + 8H* - (juii)8H] d’ = 0
S V
(7-4)
or
#(SE X 8H*) + ds + /ff [(6 + jwi)*SE)? + (jeo)|SH?] dv’ = 0 (7-4a)
A) |4
where

(o + jws)* = [0 +ju(e — je)]* = [(o + we”) + jwe]* = (0 + we”) — jwe’

(7-4b)
Joofi = jo(p' — jp’) = wp” + jop’ (7-4c)
If we can show that
#(SE X §H*) + ds = 0 (7-5)
S

then the volume integral must also be zero, or

Jf[ 1o + oeyisE2 + (i omP]
= Re fffy[(o +jwé)*|8El2 + (jw;l)|8H|2] dv’

+1m _Ufy[(“ + jwg)*|SE|? + (jwi)|SH|?] dv' =0 (7-6)

Using (7-4b) and (7-4c) reduces (7-6) to
fff [(6 + we")|SE|2 + wp/|8H[?] dv’ = 0 (7-6a)
v

fffv[—w£’|8E|2 + wp|SH?] dv' = 0 (7-6b)

Since o + we”’ and wp’’ are positive for dissipative media, the only way for (7-6a) to
be zero would be for |SE|2=|8H|> =0 or 8E = 8H = 0. Therefore we have
proved uniqueness. However, all these were based upon the premise that (7-5)
applies [1]. Using the vector identity

A-BXC=B-CxXxA=C-AXB (7-7)

we can write (7-5) as

#[SE x 8H*] + fida = #(ﬁ X 8E) + 8H* da — #[SH* X A]+8Eda=0
S S S
(7-8)
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If we can state the conditions under which (7-8) is satisfied, then we have proved
uniqueness. This however will only be applicable for dissipative media. However, we
can treat lossless media as special cases of dissipative media as the losses diminish.

Let us examine some of the important cases where (7-8) is satisfied and
uniqueness is obtained in lossy media.

1. A field E, H is unique when # X E is specified on S; then # X 8E = 0 over S.
This results from exact specification of the tangential components of E and
satisfaction of (7-8). No specification on the normal components is necessary.

2. A field E, H is unique when # X H is specified on S; then # X 8H = 0 over S.
This results from exact specification of the tangential component of H and
satisfaction of (7-8).

3. A field E,H is unique when # X E is specified over part of S and 7 X H is
specified over the rest of .

SUMMARY

A field in a lossy region, created by sources J; and M, is unique within the region
when one of the following alternatives is specified.

1. The tangential components of E over the boundary.
2. The tangential components of H over the boundary.
3. The former over part of the boundary and the latter over the rest of the boundary.

Note: In general, the uniqueness theorem breaks down for lossiess media. To Justify
uniqueness in this case, the fields in a lossless medium, as the dissipation approaches
zero, can be considered to be the limit of the corresponding fields in a lossy medium. In
some cases, however, unique solutions for lossless problems can be obtained on their
own merits without treating them as special cases of lossy solutions.

IMAGE THEORY

The presence of an obstacle, especially when it is near the radiating element, can
significantly alter the overall radiation properties of the radiating system, as illus-
trated in Chapter 5. In practice the most common obstacle that is always present,
even in the absence of anything else, is the ground. Any energy from the radiating
element directed toward the ground undergoes reflection. The amount of reflected
energy and its direction are controlled by the geometry and constitutive parameters
of the ground.

In general the ground is a lossy medium (o # 0) whose effective conductivity
increases with frequency. Therefore it should be expected to act as a very good
conductor above a certain frequency, depending primarily upon its moisture con-
tent. To simplify the analysis we will assume that the ground is a perfect electric
conductor, flat, and infinite in extent. The same procedure can also be used to
investigate the characteristics of any radiating element near any other infinite, flat,
perfect electric conductor. In practice, it is impossible to have infinite dimensions
but we can simulate (electrically) very large obstacles. The effects that finite
dimensions have on the radiation properties of a radiating element will be discussed
in Chapters 12 and 13.
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To analyze the performance of a radiating element near an infinite plane
conductor, we will introduce virtual sources (images) that account for the refiec-
tions. The discussion here follows that of [2]. As the name implies, these are not real
sources but imaginary ones that, in combination with the real sources, form an
equivalent system that replaces the actual system for analysis purposes only and
gives the same radiated field above the conductor as the actual system itself. Below

Actual source

77, 7
Pl 3! ~7 Qg o=20
/7 -7
h / e
/ PR
/ -
Ve
A
B Virtual source
(image)
(caustic)
fa)

(b)

FIGURE 7-1 Vertical dipole, and its image, for reflection from a flat conducting surface of
infinite extent. (@) Actual source and its image. (b) Field components at point of
reflection. (¢) Direct and reflected components.
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Py

Actual source Direct

h

7

h

/7
Y £ Virtual source
(image)

(caustic)

fe)
FIGURE 7-1 (Continued)

the conductor the equivalent system does not give the correct field; however, the
field there is zero and the equivalent is not necessary.

To begin our discussion let us assume that a vertical ¢lectric dipole is placed a
distance & above an infinite, flat, perfect electric conductor as shown in Figure 7-1a.
Assuming that there is no mutual coupling, energy from the actual source is radiated
in all directions in a manner determined by its unbounded medium directional
properties. For an observation point P,, there is a direct wave. In addition, a wave
from the actual source radiated toward point R; of the interface will undergo
reflection with a direction determined by the law of reflection, 8] = 6;. This follows
from the fact that energy in inhomogeneous media travels in straight lines along the
shortest paths. The wave will pass through the observation point P, and, by
extending its actual path below the interface, it will seem to originate from a virtual
source positioned a distance # below the boundary. For another observation point
P, the point of reflection is R, but the virtual source is the same as before. The
same conclusions can be drawn for all other points above the interface.

The amount of reflection is generally determined by the constitutive parame-
ters of the medium below the interface relative to those above. For a perfect electric
conductor below the interface, the incident wave is completely reflected with zero
fields below the boundary. According to the boundary conditions, the tangential
components of the electric field must vanish at all points along the interface. This
condition is used to determine the polarization of the reflected field, compared to
the direct wave, as shown in Figure 7-1b. To excite the polarization of the reflected
waves, the virtual source must also be vertical and have polarity in the same
direction as the actual source. Thus a reflection coefficient of +1 is required. Since
the boundary conditions on the tangential electric field components are satisfied
over a closed surface, in this case along the interface from — oo to + oo, then the
solution is unique according to the uniqueness theorem of Section 7.3.

Another source orientation is to have the radiating element in a horizontal
position, as shown in Figure 7-1c. If we follow a procedure similar to that of the
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Electric Electric Magnetic Magnetic

# —— ‘ —e-»» Actual sources

g = oo (Electric conductor)

L
l
L

- - > |mages

A
'

- -y -

(@)

Electric Electric Magnetic Magnetic

(Magnetic conductor)

T # —— * —e->»> Actual sources
h
h

L i - - 3 Y~

(b)
FIGURE 7-2 Electric and magnetic sources and their images near (a)
electric and (b) magnetic conductors. (Source: C. A. Balanis,
Antenna Theory: Analysis and Design. Copyright © 1982, John
Wiley & Sons, Inc. Reprinted by permission of John Wiley &
Sons, Inc.)

vertical dipole, we see that the virtual source (image) is also placed a distance h
below the interface but with a 180° polarity difference relative to the actual source,
thus requiring a reflection coefficient of —1. Again according to the uniqueness
theorem of Section 7.3, the solution is unique because the boundary conditions are
satisfied along the closed surface, this time along the interface extending from — oo
to +oo.

In addition to electric sources we have equivalent “magnetic” sources and
magnetic conductors, such that tangential components of the magnetic field vanish
next to their surface. In Figure 7-2a we have sketched the sources and their images
for an electric plane conductor [2]. The single arrow indicates an electric element
and the double arrow signifies a magnetic element. The direction of the arrow
identifies the polarity. Since many problems can be solved using duality, in Figure
7-2b we have sketched the sources and their images when the obstacle is an infinite,
flat, perfect “magnetic” conductor.
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Vertical Electric Dipole

In the previous section we graphically illustrated the analysis procedure, using
image theory, for vertical and horizontal electric and magnetic elements near infinite
electric and magnetic plane conductors. In this section we want to derive the
mathematical expressions for the fields of a vertical linear element near a perfect
electric conductor, and the derivation will be based on the image solution of Figure
7-1a. For simplicity only far-field observations will be considered.

Let us refer now to the geometry of Figure 7-34. The far-zone direct compo-
nent of the electric field, of the infinitesimal dipole of length ¢, constant current 1,
and observation point P, is given according to the dominant terms (Br > 1) of the
fields in Example 6-3 by

r>N  BI fe~Bn
Eg = j'q—4—77_r— sin01 (7-9)
1

The reflected component can be accounted for by the introduction of the virtual
source (image), as shown in Figure 7-3a, and we can write it as

r A Bl te B

E; = jR - sin 6,
2
reA B[()/e‘ﬂ?’z
Ej = jp——— sin 6, (7-10)

4qr,

since the reflection coefficient R, is equal to unity.

The total field above the interface (z > 0) is equal to the sum of the incident
and reflected components as given by (7-9) and (7-10). Since an electric field cannot
exist inside a perfect electric conductor, it is equal to zero below the interface. To
simplify the expression for the total electric field, we would like to refer it to the
origin of the coordinate system (z = 0) and express it in terms of r and 6. In
general we can write that

ro=(r*+ h*=2rhcos8)"’ (7-11a)
2 2 1/2
ry=[rt+ h% = 2rhcos (v — 6)] (7-11b)

However, for r > h we can simplify and, using the binomial expansion, write [2]

ro=r—hcost (7-12a)
for phase variations

ry=r+ hcosé (7-12b)

0,=6,=46 (7-12¢)

As shown in Figure 7-3b, (7-12a) and (7-12b) geometrically represent parallel lines.
Since the amplitude variations are not as critical

r, =r, =r for amplitude variations (7-12d)
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P

(b)
FIGURE 7-3 Vertical electric dipole above an infinite electric conductor. (Source: C. A.

Balanis, Antenna Theory: Analysis and Design. Copyright © 1982, John Wiley &

Sons, Inc. Reprinted by permission of John Wiley & Sons, Inc.) (a) Vertical electric
dipole. (b) Far-field observations.
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Use of (7-12a) through (7-12d) allows us to write the sum of (7-9) and (7-10) as

Bl Le P ) .
Ep= Ef + Ej = jn—————sin (e "/Bheost 4 gsheost) ;5
4ar (7-13)
Eo = 0 z < O
which can be reduced to
Ey=j Plote ™ 8[2cos (Bhcos 8)] 0
= jp——— sin cos cos z>
0= A (7-13a)
Ea = 0 z < 0

It is evident that the total electric field is equal to the product of the field of a single
source and a factor [within the brackets in (7-13a)] that is a function of the element
height & and the observation point 8. This product is referred to as the pattern
multiplication rule, and the factor is known as the array facror. More details can be
found in Chapter 6 of [2].

The shape and amplitude of the field is not only controlled by the single
element but also by the positioning of the element relative to the ground. To
examine the field variations as a function of the height 4, we have plotted the power
patterns for A = 2A and 5A in Figure 7-4. Because of symmetry, only half of each

gt g

OO
30° 30°

5 +10
]
ks,
m
Z

60° g 420 60°
g
)
=
k]
y ;?

30 :20___ 10
90° 2 77 7¥ 7 37777 90°
h=2A h=5A
120° 120°
150°
150°

180°
FIGURE 7-4 Elevation plane amplitude patterns of a vertical infinitesimal electric
dipole for heights of 2A and 5A above an infinite plane electric
conductor.
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pattern is shown. It is apparent that the total field pattern is altered appreciably by
the presence of the ground plane. The height of the element above the interface
plays a major role [3, 4]. More details concerning this system configuration can be
found in [2].

Horizontal Electric Dipole

Another system configuration is to have the linear antenna placed horizontally
relative to the infinite electric ground plane, as shown in Figure 7-5a. The analysis
procedure is identical to that of the vertical dipole. By introducing an image and
assuming far-field observations, as shown in Figure 7-5b, we can write that the
dominant terms of the direct component are given by [2]

rA Blofe_jﬁﬁ

E] = jp————siny (7-14)
47r
and the reflected terms by
e Bjofe‘jﬁrz
E; = jRy—— si
M JRm 4, sin Y
reA Blofe_jﬁ"z
E; = —jng— ——siny (7-15)
4ar,
since the reflection coefficient is equal to R, = —1.

To find the angle ¥, which is measured from the y axis toward the observation
point, we first form

A

cosy=4,+d4,=d, (4, sinfcos¢ + d,sinfsing + d,cos b))
cos ¢ = sinf sin ¢ (7-16)

from which we find

siny = 1 — cosy = y1 — sin? 8 sin® ¢ (7-16a)
Since for far-field observations

rp=r—hcosf

for phase variations (7-16b)

ry,=r+ hcosf
6,=6,=96 (7-16¢)
rp = r, =r for amplitude variations (7-16d)

we can write the total field, which is valid only above the ground plane (z > 0,
0<l0<n/2,0<¢<2m),as

Bl te P

.= E{+E] =jnT\/1 — sin*@sin’¢ [2jsin (Bhcos8)] (7-17)

Equation 7-17 again is recognized to consist of the product of the field of a single
isolated element placed at the origin and a factor (within the brackets) known as the
array factor. This again is the pattern multiplication rule.
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(a)

Z

(b)

FIGURE 7-5 Horizontal electric dipole above an infinite electric conductor (Source: C. A.
Balanis, Antenna Theory: Analysis and Design. Copyright © 1982, John Wiley &
Sons, Inc. Reprinted by permission of John Wiley & Sons, Inc.) (a) Horizontal
electric dipole. (b) Far-field observations.
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FIGURE 7-6 Elevation plane (¢ = 90°) amplitude patterns of a horizontal infinites-
imal dipole for heights of 2A and 5A above an infinite plane electric
conductor.

To examine the variations of the total field as a function of the element height
above the ground plane, in Figure 7-6 we have plotted two-dimensional elevation
plane patterns for ¢ = 90° (yz plane) when & = 2A and 5A. Again we see that the
height of the element above the interface plays a significant role in the radiation
pattern of the radiating system.

Problems that require multiple images, such as corner reflectors, are assigned
as exercises at the end of the chapter.

RECIPROCITY THEOREM

We are all well familiar with the reciprocity theorem, as applied to circuits, which
states that in any physical linear network, the positions of an ideal voltage source ( zero
internal impedance) and an ideal ammeter (infinite internal impedance) can be
interchanged without affecting their readings [5]. Now we want to discuss the
reciprocity theorem as it applies to electromagnetic theory [6]. This is done best by
using Maxwell’s equations. The reciprocity theorem has many applications; one of
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the most common relating the transmitting and receiving properties of radiating
systems [2].

Let us assume that within a linear, isotropic medium, which is not necessarily
homogeneous, there exist two sets of sources J;, M; and J,, M, that are allowed to
radiate simultaneously or individually inside the same medium at the same fre-
quency and produce fields E;, H, and E,, H,, respectively. For the fields to be valid,
they must satisfy Maxwell’s equations

V XE = -M, — jopH, (7-18a)
for sources J;, M;

V X H; =J, + jweE, (7-18b)

VXE,=-M, — jopH 7-1%a

: : *} for sources J,,M, ( :

V XH, =17, + jweE, (7-19b)

If we dot multiply of (7-18a) by H, and (7-19b) by E,, we can write that

H, -V XE =-H,-M, —jopH, - H, (7-20a)
E,-VXxH,=E; ), +jweE, - E, (7-20b)

Subtracting (7-20a) from (7-20b) reduces to

E,+VXH,-H,*V XE, =E, -J, + H,* M, + jweE, * E, + jopH, « H,
(7-21)

which by use of the vector identity
V-(AXB)=B+(VXA)-A+(V XB) (7-22)

can be written as

vV +(H,XxE,))=-V -(E, XxH,)

=E,-J,+ H, M, + jweE,; - E, + jopH, + H, (7-23)

In a similar manner, if we dot multiply of (7-18b) by E, and (7-19a) by H,, we
can write

E,VXH, =E,*J, +jweE, < E, (7-24a)
H+'VXE,=-H, ‘M, —jopH, - H, (7-24b)
Subtraction of (7-24b) from (7-24a) leads to

E,VXH -H,+VXE,=E,+J, + H, + M, + jweE, + E, + jopH, + H,
(7-25)

which by use of (7-22) can be written as

v '(Hl XEz) =~V '(E2XH1)
=E,-J,+H;*M, +jwE, - E, + jopH, - H, (7-26)
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Subtraction of (7-26) from (7-23) lead to

Y (E,XH,—E,xH) =E +J, +H,*M, - E,-J, - H; - M, | (7-27)

which is called the Lorentz reciprocity theorem in differential form [7].
By taking a volume integral of both sides of (7-27) and using the divergence
theorem on the left side, we can write (7-27) as

~p(E, x H, — E, x H,) - ds’
> (7-28)
=fffV(E1~J2+H2-M1—EZ-JI—HI-Mz)du’

which is known as the Lorentz reciprocity theorem in integral form.
For a source-free (J, = J, = M, = M, = 0) region, (7-27) and (7-28) reduce,
respectively, to

V- (E,xH,— E,xH)=0 (7-29)

#(El X H,— E,x H)-ds =0 (7-30)
S

Equations 7-29 and 7-30 are special cases of the Lorentz reciprocity theorem and
must be satisfied in source-free regions.

As an example of where (7-29) and (7-30) may be applied and what they
would represent, consider a section of a waveguide where two different modes exist
with fields E;, H, and E,, H,. For the expressions of the fields for the two modes to
be valid, they must satisfy (7-29) and /or (7-30).

Another useful form of (7-28) is to consider that the fields (E,,H,,E,,H,) and
the sources (J,, M, J,,M,) are within a medium that is enclosed by a sphere of
infinite radius. Assume that the sources are positioned within a finite region and
that the fields are observed in the far field (ideally at infinity). Then the left side of
(7-28) is equal to zero, or

#(E1 XH, - E, X H,)-ds =0 (7-31)
S
which reduces (7-28) to
fff(El-J2+H2-M1—E2-J1—Hl-Mz)dv’=0 (7-32)
Vv

Equation 7-32 can also be written as

fffV(E1 ‘), —H,*M,) dv = fffV(Ez 23, —H, M,)dv| (7-32a)

The reciprocity theorem, as expressed by (7-32a), is the most useful form.
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REACTION THEOREM

Close observation of (7-28) reveals that it does not, in general, represent relations of
power because no conjugates appear. The same is true for (7-30) and (7-32a). Each
of the integrals in (7-32a) can be interpreted as a coupling between a set of fields
and a set of sources, which produce another set of fields. This coupling has been
defined as reaction [8, 9] and each of the integrals in (7-32a) has been denoted by

(1,2) = f/fV(El 3, - H, -+ M,) &' (7-33a)

(2,1) = /ffV(E2 -J,—H,-M,) &' (7-33b)

The relation (1,2) relates the reaction (coupling) of the fields (E,, H,), which
are produced by sources J;,M,, to the sources (J,,M,), which produce fields
E,,H,; (2,1) relates the reaction (coupling) of the fields (E,,H,) to the sources
(J1,M,). A requirement for reciprocity to hold is that the reactions (couplings) of
the sources with their corresponding fields must be equal. In equation form

(1,2) =(2,1) (7-34)

The reaction theorem can also be expressed in terms of the voltages and
currents induced in one antenna by another [9]. In a general form it can be
written as

()= Vil ={J,iy = Vi, (7-34a)

where V) ., = voltage of source i( )

{
I, = current through source j due to source at ;

The reactions forms of (7-34) and (7-34a) are most convenient to calculate the
mutual impedance and admittance between aperture antennas.

Example 7.2. Derive an expression for the mutual admittance between two
aperture antennas. The expression should be in terms of the electric and
magnetic fields on the apertures and radiated by the apertures.

Solution. In a multiport network the Y-parameter matrix can be written as
(4] =[¥,][¥]

Assuming that the voltages at all ports other than port ; are zero, then we can
write that the current J, ,; at port i due to the voltage at port j can be written
as

.= Y, V.= Yl.,=

i 17 J

R ICN

Using (7-34a) we can write that

G

1
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This allows us to write the mutual admittance as

Iij_<i’j>
S 7 vV

rJ

which by using (7-33a) or (7-33b) can be expressed as

Y, = <’_]'> ff (E,-J - H,*M,) dv'

Since aperture antennas can be represented by magnetic equivalent
currents, then

J,=0
M. = -AXE,

J J

Using these and reducing the volume integral to surface integral over the
aperture of the antenna, we can write the mutual admittance as

1 1
I A AU ‘TV,-M;”[H,-°(—'? X E,)] ds’

Yij T/I?j j;u(ijHi)‘ndS

Il

where E; = electric field in aperture j with aperture i shorted

H, = magnetic field at shorted aperture / due to excitation of .aper-
ture J

Vijy = voltage amplitudes at each aperture in the absence of the other

VOLUME EQUIVALENCE THEOREM

Through use of the equivalent electric and magnetic current sources, the volume
equivalence theorem can be used to determine the scattered fields when a material
obstacle is introduced in a free-space environment where fields E,, H, were previ-
ously generated by sources J,, M, [7, 10].

To derive the volume equivalence theorem, let us assume that in the free-space
environment sources (J,, M,) generate fields (E,, H,). These sources and fields must
satisfy Maxwell’s equations

V XEq=-M, — jopH, (7-35a)
vV X H, =J, + jwgE, (7-35b)

When the same sources (J;, M) radiate in a medium represented by (e, p), they
generate fields (E, H) that satisfy Maxwell’s equations

V XE=-M, — jopH (7-36a)
VXH=J + jweE (7-36b)
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Subtraction of (7-35a) from (7-36a) and (7-35b) from (7-36b), allows us to
write that

V X (E - Eg) = —je(uH — pHy) (7-37a)
V X (H - H,) = jo(eE — ¢FE,) (7-37b)

Let us define the difference between the fields E and E,, and H and H, as the
scattered (disturbance) fields E* and H?, that is,

EE=E-E,»E,=E-E (7-38a)
H'=H-H,>H,=H-H’ (7-38b)

By using the definitions for the scattered fields of (7-38a) and (7-38b), we can write
(7-37a) and (7-37b) as

V X E' = —jo[pH = po(H = H*)] = ~jo(p ~ po)H — jopH* (7-392)
V X H° = ju[eE — &(E — E*)] = jw(e — £)E + jweE’ (7-39b)

By defining volume equivalent electric J, ¢ and magnetic M, current densities

J., =jw(e — &)E (7-40a)

Meq =‘]w(l"‘ - AU‘O)H (7-40b)

which exist only in the region where & # £, and p + p, (only in the material itself),
we can express (7-39a) and (7-39b) as

V XE'= -M,, — jou H’ (7-41a)

V XH =], + jweE’ (7-41b)

Equations 7-41a and 7-41b state that the electric E* and magnetic H® fields
scattered by a material obstacle can be generated by using equivalent electric Jey
(A/m?) and magnetic M, (V/m) volume current densities that are given by
(7-40a) and (7-40b), that eXJSt only within the mater.al, and that radiate in a
free-space environment. Although, in principle, the formulation of the problem
seems to have been simplified, it is still very difficult to solve because the equivalent
current densities are in terms of E and H which are unknown. However, the
formulation does provide some physical interpretation of scattering and lends itself
to development of integral equations for the solution of E° and H*® which are
discussed in Chapter 12. The volume equivalent current densities are most useful for
finding the fields scattered by dielectric obstacles. The fields scattered by perfectly
conducting surfaces can best be determined using surface equivalent densities,
especially those discussed in Sections 7.9 and 7.10. The surface equivalence theorem
that follows is best utilized for analysis of antenna aperture radiation.
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SURFACE EQUIVALENCE THEOREM: HUYGENS’S PRINCIPLE

The surface equivalence theorem is a principle by which actual sources, such as an
antenna and transmitter, are replaced by equivalent sources. The fictitious sources
are said to be equivalent within a region because they produce within that region the
same fields as the actual sources. The formulations of scattering and diffraction
problems by the surface equivalence theorem are more suggestive of approxima-
tions.

The surface equivalence was introduced in 1936 by Schelkunoff [11], and it is a
more rigorous formulation of Huygens’s principle [12], which states [13] that “each
point on a primary wavefront can be considered to be a new source of a secondary
spherical wave and that a secondary wavefront can be constructed as the envelope
of these secondary spherical waves.” The surface equivalence theorem is based on
the uniqueness theorem of Section 7.3, which states [1] that “a field in a lossy region
is uniquely specified by the sources within the region plus the tangential components
of the electric field over the boundary, or the tangential components of the magnetic
field over the boundary, or the former over part of the boundary and the latter over
the rest of the boundary.” The fields in a lossless medium are considered to be the
limit, as the losses go to zero, of the corresponding fields in a lossy medium. Thus if
the tangential electric and magnetic fields are completely known over a closed
surface, the fields in the source-free region can be determined.

By the surface equivalence theorem, the fields outside an imaginary closed
surface are obtained by placing, over the closed surface, suitable electric and
magnetic current densities that satisfy the boundary conditions. The current densi-
ties are selected so that the fields inside the closed surface are zero and outside are
equal to the radiation produced by the actual sources. Thus the technique can be
used to obtain the fields radiated outside a closed surface by sources enclosed within
it. The formulation is exact but requires integration over the closed surface. The
degree of accuracy depends on the knowledge of the tangential components of the
fields over the closed surface.

In the majority of applications, the closed surface is selected so that most of it
coincides with the conducting parts of the physical structure. This is preferred
because the tangential electric field components vanish over the conducting parts of
the surface, which results in reduction of the physical limits of integration.

The surface equivalence theorem is developed by considering an actual radiat-
ing source, which is represented electrically by current densities J; and M;, as
shown in Figure 7-7a. The source radiates fields E, and H, everywhere. However,
we wish to develop a method that will yield the fields outside a closed surface. To
accomplish this, a closed surface S is chosen, shown dashed in Figure 7-7a, which
encloses the current densities J; and M;. The volume within S is denoted by V¥, and
outside S by V,. The primary task is to replace the original problem, shown in
Figure 7-7a, with an equivalent that will yield the same fields E; and H; outside S
(within V). The formulation of the problem can be aided immensely if the closed
surface is chosen judiciously so that fields over most, if not the entire surface, are
known a priori.

An equivalent problem to Figure 7-7a is shown in Figure 7-7b. The original
sources J; and M, are removed, and we assume that there exist fields E, H inside S
and fields E, H, outside S. For these fields to exist within and outside S, they must
satisfy the boundary conditions on the tangential electric and magnetic field
components of Table 1-5. Thus on the imaginary surface S there must exist the
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FIGURE 7-7 (a) Actual and (b) equivalent problem models (Source: C. A. Balanis,
Antenna Theory: Analysis and Design. Copyright © 1982, John Wiley &
Sons, Inc. Reprinted with permission of John Wiley & Sons, Inc.)

equivalent sources
J,=Ax (H, - H) (7-42a)
M,= -4 X (E, —E) (7-42b)

which radiate into an unbounded space (same medium everywhere). The current
densities of (7-42a) and (7-42b) are said to be equivalent only within V,, because
they will produce the original field (E;, H,) only outside S. A field E, H, different
from the original (E,, H,) will result within V;. Since the currents of (7-42a) and
(7-42b) radiate in an unbounded space, the fields can be determined using (6-30)
through (6-35a) and the geometry of Figure 6-3a. In Figure 6-3a, R is the distance
from any point on the surface S, where J, and M, exist, to the observation point.

So far, the tangential components of both E and H have been used to set up
the equivalent problem. From electromagnetic uniqueness concepts, we know that
the tangential components of only E or H are needed to determine the field. It will
be demonstrated that equivalent problems that require only magnetic currents
(tangential E) or only electric currents (tangential H) can be found. This will require
modifications to the equivalent problem of Figure 7-7b.

Since the fields E, H within S, which is not the region of interest, can be
anything, it can be assumed that they are zero. Then the equivalent problem of
Figure 7-7b reduces to that of Figure 7-8a with equivalent current densities equal to

J,=A X (H, — H)|,_, = 4 X H, (7-43a)
M,=-AX(E —E)|g_,= -AXE, (7-43b)

This form of the field equivalence principle is known as Love’s equivalence principle
[7, 14]. Since the current densities of (7-43a) and (7-43b) radiate in an unbounded
medium, that is, have the same p,, ¢ everywhere, they can be used in conjunction
with (6-30) through (6-35a) to find the fields everywhere.

Love’s equivalence principle in Figure 7-8a produces a null field within the
imaginary surface §. Since the value of the E = H = 0 within S cannot be disturbed
if the properties of the medium within it are changed, let us assume that it is
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FIGURE 7-8 Equivalence principle models. (Source: C. A. Balanis, Antenna
Theory: Analysis and Design. Copyright © 1982, John Wiley & Sons,
Inc. Reprinted with permission of John Wiley & Sons, Inc.) (a) Love’s
equivalent. (b) Electric conductor equivalent. (¢) Magnetic conductor
equivalent.

replaced by a perfect electric conductor (6 = o0). The introduction of the perfect
conductor will have an effect on the equivalent source J, and it will prohibit the use
of (6-30) through (6-35a) because the current densities no longer radiate into an
unbounded medium. Imagine that the geometrical configuration of the electric
conductor is identical to the profile of the imaginary surface S, over which J, and
M exist. As the electric conductor takes its place, as shown in Figure 7-8b, the
electric current density J,, which is tangent to the surface S, is short-circuited by the
electric conductor. Thus the equivalent problem of Figure 7-8a reduces to that of
Figure 7-8b. Only a magnetic current density M exists over S, and it radiates in the
presence of the electric conductor producing the original fields E;, H; outside S.
Within S the fields are zero but, as before, this is not a region of interest. The
difficulty in trying to use the equivalent problem of Figure 7-8b6 is that (6-30)
through (6-35a) cannot be used, because the current densities do not radiate into an
unbounded medium. The problem of a magnetic current radiating in the presence of
an electric conducting surface must be solved. Therefore it seems that the equivalent
problem is just as difficult as the original problem.
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FIGURE 7-9 Equivalent models for magnetic source radiation near a perfect
electric conductor. (Source: C. A. Balanis, Antenna Theory: Analysis
and Design. Copyright © 1982, John Wiley & Sons, Inc. Reprinted
with permission of John Wiley & Sons, Inc.)

Before some special simple geometries are considered and some suggestions
are made for approximating complex geometries, let us introduce another equivalent
problem. Refer to Figure 7-8a and assume that instead of piacing a perfect electric
conductor within S, we introduce a perfect magnetic conductor that will short out
the magnetic current and reduce the equivalent problem to that shown in Figure
7-8¢. Coincident with the equivalent problem of Figure 7-85, (6-30) through (6-35a)
cannot be used with Figure 7-8¢, and the problem is just as difficult as that of
Figure 7-8b or the original Figure 7-7a.

To initiate awareness of the utility of the field equivalence principle, especially
that of Figure 7-8b, let us assume that the surface of the electric conductor is flat
and extends to infinity as shown in Figure 7-9a. For this geometry, the problem is to
determine how a magnetic source radiates in the presence of a flat electric conduc-
tor. From image theory, this problem reduces to that of Figure 7-9b, where an
imaginary source is introduced on the side of the conductor and takes its place
(removes the conductor). Since the imaginary source is in the same direction as the
equivalent source, the equivalent problem of Figure 7-9b reduces to that of Figure
7-9¢. The magnetic current is doubled, it radiates in an unbounded medium, and
(6-30) through (6-35a) can be used. The equivalent problem of Figure 7-9¢ will yield
the correct E, H fields to the right side of the interface. If the surface of the obstacle
is not flat and infinite, but its curvature is large compared to the wavelength, a good
approximation will be the equivalent problem of Figure 7-9c.

SUMMARY

In the analysis of electromagnetic problems, many times it is easier to form
equivalent problems that will yield the same solution within a region of interest.
This is true for scattering, diffraction, and aperture antenna problems. In this
section, the main emphasis is on aperture antennas, and concepts will be demon-
strated by examples.
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The following steps must be used to form an equivalent and solve an aperture
problem.

1. Select an imaginary surface that encloses the actual sources (the aperture). The
surface must be chosen judiciously so that the tangential components of the
electric and /or the magnetic field are known, exactly or approximately, over its
entire span. In many cases this surface is a flat plane extending to infinity.

2. Over the imaginary surface form equivalent current densities J;, M| that take one
of the following forms.

a. J, and M, over S assuming that the E and H fields within § are not zero.

b. J, and M, over S assuming that the E and H fields within S are zero (Love’s

theorem).

c. M, over S (J, = 0) assuming that within S the medium is a perfect electric
conductor.

d. J, over S (M, = 0) assuming that within S the medium is a perfect magnetic
conductor

3. Solve the equivalent problem. For forms a and b, equations 6-30 through 6-35a
can be used. For form ¢, the problem of a magnetic current source next to a
perfect electric conductor must be solved [(6-30) through (6-35a) cannot be used
directly, because the current density does not radiate into an unbounded medium].
If the electric conductor is an infinite flat plane, the problem can be solved
exactly by image theory. For form d, the problem of an electric current source
next to a perfect magnetic conductor must be solved. Again (6-30) through
(6-35a) cannot be used directly. If the magnetic conductor is an infinite flat
plane, the problem can be solved exactly by image theory.

To demonstrate the usefulness and application of the field equivalence theo-
rem to aperture antenna theory, we consider the following example.

Example 7-3. A waveguide aperture is mounted on an infinite ground plane,
as shown in Figure 7-10a. Assume that the tangential components of the
electric field over the aperture are known and are given by E,. Then find an
equivalent problem that will yield the same fields E,H radiated by the
aperture to the right side of the interface.

Solution. First an imaginary closed surface is chosen. For this problem it is
appropriate to select a flat plane extending from — o0 to + 00 as shown in
Figure 7-10b. Over the infinite plane, the equivalent current densities J;, and
M, are formed. Since the tangential components of E do not exist outside the
aperture, because of vanishing boundary conditions, the magnetic current
density M is only nonzero over the aperture. The electric current density J, is
nonzero everywhere and is yet unknown. Now let us assume that an imaginary
flat electric conductor approaches the surface S and it shorts out the current
density J, everywhere. M | exists only over the space occupied originally by the
aperture, and it radiates in the presence of the conductor (see Figure 7-10c¢).
By image theory, the conductor can be removed and replaced by an imaginary
(equivalent) source M, as shown in Figure 7-10d, which is analogous to
Figure 7-9b. Finally, the equivalent problem of Figure 7-10d reduces to that of
Figure 7-10e, which is analogous to that of Figure 7-9¢. The original problem
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FIGURE 7-10 Equivalent models for a waveguide aperture mounted on an infinite flat electric ground

7.9

plane. (Source: C. A. Balanis, Antenna Theory: Analysis and Design. Copyright © 1982, John
Wiley & Sons, Inc. Reprinted with permission of John Wiley & Sons, Inc.)

has been reduced to a very simple equivalent, and (6-30) through (6-35a) can
be utilized for its solution. For far-field observations, the radiation integrals of
Section 6.8.2 can be used instead.

INDUCTION THEOREM (INDUCTION EQUIVALENT)

Let us now consider a theorem that is closely related to the surface equivalence
theorem. It is, however, used more for scattering than for aperture radiation.
Equivalent electric and magnetic current densities are introduced to replace physical
obstacles. Figure 7-11a shows sources J; and M; in an unbounded medium with
constitutive parameters p, and g and radiating fields E; and H, everywhere,
including the region V] enclosed by the imaginary surface S,.

Now let us assume that the space within the imaginary surface S; is being
replaced by another medium with constitutive parameters p,, &,, which are different
from those of the medium outside S,, as shown in Figure 7-11b. The same sources J;
and M,, embedded in the original medium (g, &) outside S}, are now allowed to
radiate in the presence of the obstacle that is occupying region V). The total field
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FIGURE 7-11 Field geometry for the induction theorem (equivalent).

outside region V;, produced by the sources J, and M, is E and H and inside V] is
E’ and H".

The total field outside ¥; is equal to the original field in the absence of the
obstacle (E, and H)) plus a perturbation field (E‘, H®), usually referred to as
scattered field, introduced by the obstacle.

In equation form, we can write

E=E, + E° (7-44a)
H=H, + H* (7-44b)
where E,H = total electric and magnetic fields in the presence of the obstacle
E,,H, = total electric and magnetic fields in the absence of the obstacle
E*,H® = scattered (perturbed) electric and magnetic fields owing to the obsta-

cle

It is assumed here that the original fields E, and H,, in the absence of the obstacle,
can be found everywhere. Here we intend to compute E, H outside V; and E‘, H'
inside V. It should be pointed out, however, that total E, H can be found if we can
determine E°, H* which when added to E;, H, will give E, H [through (7-44a) and
(7-44b)].
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Let us now formulate an equivalent problem that will allow us to determine
E’, H” outside V; and E’,H' inside V. Figure 7-11c shows the obstacle occupying
region V; with fields E°,H* and E',H' outside and inside ¥}, respectively. To
support such fields and satisfy the boundary conditions of Table 1-5, we must
introduce equivalent current densities J;, M, on the boundary such that

J,=A X (H® - H) (7-45a)
M,= -4 X (E°— E) (7-45b)

1]
Remember that E°, H* are solutions to Maxwell’s equations outside ¥, and E’, H'
are solutions within V,. Therefore we retain the corresponding media outside and
inside V.
From Figure 7-11b we also know that the tangential components of E and H
must be continuous across the boundary, that is,

Ellin + E'lian = E'pan = A X (E; + E*) = /A X Ef (7-46a)
Hy| g + H'| = H'lpy = A X (H, + H* ) = 7 X H (7-46b)

which can also be written as

E'lan = Elan = ~Ejlun = AX (B - E) = —AXE, (7-47a)
Wl ~Hyn = ~Hi@u=AX (H' = H') = —AXH, (7-47b)

Substitution of (7-47a) into (7-45b) and (7-47b) into (7-45a), allows us to write the
equivalent currents as

J=-AxXH, (7-48a)

1

M,=AXE 7-48b
i 1

Now it is quite clear that the equivalent sources of Figure 7-11c have been written,
as shown in (7-48a) and (7-48b), in terms of the tangential components (—4 X H;,
A X E,) of the known fields E, and H, over the surface occupied by the obstacle.

The equivalent problem of Figure 7-11c¢ is then further reduced to the
equivalent problem shown in Figure 7-114. In words, the equivalent problem of
Figure 7-114 states that the scattered fields E°, H* outside V; and the transmitted
fields Ef, H' inside ¥, can be computed by placing, along the boundary of the
obstacle, equivalent current densities given by (7-48a) and (7-48b) that radiate in the
presence of the obstacle that is occupying region V| and that outside V| have the
original medium (p., & ). The equivalent problem of Figure 7-11d is now no simpler
to solve than the original problem because we cannot use (6-30) through (6-35a)
which assume that we have the same medium everywhere. However, even though the
equivalent problem of Figure 7-114 is just as difficult to solve exactly as that of
Figure 7-11b, it does suggest approximate solutions as will be shown later. We call
the problem of Figure 7-11d an induction equivalent [1].

Let us now assume that the obstacle occupying region V] is a perfect electric
conductor (PEC) with 0 = 0. Again we have the medium with parameters p,, ¢,
outside V, and the sources J;,M; radiating in the presence of the conductor
(obstacle) as shown in Figure 7-12a. We now need to determine the scattered fields
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(c)
FIGURE 7-12 Induction equivalents for perfect electric conductor (PEC) scattering.

E* and H® which, when added to E, and H,, will allow us to determine the total
fields E and H.

To compute E° and H* outside ¥} and E‘ = H' = 0 inside ¥}, we form the
equivalent problem of Figure 7-12b, analogous to that of Figure 7-11d with
equivalent sources J, = —#A X H, and M, = /i X E, over the boundary. The equiva-
lent problem of Figure 7-12b states that the perturbed fields E* and H* scattered by
the perfect conductor of Figure 7-12a can be computed by placing equivalent
current densities J; and M, given by

J=-AxH, (7-49a)

M,=AXE, (7-49b)

along the boundary of the conductor and radiating in its presence. However, since
an electric current element placed near a perfect electric conductor does not radiate
(is shorted by the conductor), then the contributions to E* and H* that are due to J,
are zero and the equivalent problem of Figure 7-12b reduces to that of Figure 7-12¢.
The shorting out of J; by the perfect electric conductor can be proved in general by
the reciprocity theorem. The problem of Figure 7-12¢ is an induction equivalent for
a perfect electric conductor scatterer.

When the surface S, is of complex geometry, the exact solution to the
equivalent problem of Figure 7-12¢ is no easier to compute than the original one
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FIGURE 7-13 Induction equivalent for scattering by flat con-
ducting surface of infinite extent.

shown in Figure 7-12a. However, if the obstacle is an infinite, flat, perfect electric
conductor (infinite ground plane), then the equivalent problem for computing the
scattered fields is that shown in Figure 7-13a4. The exact solution to the equivalent
problem of Figure 7-13a can be obtained by image theory, which allows us to
reduce the equivalent problem of Figure 7-13a to that of Figure 7-13b. The
equivalent problem of Figure 7-13b permits the solution for the scattered field
E°,H’ reflected by the perfect electric conductor. The fields radiated by the
equivalent source of Figure 7-13b can be obtained by using (6-30) through (6-35a)
since we have one medium (u,, & everywhere). The fields obtained by using the
equivalent problem of Figure 7-13b will give the correct answers for the scattered
field only for the region to the left of the boundary S,.

PHYSICAL EQUIVALENT AND PHYSICAL OPTICS EQUIVALENT

The problem of Figure 7-124, scattering of E and H by a perfect electric conducting
obstacle (PEC), is of much practical concern and will also be formulated by an
alternate method known as physical equivalent [1]. The solutions of the physical
equivalent will be compared with those of the induction theorem (induction equiva-
lent) that was discussed in the previous section.

Let us again postulate the problem of Figure 7-12a. In the absence of the
obstacle, the fields produced by J; and M, are E; and H;, which we assume can be
calculated. In the presence of the obstacle (perfect conductor in this case), the fields
outside the obstacle are E and H and inside the obstacle are equal to zero. The fields
E and H are related to E, and H, by

E=E, +E (7-50a)

H=H, +H° (7-50b)
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(a) {b)

FIGURE 7-14 Physical equivalent for scattering by a perfect electric conductor (PEC). (a)
Actual problem. (b) Physical equivalent.

The original problem is again shown in Figure 7-14a. Over the boundary S, of the
conductor, the total tangential components of the E field are equal to zero and the
total tangential components of the H field are equal to the induced current density
J,. In equation form, we have over §,,

M,= -AX(E-E)= -AxE=—ix (E +E)=0 (7-51a)
or
-AXE =AXE’ (7-51b)
and
J,=Ax(H-H)=AxH=#x(H +H) (7-52a)
or
J,=AXH +ixXH (7-52b)

Therefore, the equivalent to the problem of Figure 7-14a, computation of E°® and
H? outside of S, is that of Figure 7-14b. Remember that E\,H, and E°,H’ are
solutions to Maxwell’s equations outside V), so in the equivalent problems we retain the
same medium p,, &, inside and outside V). The equivalent of Figure 7-145 will give
ES, H outside of S; and —E,, —H, inside of S, because

J,=AxH=ix(H+H,)=4x[H - (-H)] (7-53a)
M,= -AXE=-iAx (E+E)=-Ax[E~(-E)] =0 (7-53b)

We call the problem of Figure 7-14b the physical equivalent. It can be solved by
using (6-30) through (6-35a) since we assume that J, radiates in one medium (p,, &
everywhere). To form J, on S; we must know the tangential components of H on S,
which are unknown. So the equivalent problem of Figure 7-14b has not aided us in
solving the problem of Figure 7-14a. The exact solution of the problem of Figure

7-14b is just as difficult as that of Figure 7-14a. However, as will be discussed later,
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the formulation of Figure 7-14b is more suggestive when it comes time to make
approximations.

The physical equivalent of Figure 7-14b is used in Sections 12.3.1 and 12.3.2
to develop electric and magnetic field integral equations designated, respectively, as
EFIE and MFIE. These integral equations are then solved for the unknown current
density J, by representing it with a series of finite terms of known functions
(referred to as basis functions) but with unknown amplitude coefficients. This then
allows the reduction of the integral equation to a number of algebraic equations that
are usually solved by use of either matrix or iterative techniques. To date, the most
popular numerical technique in applied electromagnetics for solving these integral
equations is the moment method [15] which is discussed in Sections 12.2.4 through
12.2.8. In particular, in Section 12.3.1 the scattered electric field E is written in
terms of J,. When the observations are restricted to the surface of the electric
conducting target, the tangential components of E* are related to the negative of the
tangential components of E,, as represented by (7-51b). This allows the develop-
ment of the electric field integral equation (EFIE) for the unknown current density
J, in terms of the known tangential components of the electric field E;, as
represented by (12-54). In Section 12.3.2 the equivalent of Figure 7-14b, and in
particular the relation of (7-52a) or (7-53a), is used to write an expression for the
scattered magnetic field H* in terms of the tangential components of the magnetic
field H,. This allows the development of the magnetic field integral equation
(MFIE) for the unknown current density J,, as represented by (12-59a).

If the conducting obstacle of Figure 7-14a is an infinite, flat, perfect electric
conductor (infinite ground plane), then the physical equivalent problem of Figure
7-14b is that of Figure 7-15 where the electric current J, is equal to

J,=AXH=#x(H, +H)=24xH, (7-54)
since the tangential components of the scattered H* field (H®|,,,) are in phase and
equal in amplitude to the tangential components of the H, field (H,|,,). The
equivalent of Figure 7-15 is also referred to as the physical optics [16].

We have until now discussed two different methods, induction equivalent and
physical equivalent, for the solution of the same problem, that is, the determination

Sy
|
|

EL K] | €1 M)

]
=27 XH,
ES, H*
Y
M,=0
Py .
no| FIGURE 7-15 Physical equivalent of a flat conducting surface of

[ infinite extent.
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of the field scattered by a perfect electric conductor. The induction equivalent is
shown in Figure 7-12¢ and the physical equivalent in Figure 7-14b. The question
now is whether both give the same result. The answer to this is yes. However, it
must be pointed out that when the geometry of the obstacle is complex, neither of
the equivalents is easy to use to obtain convenient results. The next question may
then be: Why bother introducing the equivalents if they are not easy to apply?
There is a two-part answer to this. The first part of the answer is that when the
obstacle is an infinite, flat, perfect conductor, the solution to each equivalent is easy
to formulate by using “image theory,” shown in Figure 7-13a¢ and b for the
induction equivalent and in Figure 7-15 for the physical equivalent. The second part
of the answer is that the induction and physical equivalent modelings suggest more
appropriate approximations or simplifications that can be made when we attempt to
solve a problem whose exact solution is not easily obtainable.

The last equation then may be stated as follows: “ When making approximations
or simplifications to solve an otherwise intractable problem, do both of the equiva-
lents lead to identical approximate results or is one superior to the other? The
answer is that the induction equivalent and the physical equivalent do not, in
general, lead to identical results when simplifications or approximations are made to
a given problem. For some special approximations, to be discussed later, they give
identical results only when the source and the observer are at the same location
(backscattering). However, for any general approximation, they do not yield identical
results even for backscattering. One should then use the method that results in the best
approximation for the allowable degree of complexity.

In an attempt to make use of the equivalents of Figure 7-12¢ and 7-14b 1o
solve a scattering problem, difficulties are encountered. Here we will summarize
these difficulties, and in the next section we will discuss appropriate simplifications
that allow us to obtain approximate solutions. The induction equivalent of Figure
7-12c¢ is represented by a known current (M; = /i X E;) that is placed on the surface
of the obstacle and that radiates in its presence. Because the medium within and
outside the obstacle is not the same, we cannot use (6-30) through (6-35a) to solve
for the scattered fields. We must solve a new boundary-value problem, which may
be as difficult as the original problem, even though we know the currents on the
surface of the obstacle. In other words, we must derive new formulas that will allow
us to compute the scattered fields. The physical equivalent of Figure 7-14b is
represented by an unknown current density (J, = A X H) that is placed on the
imaginary surface S; which represents the geometry of the obstacle. In this case,
however, we can use (6-30) through (6-35a) to solve for the scattered fields because
we have the same medium within and outside S,. The difficulty here is that we do
not know the current density on the surface of the obstacle, which in most cases is
Just as difficult to find as the solution of the original problem, because it requires
knowledge of the total H field which is the answer to the original problem.

INDUCTION AND PHYSICAL EQUIVALENT APPROXIMATIONS

Let us now concentrate on suggesting appropriate simplifications to be made in the
induction and physical equivalent formulations so that we obtain approximate
solutions when exact solutions are not feasible. In many cases the approximate
solutions will lead to results that are well within measuring accuracies of laboratory
experiments.
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In the induction equivalent form the difficulty in obtaining a solution arises
from the lack of equations that can be used with the known current density. The
crudest approximation to the problem is the assumption that the obstacle is large
electrically and so we can use image theory to solve the problem. This assumes that
locally on the surface of the obstacle each point and its immediate neighbors form a
flat surface. The best results with this simplification will be for scatterers whose
electrical dimensions are large in comparison to the wavelength. Thus the induction
equivalent of Figure 7-12¢ can be approximated by that in Figure 7-16. Now (6-30)
through (6-35a) can be used to compute the scattered fields because we have the
same medium inside and outside S;.

In many cases, even this approximation may not be anienable to a closed form
solution because of the inability to integrate over the entire closed surface. To
simplify this even further, we may restrict our integration over only part of the
surface where the current density is more intense and will provide the major
contributions to the scattered field. This surface is usually the part that is “ visible”
by the transmitter (sources J; and M,).

In the physical equivalent, the difficulty in solving the problem arises because
we do not know the current density J, (J, = /i X H) that must be placed along the
surface S, (see Figure 7-14b). Once we decide on an approximation for the current
density, the solution can be carried out because we can use (6-30) through (6-35a).
The crudest approximation for this problem is the assumption that the total
tangential H field on the surface of the conductor of Figure 7-14a is equal to twice
that of the tangential H,. Thus the current density to be placed on the surface of the

S
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\\ / FIGURE 7-17 Approximate physical equivalent for
N 24 scattering from a perfect electric conductor

N~ (PEC).
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physical equivalent of Figure 7-14b is

J, =24 x H (7-55)

which is a good approximation provided that the scatterer is large electrically (in the
limit infinite, flat, perfect conductor). We can then approximate the physical
equivalent of Figure 7-14b by that of Figure 7-17. This is usually referred to as the
physical optics approximation [16], because it is similar to the formulation of the
infinite, flat, ground plane. Thus physical optics approximate only the boundary
conditions that concern only the fields on the closed surface S,. If a closed form
solution still cannot be obtained because of the inability to integrate over the entire
surface, then integration over a part of the scattering surface may be sufficient, as
was discussed for the induction equivalent.

It should be pointed out that making the aforementioned crude approximations
(image theory for the induction equivalent and physical optics for the physical equiva-
lent), the two methods lead to identical results only for backscattering. Any further
simplifications may lead to solutions that may not be identical even for backscatter-
ing. This is discussed in more detail in [17]. The theory can be extended to include
imperfect conductors and dielectrics but the formulations become quite complex
even when approximations are made.

The best way to illustrate the two different methods, when approximations are
made, is to solve the same problem using both methods and compare the results.

Example 7-4. A parallel polarized uniform plane wave on the xy plane, in a
free-space medium, is obliquely incident upon a rectangular, flat, perfectly
conducting (o = o0) plate, as shown in Figure 7-18a. The dimensions of the
plate and a in the y direction and b in the z direction.

Find the electric and magnetic fields scattered by the flat plate, assuming
that observations are made in the far zone. Solve the problem by using the
induction equivalent and physical equivalent. Make appropriate simplifications,
and compare the results.

Solution.

Induction Equivaleni: The simplification to be made in the use of induction
equivalent modeling is to assume that the dominant part of the magnetic
current M, resides only in the front face of the plate and that image theory
holds for a finite plate. With these approximations, we reduce the equivalent to
that of Figure 7-18b where the magnetic current exists only over the area
occupied by the plate. Thus we can write the E and H fields as

H = 5ZHOe+jB(xCOS¢.-+y siné;)
E' = nOHO[dX sing, — d, cos q),-] g tiB(xcos b +ysing,)
and the magnetic current density as
M, =24 X Ef|,_, = —d,2n,H,cos ¢,e*/Arsin®:
or

M. =M =0 M, = —2n,cos petPysine

x y z
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FIGURE 7-18 Plane wave scattering from a flat rectangular conducting plate. (a) Actual problem.
(b) Induction equivalent. (¢) Physical equivalent.

The scattered electric and magnetic fields, in the far zone, can be written
according to (6-122a) through (6-122f), (6-125a) through (6-125d), (6-127a),
and (6-128a) as

ES=0
e Br
Ej=+j L
¢ J agr ¢
where
L0 = +a/2 f+b/2 - M Sin0e+j,8(y’sin9:sin¢x+z’cosas) dz’ dyl
a2 Y b2 ‘ g

Y

Ly = 2abnyH,cos ¢, sin 03( Z

Ba
Y = T(Sin 6, sin¢, + sing,)

b
Z= %COSHS
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In summary then

Ej=0
abfnyHye " . sinY'\[sinZ
E;=j Sy cos¢i51n03( " )( ~
ES
Hy=——*
Mo
ES
Hi=—"=0
Mo

For backscattering observations (8, = 7/2, ¢, = ¢,), the fields reduce to

E§=0
, _abBmyHye F" sin ( Ba sin ¢,)
Ee=J 2ar {co i[ Ba sin ¢, }}
- -2
Mo
Hy=0

Physical Equivalent: The simplifications for the physical equivalent will be
similar to those for the induction equivalent. That is, we will assume that the
major contributing current density J, resides in the front face of the plate for
which the physical equivalent reduces to that of Figure 7-18c. Thus we can
write the current density as

J, =28 X Hi|,_o= —d 2HetPsne

and the scattered E and H fields, according to (6-122a) through (6-122f),
(6-125a) through (6-125d), (6-127a), and (6-128a), as

Bnoe—ﬂ?r
Ej = —j—N,
o J 4ar 8
poo B
¢ dar ¢

where

a/2 [b/2 . Ao : ,
N0 — f JyCOS 05 sin ¢se+jﬁ(y sinf, sin¢,+z’ cos §,) dz’ dyl

—a/2 —b/2
_ sin(Y) |[sin(Z)
Ny = —2abH cos 0, sin ¢,
Y Z
a/2 b/2 B sing s ,
N, = J cos Se+_1/3(y sinf sing +z'cos6) dz' dv'
¢ ‘[—a/Z‘[—b/2 yO0S @ Y
sin(Y) ][ sin(Z)
N, = —2abHy{ cos ¢, Y =
Ba .
Y= —2—-(sm 6, sin ¢, + sin¢,)
b
Z = 'B— cos 8,

2
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In summary then

. abBmoHe . sin(Y) | sin(Z)
e cos 6, sin ¢, ¥ =
£ _abfn,Hye " sin(Y) | sin(Z)
A T e I z
ES
Hy= -2
Mo
E_Y
Hy=—"
Mo

For backscattering observations (6, = /2, ¢, = ¢,), the fields reduce to

Ej=0
_abfing Hye A" sin ( Ba sin ¢,)
o =) L, {COS¢
2ar Ba sin ¢,
ES
Hy= -2
Mo
Hi=0

It is quite clear that the solutions of the two different methods do not
lead to identical results except for backscatter observations. It seems that the
physical equivalent solution gives the best results for general observations
because it requires the least simplification in the formulation.
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PROBLEMS

7.1. For the infinitesimal vertical electric dipole whose far-zone electric field is given by
(7-13a):
(a) Find the corresponding magnetic field.
(b) Determine the corresponding time-average power density.
(c) Show that the radiated power, obtained by integrating the power density of part
b over a sphere of radius r, can be written as
10{’2[1 cos (2Bh)  sin (28h)
+

A3 @By (2Bh)’*

Prad =77

7.2. For Problem 7.1 show the following.
(a) The radiation intensity U defined as U = r7S,,, where S,, is the time-average
power density, can be written as

Iyt

21 A

(b) The directivity D, of the element, defined as
47U,

max

2
sin § cos® ( Bh cos 8)

y = ————
Prad

where U, is the maximum radiation intensity, can be written as

. 2

© F(Bh)

|1 cos (2Br)  sin(2Bh)
FBD =13~ “ammy * @mﬁ]

(¢) The radiation resistance, defined as
2P rad

= 2
ey

R

can be expressed as

R

where F(Bh) is that given in part b.
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7.3. Using the electric field of (7-13a), for a fixed r plot the normalized radiation pattern
(in dB) versus the angle # when the height 4 of the element above the ground is
h=0,A/8, A/4,3\/8, \/2, and A.

7.4. A quarter-wavelength (£ = A/4) wire radiator is placed vertically above an infinite
electric ground plane and it is fed at its base, as shown in Figure P7-4. This is
usually referred to as A/4 monopole. Assume that the current on the wire is
represented by

¢
I=dzlosin{,8(5—z/)] 0<z <42

where z’ is any point on the monopole and show, using image theory, (6-97a),
(6-112a) and (6-112b), and the formulations of Section 6.7, that the far-zone electric
and magnetic fields radiated by the element above the ground plane are given by

E,~E,~H =Hy=0

T
I I | €08 (5 cos 0)

E, =7
6 =J0 2ar sin
E
Hy= =2
n

These expressions are identical to those of Problem 6.21.

(=14

FIGURE P7-4

7.5. A very small (¢ < A) linear radiating current element is placed between two infinite
plates forming a 90° corner reflector. Assume that the length of the element is
placed parallel to the plates of the corner reflector.

FIGURE P7-5
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(a) Determine the number of images, their polarizations, and their positions that are
necessary to account for all the reflections from the plates of the reflector and to
find the radiated fields within the internal space of the reflector.

(b) Show that the total far-zone radiated fields within the internal region of the
reflector can be written as

Ej = EgF(Bs)

EO_ i Blote™™ . 0° < 0 < 180°
8 =N s 315° < ¢ < 45°

F(Bs) = 2[cos (Bs sin cos ¢) — cos ( Bs sinf sin )]

where 8 is measured from the z axis toward the observation point. Ej is the
far-zone field radiated by a very small (£ << A) linear element radiating in an
unbounded medium (see Example 6-3) and F(Bs) is referred to as the array
factor representing the array of elements that includes the actual radiating
element and its associated images.

7.6. For Problem 7.5 plot the magnitude of F(Bs) as a function of s (0 < s < 10A)
when 8 = 90° and ¢ = 0°. What is the maximum value of | F(Bs)|? Is the function
periodic? If so, what is the period?

7.7. For Problem 7.5 plot the normalized value of the magnitude of F(Bs) (in dB) as a
function of ¢ (315° < ¢ < 45°) when 6 = 90°. Do this when s = 0.1A, s = 0.7A,
s = 0.8\, s = 0.9\, and s = 1.0A.

7.8. Repeat Problem 7.5 when the included angle a of the corner reflector is 60°, 45°,
and 30°, and show that F(fs) takes the following forms.

(a) a = 60°, F(Bs) = 4sin(X/2){cos(X/2) — cos[\/.’T(Y/2)]}.

(b) a = 45°, F(Bs) = 2[cos(X) + cos(Y) — 2cos(X/ V2 )cos(Y/ V2)].

(¢) a =30° F(Bs)=2{cos(X) — 2cos[(V3 /2)X]cos(Y/2) — cos(Y) +
2cos(X/2)cos[(»/37/2)Y]}.

where X = Bssin 6cos ¢, Y = Bs sin 6sin ¢

7.9. For Problem 7.8 (a = 60°, 45°, and 30°) plot the magnitude of F(Bs) as a function
of 5 (0 < s < 10X\) when 6 = 90° and ¢ = 0°. What is the maximum value | F(8s) |
will ever achieve if plotted as a function of s? Is the function periodic? If so, what is
the period?

7.10. An infinitesimal electric dipole is placed at an angle of 30° at a height h above a
perfectly conducting electric ground plane. Determine the location and orientation
of its image. Do this by sketching the image.

FIGURE P7-10
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7.11. A small circular loop of radius a is placed vertically at a height 4 above a perfectly
conducting electric ground plane. Determine the location and direction of current
flow of its image. Do this by sketching the image.

FIGURE P7-11

7.12. A linearly polarized uniform plane wave traveling in free space is incident normally
upon a flat dielectric surface. Assume that the incident electric field is given by

E = 4 Ee/Po*

Then derive expressions for the equivalent volume electric and magnetic current
densities, and the regions over which they exist. These current densities can then be
used, in principle, to find the fields scattered by the dielectric surface.

FIGURE P7-12

7.13. The electric and magnetic fields at the aperture of a circular waveguide aperture are

given by
E,=4,E + 4,E, p'<a
Xi sin ¢’ ,
E, = EOJI( = p') K X}, = 1.841
’ 1’1 ’ ’ [
E¢—E0.Il(—p)cos¢o = 90

E, =0 elsewhere

Develop the surface equivalent that can be used to find the fields radiated by the
aperture. State the equivalent by giving expressions for the electric J, and magnetic
M, surface current densities and the regions over which they exist.
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FIGURE P7-13

7.14. A uniform plane wave on the yz plane is incident upon a flat circular conducting
plate of radius a. Assume that the incident electric field is given by

i A —jBo(y sin8,—zcos 8,)
E' = 4, Epe™ o

Determine the scattered field using (a) the induction equivalent and (b) the physical
equivalent. Reduce and compare the expressions for backscatter observations.

FIGURE P7-14

7.15. Repeat Problem 7.14 when the incident magnetic field is given by
H = ﬁxHOe—jBo(y sinf,—zcos 8,)
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CHAPTER

8

RECTANGULAR
CROSS-SECTION
WAVEGUIDES AND CAVITIES

INTRODUCTION

Rectangular transmission lines (such as rectangular waveguides, dielectric slab lines,
striplines, and microstrips) and their corresponding cavities represent a significant
section of lines used in many practical radio-frequency systems. The objective in
this chapter is to introduce and analyze some of them, and to present some data on
their propagation characteristics. The parameters of interest include field configura-
tions (modes) that can be supported by such structures and their corresponding
cutoff frequencies, guide wavelengths, wave impedances, phase and attenuation
constants, and quality factors Q. Because of their general rectilinear geometrical
shapes, it is most convenient to use the rectangular coordinate system for the
analyses. The field configurations that can be supported by these structures must
satisfy Maxwell’s equations or the wave equation, and the corresponding boundary
conditions.

RECTANGULAR WAVEGUIDE

Let us consider a rectangular waveguide of lateral dimensions a and &, as shown in
Figure 8-1. Initially assume that the waveguide is of infinite length and is empty. It
is our purpose to determine the various field configurations (modes) that can exist
inside the guide. Although a TEM” field configuration is of the simplest structure, it
cannot satisfy the boundary conditions on the waveguide walls. Therefore, it is not a
valid solution. It can be shown that modes TE*, TM*, TE*, TM”, TE?, and TM?
satisfy the boundary conditions and are therefore appropriate modes (field configu-
rations) for the rectangular waveguide. We will initially consider TE? and TM?,
others will follow.
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=

J x FIGURE 8-1 Rectangular waveguide
2 / L a | with its appropriate dimen-

sions.

8.2.1 Transverse Electric (TE?)

According to (6-71a) through (6-72), TE? electric and magnetic fields satisfy the
following set of equations:

1 OF, 1 9°E
- = H = —j—
* e dy wpe dx dz
E 1 JF, o 1 9
YT e 9x y_—wpeayaz
1 a2
E,=0 H = —j——| = + 8*|F, (8-1)
wpe | dz

where F,(x, y, z) is a scalar potential function, and it represents the z component of
the vector potential function F. The potential F, and in turn F,, must satisfy (6-73)
or

VPF(x,y,z) + B°F(x,y,2) =0 (8-2)
which can be reduced to

3°F,  9°F, 9°F,
+ +
ax? = 3y? 9z

+ B, =0 (8-2a)

The solution to (8-2) or (8-2a) is obtained by using the separation of variables
method outlined in Section 3.4.1. In general, the solution to F,(x, y, z) can be
written initially as

F(x,y,2) = f(x)g(y)h(z) (8-3)

The objective here is to choose judiciously the most appropriate forms for f(x),
g(y), and h(z) from (3-28a) through (3-30b).

Since the waveguide is bounded in the x and y directions, the forms of f(x)
and g(y) must be chosen to represent standing waves. The most appropriate forms
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are those of (3-28b) and (3-29b). Thus

f(x) = fo(x) = C,cos (B,x) + Dy sin(B,.x) (8-4a)
g(y) = g:(y) = Cycos(B,y) + D,sin (B, ) (8-4b)

Because the waveguide is infinite in length, the variations of the fields in the z
direction must represent traveling waves as given by (3-30a). Thus

h(z) = hy(z) = Aye™B:? + Btz (8-5)
Substituting (8-4a) through (8-5) into (8-3), we can write that

F(x,y,z)=[C cos(B,x) + D, sin(,Bxx)][Czcos(Byy) + D, sin(,Byy)]
X [A3e_fﬂfz + B3e+/B~'z] (8-6)

The first exponential in (8-6) represents waves traveling in the +z direction
(assuming an e/’ time variation) and the second term designates waves traveling in
the —z direction. To simplify the notation, assume that the source is located such
that the waves are traveling only in the +z direction. Then the second term is not
present, or By = 0. If the waves are traveling in the —z direction, then the second
exponential in (8-6) is appropriate and A4, = 0. If the waves are traveling in both
directions, superposition can be used to sum the field expressions for the +z and
—z traveling waves.

For +: traveling waves, F, of (8-6) reduces with B, = 0 to

F'(x,y,2) =[C cos(B,x) + D sin(B.x)]
X [Czcos(,Byy) + D, sin(,Byy)]A3e‘”’zz (8-7)
where, according to (3-27)
B:+ B+ B =B*=wpe (8-7a)

C, Dy, G, D, A4, B, B,, and B, are constants that will be evaluated by
substituting (8-7) into (8-1) and applying the appropriate boundary conditions on
the walls of the waveguide.

For the waveguide structure of Figure 8-1, the necessary and sufficient
boundary conditions are those that require the tangential components of the electric
field to vanish on the walls of the waveguide. Thus, in general, on the bottom and
top walls

E(O0<x<a,y=0,z)=E(0<x<a,y=bz)=0 (8-8a)
E0<x<a,y=0,z)=E(0<x<a,y=bz)=0 (8-8b)
and on the left and right walls
E(x=00<y<b,z)=E(x=a,0<y<b,z)=0 (8-8¢c)
E(x=0,0<y<b,z)=E(x=a,0<y<b,z)=0 (8-8d)

For the TE* modes E, = 0, and the boundary conditions of (8-8b) and (8-84d) are
automatically satisfied. However, in general, the boundary conditions of (8-8b) and
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(8-8d) are not independent, but they represent the same conditions as given,
respectively, by (8-8a) and (8-8c). Therefore, the necessary and sufficient indepen-
dent boundary conditions, in general, will be to enforce either (8-8a) or (8-8b) and
either (8-8¢) or (8-8d).

Substituting (8-7) into (8-1), we can write the x component of the electric field
as

EX(x,y,2z) = —A3%[Clcos(,8xx) + D, sin(B8,x)]

><[—C2 sin (B,y) + chos(Byy)]e_fB:z (8-9)

Enforcing on (8-9) the boundary condition of (8-8a) on the bottom wall, we have
that

Ef(0<x<a,y=0,z)= —A3-li—y[C1 cos (B.x) + D sin (B,x)]
X[~ C,(0) + Dy(1)]e #*=0 (8-10)

The only way for (8-10) to be satisfied and not lead to a trivial solution will be for
D, = 0. Thus

D,=0 (8-10a)

Now by enforcing on (8-9) the boundary condition of (8-8a) on the top wall, and
using (8-10a), we can write that

Ef(0<x<a,y=b,z)= —A3%[Clcos(ﬁxx) + Dysin (B.x)]
x[-C,sin(B,b)]e =0 (8-11)

For nontrivial solutions, (8-11) can only be satisfied provided that

sin (B,b) =0 (8-12)
which leads to
Bb=sin'(0)=nr n=01.2,. .. (8-12a)
or
na
B, = Y n=20,1,2,... (8-12b)

Equation 8-12 is usually referred to as the eigenfunction and (8-12b) as the
eigenvalue.

In a similar manner, we can enforce the boundary conditions on the left and
right walls as given by (8-8¢). By doing this, it can be shown that

D, =0 (8-13)

and

B,=— m=0,1,2,... (8-13a)
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Use of (8-10a), (8-12b), (8-13), and (8-13a) reduces (8-7) to
E'(x, y, 2) = CiCy4;5¢08 (B.x) cos (B,y) e /P (8-14)

or, by combining C,C,4, =4, to

E(x, y. 2) = 4,008 (Bx) cos (B, y) e (8-14a)
with
mam 27 2a
Bi=—="—=A=— m=20,1,2
a A, m
nw 2m 2 m=n+0 (8-14b)
By=7=}\—=‘}\y=7 n 0,1,2

In (8-14b) the m = n = 0 is excluded because for that combination, F, of
(8-14a) 1s a constant and all the components of E and H as given by (8-1) vanish;
thus a trivial solution. Since individually C,, C,, and A, are constants, their product
A, 18 also a constant. The subscripts m and n are used to designate the eigenvalues
of B, and B, and in turn the field configurations (modes). Thus a given combination
of m and n in (8-14b) designates a given TEZ, mode. Since there are infinite
combinations of m and #, there are an infinite number of TE?,, modes.

In (8-14b) B, and B, represent the mode wave numbers (eigenvalues) in the x
and y directions, respectively. These are related to the wave number in the :
direction (,) and to that of the unbounded medium (8) by (8-7a). In (8-14b) AL,
and A represent, respectively, the wavelengths of the wave inside the guide in the x
and y dlrectlons These are related to the wavelength in the z direction (A, = A )
and to that in an unbounded medium () according to (8-7a) by

1 1 1 1 (140)
St o5+t == -14c
XN TR N

In summary then, the appropriate expressions for the TEZ, modes are,
according to (8-1), (8-14a), and (8-14b)

TE}:Z
+ By . —JB,
El=A,,— cos(B.x)sin(B,y)e = (8-15a)
€
Ere—a P (B,y)e b (8-15b)
= " sin (B8,x) cos B,y)e -
Ef=0 (8-15¢)
H}=4,, A, (B,y)e (8-15d)
wie
Hy= 4, (8,)e (8-15¢)

B? _
H= —jA, . —— cos(B x)cos (Byy)e‘fﬂ=z (8-15f)
WHE
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where

8 (i—”) e R s I [ RIS TN

c

il

The constant B, is the value of 8 when B, = 0, and it will be referred to as the
cutoff wave number. Thus

nw

B. = Blg,-o = wYpelg o = wy/ue = 2nffue = \/(%)2 * (7)2

or

1 mar \? nw\?
_ o i m=0,1,2,... _ )
e mn = 50 ie \/( a ) +( b ) n 0,1,2,...}’" n#0 (816)

where (f,),,, represents the cutoff frequency of a given mn mode. Modes that have
the same cutoff frequency are called degenerate.

To determine the significance of the cutoff frequency, let us examine the values
of B,. Using (8-15g), we can write that

2 2
Br=PB*—B}=pB"- [(?) + (%)] (8-17)
or
B 2
BT BT = £B)1 - (E)
AN’ A%
=8 1—(>\—C) =+8 1—(7) for > B, f>f.
(8-17a)
0 f =B.,f=Ff
(B) = b= b s
(8-17b)
2
£j{B2 — B = +j8 %) -1
AN 2
= +jB (A—) -1 =48 (7) -1  forf<B.,f<f.
(8-17¢)

In order for the waves to be traveling in the +z direction, the expressions for 8, as



358

RECTANGULAR CROSS-SECTION WAVEGUIDES AND CAVITIES

given by (8-17a) through (8-17¢) reduce to

.3\[1‘(%) =BV1—( C) for f> f. (8-18a)
0

for f=f, (8-18b)
}\ 2 2
—jB\/(A—) -1= —jBV( ) -1 forf<f, (8-18¢)

Substituting the expressions for 8, as given by (8-18a) through (8-18c) in the
expressions for E and H as given by (8-15a) through (8-15f), it is evident that
(8-18a) leads to propagating waves, (8-18b) to standing waves, and (8-18¢c) to
evanescent (reactive) or nonpropagating waves. Evanescent fields are exponentially
decaying fields that do not possess real power. Thus (8-18b) serves as the boundary
between propagating and nonpropagating waves, and it is usually referred to as the
cutoff which occurs when B8, = 0. When the frequency of operation is selected to be
higher than the value of (f,),, for a given mn mode, as given by (8-16), then the
fields propagate unattenuated. If, however, f is selected to be smaller then ( f,)
then the fields are attenuated. Thus the waveguide serves as a high pass filter.

The ratios of E,/H, and —E,/H, have the units of impedance. Use of
(8-15a) through (8-15f) shows that

~ |5

(B) n

~ |

mn?

E Wi

y
— = — 8-19
X BZ ( )

X

ZU(TE;,) = 5 = -
H

Yy

which can be written by using (8-18a) through (8-18¢) as

T I 205

Z;N(TE,,) ={ © for f=f. (8-20b)

- -

for f < f,

(8-20c)

Z}* in (8-20a) through (8-20c) is referred to as the wave impedance in the +z
direction which is real and greater than the intrinsic impedance n of the medium
inside the guide for values of f > f,, infinity at f = f,, and reactively inductive for
f < f.. Thus the waveguide for TEZ,, modes behaves as an inductive storage element
for f < f.. A plot of Z}* for any TE,,, mode in the range of 0 < f/f. < 3 is shown
in Figure 8-2.
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FIGURE 8-2 Wave impedance for a rectangular waveguide.

The expressions of (8-18a) through (8-18c) for B, can also be used to define a
wavelength along the axis of the guide. Thus we can write that

27 27
BZETZ=AZ=Ag=E (8-21)
or

2o A A

e = \/ e = T (8-21a)
‘*\/1 -(5) y-5) /1 (%)
for f > f,

A mn = M)y = ® for f=f.| (8-21b)

i e |

(nonphysical) for f < f,

In (8-21a) through (8-21c) A, represents the wavelength of the wave along the axis
of the guide, and it is referred to as the guide wavelength A,. In the same
expressions, A refers to the wavelength of the wave at the same frequency but
traveling in an unbounded medium whose electrical parameters ¢ and p are the
same as those of the medium inside the waveguide. Cutoff wavelength correspond-
ing to the cutoff frequency f, is represented by A .

Inspection of (8-21a) through (8-21c) indicates that the guide wavelength A, is
greater than the unbounded medium wavelength A for f > f,, it is infinity for f = f,,
and has no physical meaning for f < £, since it is purely imaginary. A plot of A /A
for 1 < f/f. < 3 is shown in Figure 8-3.
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FIGURE 8-3 Normalized wavelength for a rectangular waveguide.

The values of (f,),,, for different combinations of m and n but fixed values of
&, 1, a, and b determine the cutoff frequencies and order of existence of each mode
above its corresponding cutoff frequency. Assuming a > b, the mode with the
smallest cutoff frequency is that of TE,,. Its cutoff frequency is equal to

1

1 T
(fc)10= 2,”‘/“;;: Za‘/ﬁ

(8-22)

In general, the mode with the smallest cutoff frequency is referred to as the
dominant mode. Thus for a waveguide with a > b, the dominant mode is the TE,,
mode. (If b > a, the dominant mode is the TE,.)

The ratio R, = (£.)TE /(£.)TE can be written as

_ (fc)TnEn _ 2 na\? m=0,
o~V (3] w20

whose values for a/b = 10, 5, 2.25, 2, and 1, for the allowable values of m and n,
are listed in Table 8-1. The ratio value R, of a given m, n combination represents
the relative frequency range over which the TE,, mode can operate before that m, n
mode will begin to appear. For a given a/b ratio, the smallest value of (8-23), above
unity, indicates the relative frequency range over which the waveguide can operate
in a single TE;, mode.

2,3, _ ]
23___}m n%0 (823)

Example 8-1. A rectangular waveguide of dimensions a and b (a > b), as
shown in Figure 8-1, is to be operated in a single mode. Determine the
smallest ratio of the a/b dimensions that will allow the largest bandwidth of
the single-mode operation. State the dominant mode and its largest bandwidth
of single-mode operation.
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TABLE 8-1
Ratio of cutoff frequency of TE:,, mode to that of TE},

TE? 2
na —
R =(fc),.,,.z= m2+(_) m—0,1,2,..}m=n¢0
mn (.’;)'ll': b n=0,1,2,. .

a/b= 10 5 225 2 1
m,n = 1,0 1,0 1,0 1,0 1,0;0,1
R,, = 1 1 1 1 1
m,n= 2,0 2,0 2,0 2,0;0,1 1,1
R,, = 2 2 2 2 1.414
m,n= 3,0 3,0 0,1 1,1 2,0
R,, = 3 3 2.25 2.236 2
m,n = 4,0 4,0 1,1 2,1 2,1;1,2
R,, = 4 4 2.462 2.828 2.236
m,n = 5,0 5,0;0,1 3,0 3,0 2,2
R,, = 5 5 3 3 2.828
m,n = 6,0 1,1 2,1 3,1 3,0;0,3
R,, = 6 5.099 3.010 3.606 3
m,n = 7,0 2,1 3,1 4,0;0,2 3,1;1,3
R, = 7 5.385 3.75 4 3.162
m,n = 8,0 3,1 4,0 1,2 3,2;2,3
R, = 8 5.831 4 4123 3.606
m,n = 9,0 6,0 0,2 4,1;2,2 4,0;0,4
R, = 9 6 4.5 4.472 4
m,n = 10,0;0,1 4,1 4,1 5,0;3,2 4,1;1,4
R, = 10 6.403 4.589 5 4123

3
3

Solution. According to (8-16), the dominant mode for a > b is the TE,, whose
cutoff frequency is given by (8-22) or

1
(f)o= Tajue

The mode with the next higher cutoff frequency would be either the TE,; or
TE,, mode whose cutoff frequencies are given, respectively, by

(fc)zo =

(fc)Ol =

afpe

1

2by/pe

= 2(fc)10

It is apparent that the largest bandwidth of single TE,, mode operation
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8.2.2

would be
(fho << 2(f )0 = (L) < (£)on
and would occur provided
2b<a=b<a/l=>2<a/b

Transverse Magnetic (TM?)

A procedure similar to that used for the TE? modes can be used to derive the TM?
fields and the other appropriate parameters for a rectangular waveguide of the
geometry shown in Figure 8-1. According to (6-55a) and (6-55b) these can be
obtained by letting A = 4,4,(x, y,z) and F = 0. Without repeating the entire
procedure, the most important equations 6-59, 6-56, and 6-58 are summarized:

R 14,

x jwue dx dz * w9y

. 19, 1 04, tod

v jwue dyaz Y u dx (8-24)
1 [ 92

E, = —j—| =5 +8%*|4, H,=0
wpe | dz

X 3’4, 94, 94,

VA, + B, = + + B, =0 (8-25)

axz ay? 922
A,(x,y,2z)=[C cos (B.x) + D, sin(,Bxx)][Czcos(Byy) + D, sin(,Byy)]
X [Ase P + Byt (8-26)

For waves that travel in the +:z direction and satisfy the boundary conditions of
Figure 8-1 as outlined by (8-8a) through (8-8d), (8-26) reduces to

A} (x,y,z) = D;D,A,sin (B x) sin(ﬁyy)e*jﬂzz

= B, sin(B.x)sin(B,y)e #:* (8-26a)
where
2 mmw 2a
B,=—=—=A,=— m=1,23,... (8-27a)
A, a
27 nmw 2b
Byz}\—y=7=>)\y=7 n=1,2,3,... (8-27b)

Use of (8-26) allows the fields of (8-24) to be written as

B.B. . B
Ef=-B,, ” cos (B.x)sin(B,y)e P (8-28a)
E'= —B %sin(ﬁ x)cos(B,y)e (8-28b)
Yy mn w#e X y

2
Ef= —ij,,'B—C sin (B.x) sin (B,y)e - (8-28¢)
wpe
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Hi= anéy_ sin ( B,x) cos (B,y) e (8-28d)
I
B. : iy
Hf= _B'""—;T cos (B,x) sin (B,y)e (8-28e)
H*=0 (8-28¢)

In turn the wave impedance, propagation constant, cutoff frequency, and guide
wavelength can be expressed as

f 2
+y/1 - (—) for f> f. | (8-29a)
EF Ef /
+2z z = _x .y _ Tz 2 = -
Zw (Tan = H; H: WE 0 _ fOI'f fc (8 29b)
~jn (%) ~1 forf<f. | (8-29)
f 2
By1- ('f‘) for f> /. (8-30a)
2
(B.) mn = yw—= 0 for f= /. (8-30b)
z 2
5| -1 s (8309
20\ 2 mm\? nmw\2
BEE(A—C) —pr-pr=p 8- () () (8:31)
__ 1 mm\2 nm\ 123,
(fc)mn_ 2'”{’; ( a ) +( b) n___1’2’3’.“ (8'32)
A - : _ A — fOI'f>fc (8-333)
V-4 Y-
- -33b
Ay = (A) = 00 . . for f=f, (8-33b)

(nonphysical) for f < f. (8-33c)

It is apparent from (8-29c) that below cutoff (f < f,) the waveguide for TM;, ,
modes behaves as a capacitive storage element. A plot of Z? for any TM;, mode
in the range of 0 < f/f. < 3 is shown in Figure 8-2.
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For TM?, we can classify the modes according to the order of their cutoff
frequency. The TM? mode with the smallest cutoff frequency according to (8-32) is
the TM{;, whose cutoff frequency is equal to

() = ﬁ\/ (%): (%)2 - E‘l/ﬁ\/l + (%)2 > ﬁ (8-34)

Since the cutoff frequency of the TM{; mode, as given by (8-34), is greater than the
cutoff frequency of the TE{,, as given by (8-22), then the TE?, mode is always the
dominant mode if a > b. If a = b, the dominant modes are the TE}, and TE}
modes (degenerate), and if a < b the dominant mode is the TE3, mode.

The order in which the TM;, | modes occur, relative to the TEZ, mode, can be
determined by forming the ratio 7, of the cutoff frequency of any TM?,, mode to
the cutoff frequency of the TE;, mode. Then we use (8-32) and (8-22) to write that

(fc)’rl;zh: 2 na : m=l 2 3
+( ) n=12.73. . (8-35)

Tw = =
(f)ie

TABLE 8-2
Ratio of cutoff frequency of TM:,, mode to that of TE?,

T™®
T = (.’;-)m,, - 2 ( E)z m=1,2,3,.
ma (f;)};f‘ b n=123,.
a/b= 10 5 225 2 1
m,n= 1,1 1,1 1,1 1,1 1,1

T, = 1005 510 246 2.23 1.414

mn

m,n= 2,1 2,1 2,1 2,1 2,1;1,2
7., = 10.19 538 3.01 2.83 2236
m,n= 3,1 3,1 3,1 3,1 2,2
T, = 1044 600 3.75 361 2.828
m, n 4,1 4,1 4,1 1,2 3,1,L3
T, 10.77 640 4.59 412 3.162
m,n= 51 51 1,2 4,1;2,2 3,2;2,3
1w = 1118 7.07 5.09 4.47 3.606
m,n= 6,1 6,1 2,2 3,2 4,1;1,4
T, = 1166 7.81 5.38 5.00 4.123
m,n= 7,1 7,1 5,1 51 3,3
T, = 1221 860 548 5.39 4.243
m,n= 8,1 8,1 3,2 4,2 4,2;2,4
T = 12.81 943 5.83 5.66 4.472
m,n 9,1 1,2 4,2 1,3 4,3;3,4
T, 13.82 10.04 6.40 6.08 5.00
m, n = 10,1 2,2 6,1 2,3 51;1,5
7., = 1414 1020 6.41 6.32 5.09
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The values of T,,, for a/b = 10, 5, 2.25, 2, and 1, for the allowable values of m and
n, are listed in Table 8-2. Each value of T, in Table 8-2 represents the relative
frequency range over which the TE,, mode can operate before that m, n mode will
begin to appear.

For a given ratio of a/b, the values of R, , of (8-23) and Table 8-1, and those
of 7, of (8-35) and Table 8-2 represent the order, in terms of ascending cutoff
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FIGURE 8-4 Field patterns for the first 18 TE” and/or TM? modes in a rectangular waveguide
with a/b = 2 (Source: C. S. Lee, S. W. Lee, and S. L. Chuang, “Plot of modal field
distribution in rectangular and circular waveguides,” IEEE Trans. Microwave Theory
Tech., ©, 1985, IEEE.)
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frequencies, in which the TE;,, and TM?,, modes occur relative to the dominant
TE{, mode.

The xy cross-section field distributions for the first 18 modes [1] of a rectangu-
lar waveguide with cross-sectional dimensions a/b = 2 are plotted in Figure $-4.
Field configurations of another 18 modes plus the first 30 for a square waveguide
(a/b = 1) can be found in [1].

Example 8-2. The inner dimensions of an X-band WR90 rectangular wave-
guide are @ = 0.9 in. (2.286 cm) and b = 0.4 in. (1.016 cm). Assume free space
within the guide and determine (in GHz) the cutoff frequencies, in ascending
order, of the first 10 TE? and /or TM* modes.

Solution. Since a/b = 0.9/0.4 = 2.25, then according to Tables 8-1 and 8-2
the cutoff frequencies of the first 10 TE?, and/or TM?Z,, modes in order of
ascending frequency are

1.  TE, = 6562 GHz
2. TE, = 13.124 GHz

3.  TE, = 14.764 GHz

4,5. TE, = TM,, = 16.16 GHz
6. TE,, = 19.685 GHz

7,8. TE, = TM,, = 19.754 GHz
9,10. TE,, = TM,, = 24.607 GHz

Dominant TE,, Mode

From the discussion and analysis of the previous two sections, it is evident that
there are an infinite number of TEZ, and TM;,, modes that satisfy Maxwell’s
equations and the boundary conditions, and that they can exist inside the rectangu-
lar waveguide of Figure 8-1. In addition, other modes, such as TE~, TM~*, TE”, and
TM, can also exist inside that same waveguide. The analysis of the TE* and TM*
modes has been assigned to the reader as an end of chapter problem while the TE”
and TM” modes are analyzed in Sections 8.5.1 and 8.5.2.

In a given system, the modes that can exist inside a waveguide depend upon
the dimensions of the waveguide, the medium inside it which determines the cutoff
frequencies of the different modes, and the excitation and coupling of energy from
the source (oscillator) to the waveguide. Since in a multimode waveguide operation
the total power is distributed among the existing modes (this will be shown later in
this chapter) and the instrumentation (detectors, probes, etc.) required to detect the
total power of multimodes is more complex and expensive, it is often most desirable
to operate the waveguide in a single mode.

The order in which the different modes enter a waveguide depends upon their
cutoff frequency. The modes with cutoff frequencies equal to or smaller than the
operational frequency can exist inside the waveguide. Because, in practice, most
systems that utilize a rectangular waveguide design require excitation and detection
instrumentation for a dominant TE,, mode operation, it is prudent at this time to
devote some extra effort to examination of the characteristics of this mode.



RECTANGULAR WAVEGUIDE 367
For the TEZ, mode the pertinent expressions for the field intensities and the
various characteristic parameters are obtained from Section 8.2.1 by letting m =1

and n = 0. Then we can write the following summary.

TE?, Mode (m = 1, n = 0)

v
F'(x, z) = Ajycos (——x)e‘jﬁ:z (8-36)
a
T =2 8-37
A=g—x "M (8-37a)
27
By=0=>\—=>)\y=oo (8-37b)
Y
T 27 A 5
Bc - Bx - a - }\ = c a (8‘37C)

NE 2
='3\/1_(>\—c) =B\/1—(£;) for f>f  (8-38a)

B.= {0 for f=f. (8-38b)
a2 A2
W(E) ey (5)
a 2a
' MY 1 gl [} 1 f
= —jB R -JjB 7~ orf<f.  (838)
Ef=0 (8-39a)
Apm (T .
Ef= -——~ sm(;x)e a2 (8-39b)
El=0 (8-39¢)
B, 7 _
Ht= —— —sin| — ~JB.z -
= A4, one 2 sm( ax)e (8-39d)
Hi=0 (8-39¢)
A (7 T ‘
H= —j—(—) COS(—x)e‘fBzz (8-39f)
wue\ a a
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a, X(dH/+ a,H)|,_o=(+a,H' - 4.H})| _,
Ay [ m0\? 7 , T 7 ‘
= ‘éxji(_) cos (_x)evﬂzz — 4,4, B ( )eﬂﬂzl
wpeE \ a a wue a a
J =fxH = for the bottom wall 8-39g
Iwall
~ ” A ~ AlO 2 .y’
for the left wall (8-39h)

7\

o r
for f>f. (8-40a)

V- 2_

(M) = (}‘3)10 ={® for f=f. (8-40b)

g A

FE F
_ (nonphysical)  (8-40c)
TN / for f < f,
2a

! - 8-41
(f)10 2(1 e - Z (}\ )10 ( - )
i for f>f, (8-42a)
Z1*(TEZ,) = for f=f (8-42b)

for f<f  (8-42¢)

i
e

For the TE, mode at cutoff (8, = 0 = A, = o0) the wavelength of the wave inside
the guide in the x direction (A ) is according to (8-14¢) equal to the wavelength of
the wave in an unbounded medium (A). That is (A,);, = A at cutoff.
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FIGURE 8-5 Electric field patterns for TE;, mode in a rectangular waveguide (Source: S. Ramo, J. R.
Whinnery, and T. Van Duzer, Fields and Waves in Communication Electronics, 1984. Reprinted
with permission of John Wiley & Sons, Inc.)

From the preceding information it is evident that the electric field intensity
inside the guide has only one component, an E,. The E- and H-field variations on
the top, front, and side views of the guide are shown graphically in Figure 8-5, and
the current density and H-field lines on the top and side views are shown in Figure
8-6 [2]. It is instructive at this time to examine the electric field intensity a little
closer and attempt to provide some physical interpretation of the propagation

? \klk& /(‘ﬁ;\l\ . @ Top view
1 ’-—A\/ i /l
\\‘ )

. - // N /< Ne—~
~-—<7— -1+ - -—$ <»>———4>]-—d——1 )
b +T-++-F+t-+—1 J—-r 41 _¥yY_I1- Side view
i i S Ry g . S 4o 3 31 1.
Current density —— - Magnetic field

FIGURE 8-6 Magnetic field and electric current density patterns for the TE,;, mode in a
rectangular waveguide. (Source: S. Ramo, J. R. Whinnery, and T. Van Duzer,
Fields and Waves in Communication Electronics, 1984. Reprinted with permission
of John Wiley & Sons, Inc.)
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characteristics of the waveguide. The total electric field of (8-39a) through (8-39c)
can also be written, by representing the sine function with exponentials, as

,\ Apm (m ;
E*(x,z)=d4,Ej(x,z) = —4,— —sin (—x)e‘fﬁzz
€& a a
Ay [ eMm/@x=Bl _ gmilr/ @Bzl
=42
Y& a 2j
E* _ g 0T e Bl _ iy Be
(x,z) -—aij-a—[e —e 221 (8-43)
Letting
W .
- = B, = Bsiny (8-44a)
B, = Bcosy (8-44b)

which satisfy the constraint equation 8-7a, or
B+ B} + B} = Bsin’y + B2cos’y = B? (8-45)
we can write (8-43) using (8-44a) and (8-44b) as

E+(x Z) — é\yjf_l(lZ[ejB(xsinw—zcosxp) . e—jﬂ(xsin\p+zcos¢)] (8_46)
’ 2¢ a

A close inspection of the two exponential terms inside the brackets indicates,
by referring to the contents of Section 4.2.2, that each represents a uniform plane
wave traveling in a direction determined by the angle . In Figure 8-7a, which
represents a top view of the waveguide of Figure 8-1, the two plane waves
representing (8-46) or

E*(x,z) =E{(x,z) + Ej(x, z) (8-47)
where
Ay T g
Ef(x,z) = d,j =2 —[etxsinv=zcosi)] (8-472)
Y 2¢ a
Ay 7 Blxsi
E;(X, Z) — _dyjz_____[efjﬂ(xsm\pwtzcosxla)] (8-47b)
e a

are indicated as two plane waves that bounce back and forth between the side walls
of the waveguide at an angle . There is a 180° phase reversal between the two,
which is also indicated in Figure 8-7.

According to (8-44b)

|

B,=fBcosy =y =cos™? ( ) (8-48)
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(a)

b © —————3d

(b)

FIGURE §-7 Uniform plane wave representation of the TE,, mode
electric field inside a rectangular waveguide. (@) Two
uniform plane waves. (b) Phase and group velocities.

By using (8-38a), we can write (8-48) as

0° for f = oo (8-49a)

2
Y={cos ![y1— (%) } forf.<f< o0 (8-49b)
90° for f = f, (8-49¢)

It is apparent that as f - f,, the angle ¢ approaches 90° and exactly at cutoff
(f = f. = ¢ = 90°) the plane waves bounce back and forth between the side walls
of the waveguide without moving in the z direction. This reduces the fields into
standing waves at cutoff.
By using (8-44b) the guide wavelength can be written as
29 2w 2a A

=-—=7-=Bcosy=A, =

A, A, Bcosy - cos ¥

which indicates that as cutoff approaches (y — 90°) the guide wavelength ap-
proaches infinity. In addition, the phase velocity v, can also be obtained using
(8-44b), that is

(8-50)

w
=Bcosy = —cosy =y, =
v

B = (8-51)

cos Y

< e



372

RECTANGULAR CROSS-SECTION WAVEGUIDES AND CAVITIES

3vg

Normalized frequency (f/f.)

FIGURE 8-8 Phase and group (energy) velocities for the TE,,
mode in a rectangular waveguide.

where v is the velocity with which the plane wave travels along the direction
determined by y. Since the phase velocity, as given by (8-51), is greater than the
velocity of light, it may be appropriate to illustrate graphically its meaning. By
referring to Figure 8-7b, it is evident that whereas v is the velocity of the uniform
plane wave along the direction determined by ¥, v, (v, > v) is the phase velocity,
that is, the velocity that must be maintained to keep in step with a constant phase
front of the wave, and v, (v, < v) is the group velocity, that is, the velocity with
which a uniform plane wave travels along the z direction. According to Figure 8-7b

v

= 8-52
7 Cos ¥ (8-522)
v, = U COS ¢ (8-52b)
and
v, = v* (8-52¢)

These are the same interpretations given to the oblique plane wave propagation in
Section 4.2.2C and Figure 4-6. A plot of v, and v, as a function of frequency in the
range 0 < f/f. < 3 is shown in Figure 8-8.

Above cutoff, the wave impedance of (8-19) can be written in terms of the
angle ¢ as
wpoep o q
B, Bcosy cosy

whose values are equal to or greater than the intrinsic impedance 7 of the medium
inside the waveguide.

ZJH(TEy) = (8-53)

Example 8-3. Design an air-filled rectangular waveguide with dimensions a
and b (a > b) that will operate in the dominant TE,, mode at f = 10 GHz.
The dimensions @ and b of the waveguide should be chosen so that at f = 10
GHz the waveguide not only operates on the single TE,, mode but also that
f =10 GHz is simultaneously 25% above the cutoff frequency of the dominant
TE,, mode and 25% below the next higher-order TE; mode.
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Solution. According to (8-22), the cutoff frequency of the TE;, mode with a
free-space medium in the guide is

1 30 x 10°
2aypyeq T 2a

(fc)lO =

Since f = 10 GHz must be greater by 25% above the cutoff frequency of the
TE,, mode, then

30 x 10°

10 x 10° = 1.25
2a

) = a>1.875cm = 0.738 in.

Since the next higher-order mode is the TE; mode, whose cutoff frequency
with a free-space medium in the guide is

1 30 x 10°
2buge,  2b

(fc)Ol =

then

30 x 10°
10 x 10° < 0.75(7) = b < 1.125cm = 0.443 in.

Example 8-4. Design a rectangular waveguide with dimensions a and b
(a > b) that will operate in a single mode between 9 and 14 GHz. Assuming
free space inside the waveguide, determine the waveguide dimensions that will
insure single-mode operation over that band.

Solution. Since a > b, the dominant mode is the TE,, whose cutoff frequency
must be

1 30 x 10°
2aypye, - 2a

(f)io = =9 x 10° = a = 1.667 cm = 0.656 in.

The cutoff frequency of the TE,, mode is 18 GHz. Therefore the next
higher-order mode is TE;, whose cutoff frequency must be

1 30 x 10°
2buge,  2b

(o = =14 x10°= b =1.071 cm = 0.422 in.
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8.2.4 Power Density and Power

The fields that are created and propagating inside the waveguide have power
associated with them. To find the power flowing down the guide, it is first necessary
to find the average power density directed along the axis of the waveguide. The
power flowing along the guide can then be found by integrating the axial directed
power density over the cross section of the waveguide.

For the waveguide geometry of Figure 8-1, the z-directed power density can be
written as

iRe[(4,.E, +4,E,) x (4,H, +d,H,)*|
(S.)n = 4.5, = 4,5 Re[E H}¥ - E HX| (8-54)

TEZ , Modes

Use of the field expressions of (8-15a) through (8-15f), allows the z-directed power
density of (8-54) for the TE? , modes to be written as

Amn2 Bz
(S.) = 4.5, =4, | 2' Re wuﬁz cos® (B,x) sin® (B, y)

2
X

+ .3“3;2 sin” (B, x ) cos? (Byy)

o B .
(8:) n = 8.5, = A, 525 [ B cos® (Box) sin? (B,)

+B2sin? (B,x) cos? (8,y)] (8-55)
The associated power is obtained by integrating (8-55) over a cross section A, of the
guide, or
bra. A _[b e )
- fon(Sz),,,n “ds = /0 fo (4,8, + (4, dxdy) = /0 fo S, dxdy (8-56)
Since
a mm
f cos* (_x) dx = {a/z " (8-56a)
a a m=20
[sin? ( ) dx = {“/2 m#0 (8-56b)
0 0 m=20

and similar equalities exist for the y variations, (8-56) reduces by using (8-55),

(8-56a), and (8-56b) to
o))
Eom €on

PIE =4, ' —— i [ﬁ( )(i
=Mm2&Jiﬂ—M%+ﬁ)
EOn

20pe? Eon
€om

TE 2 BZBCZ a b Bz b 1 fc,mn g
Pmnz = |Amn| 2\ T IAmnI 2 - -
2"‘,:“‘8 €om EOn 2n€ 80m Eon f

(8-57)
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where

1 g=0
6o, = {2 . (8-57a)
TM?,, Modes

Use of a similar procedure with (8-28a) through (8-28f), allows us to write that for
the TM? , modes

(Sz)mn = ﬁzSz = ﬁz|an|2 Zf;l,z [sz C052 (BXX) sin2 (Byy)
+ B2 sin’ (B,x) cos? (B,y)]  (8-58)
z Bczﬂ a b fc, mn g
e =P (53] - (52 At

By the use of superposition, the total power associated with a wave is equal to
the sum of all the power components associated with each mode that exists inside
the waveguide. Thus

Poua= L Pon + L PO (8-60)
where PTE* and P™™’ are given, respectively, by (8-57) and (8-60).

Example 8-5. The inside dimensions of an X-band WR90 waveguide are
a = 0.9 in. (2.286 cm) and b = 0.4 in (1.016 cm). Assume that the waveguide
is air-filled and operates in the dominant TE,, mode, and that the air will
break down when the maximum electric field intensity is 3 X 10° V/m. Find
the maximum power that can be transmitted at f = 9 GHz in the waveguide
before air breakdown occurs.

Solution. Since air will break down when the maximum electric field intensity
in the waveguide reaches 3 X 10° V/m, then according to (8-39b)

. n
S| —x
a

| Ayol 7

Ay 7
= ——=3x10°= A4;,,=1933 X107’

1y max =

€

By using (8-57),

P = |A10|2(B“)f°(eim)(i) 1- [@9}2

27)05(2) €00 f

Since the cutoff frequency of the dominant TE,, mode is

1 30 x 10°

= = - 6.562G
(fho= 33 woe, | 2(2.286) H




376 RECTANGULAR CROSS-SECTION WAVEGUIDES AND CAVITIES

8.25

and

T
(:Bc)lO = ;

then

7/2.286 X 1072)°  [2.286 X 102
PIE = (1933 x 1077)° (7/ ) ( )

2(377)(8.854 x 10~ 12) 1

1.016 x 102 6.562\2
(- (5

9

P} = 948.9 X 10° W = 948.9 kW

Attenuation

Ideally, if the waveguide were made out of a perfect conductor, there would not be
any attenuation associated with the guide above cutoff. Below cutoff, the fields
reduce to evanescent (nonpropagating) waves that are highly attenuated. In practice,
however, no perfect conductors exist, although many (such as metals) are very good
conductors, with conductivities on the order of 10’-10® S /m. For waveguides made
out of such conductors (metals) there must be some attenuation due to the
conduction (ohmic) losses in the waveguides themselves. This is accounted for by
introducing an attenuation coefficient a,. Another factor that contributes to the
waveguide attenuation is the losses associated with lossy dielectric materials that are
inserted inside the guide. These losses are referred to as dielectric losses and are
accounted for by introducing an attenuation coefficient a,.

A. CONDUCTION (OHMIC) LOSSES

To find the losses associated with a waveguide whose walls are not perfectly
conducting, a new boundary-value problem must be solved. That problem would be
the same as Figure 8-1 but with nonperfectly conducting walls. To solve such a
problem exactly is an ambitious and complicated task. Instead an alternate proce-
dure is almost always used whereby the solution is obtained using a perturbational
method. With that method, it is assumed that the fields inside the waveguide with
lossy walls, but of very high conductivity, are slightly perturbed from those of
perfectly conducting walls. The differences between the two sets of fields are so
small that the fields are usually assumed to be essentially the same. However, the
walls themselves are considered as lossy surfaces represented by a surface impedance
Z, given by (4-42), or

'w o> we 'w# W
Z=Ro X = o = a0 e
o0+ jwe o 20

The power P, absorbed and dissipated as heat by each surface (wall) A, of the
waveguide is obtained using an expression analogous to /*R/2 used in lumped
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z=0

= -2
Pmn—POe i WPO

FIGURE 89 Rectangular waveguide geometry for attenuation con-
stant derivation.

circuit theory, that is

P = % / fA J, - J* ds (8-62)

where

Js =f X Hlsurface (8'623)

In (8-62a) J, represents the linear current density (A /m) induced on the surface of a
lossy conductor as discussed in Example 5-7 and illustrated graphically in
Figure 5-9.

Once the total conduction power P, dissipated as heat on the waveguide has
been found by applying (8-62) on all four walls of the guide, the next step is to
define and derive an expression for the attenuation coefficient «,. This can be
accomplished by referring to Figure 8-9 which represents the lossy waveguide in its
axial direction. If P, represents the power at some reference point (i.e., z = 0), then
the power P, at some other point z is related to P, (P, at z = 0) by

Pmn(z) = Pmn|z=0€“2a[z = PoevZa‘z (8-63)

The negative rate of change (with respect to z) of P,, represents the dissipated
power per unit length. Thus for a length ¢ of a waveguide, the total dissipated
power P, is found using

dP’"" d —2a,z —2a,2
P =—z y z=(= —zZ(POe € )z=[= 2a,zPe” %, ,
P =2a/lP,, (8-64)
or
P/t
a, = P (8-64a)

In (8-64a), P, is obtained using (8-62) and P,,, is represented by (8-57) or (8-59).
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The derivation of P, as given by (8-62), for any mn TEZ or TM? mode is a
straightforward but tedlous process. To reduce the complexity, we will illustrate the
procedure for the TE,, mode. The derivation for the mn mode is assigned as an end
of chapter problem.

Use of the geometry of Figure 8-1 allows the total power P, dissipated on the
walls of the waveguide to be written as

RS
(P‘)lo =2 ‘{/ﬁ)ottom wa.l]JSb Jsb ds + _f,/;eft wallJS( Js/ dsjl
(y=0) (x=0)

(Pc)lo = Rs f/bottom wa.lleb * Jsz‘ dS + f_/;eft waqu/‘ Js? (8'65)

(=0 (x=0)

Since the losses on the top wall are the same as those on the bottom and those on
the right wall are the same as those on the left, a factor of 2 was used in (8-65) to
multiply the losses of the bottom and left walls.

In (8-65) J,, and J, represent the linear current densities on the bottom and
left walls of the guide which are equal to

Jy=AXH|,.o=d,x(d,H,+a,H)|_,=(3,H - a,H)|_
A a7 \2 T , B, /7 T )
= -4 = (—) cos(—x)e"”gfz - cizAlo—(—) sin(—x)e‘fﬁzz (8-66a)
wpe \ a a wpe\ a a

J{= ﬁ X H|x=0 = dx x(axHx + &ZHZ)|x=0 = _dsz|x=0

LT 2 —8.z
—aij_ps(_) o (8-66b)

Use of (8-66a) and (8-66b) allows us to write the losses associated with the
bottom—top and left—right walls as given by (8-65) as

- NAYR T\ pea (T
Rffbottomwall sb des_RSlAlO' ((1 z—l a j(;'/(‘) cos? ax dx dz

(y=0) ‘*’ﬂf)
a w7
+Bz2ff sin (—x) dxdz}
0Y0 a
|40)> a [ ]
=/R,—— 8-67a
“(ope)’ 2 (8-67a)
bt T
. = 2 . i
R [y 92 45 = Rl (W)z(a) (8-67b)

(x=0)

The total dissipated power per unit length can be obtained by combining (8-67a)
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and (8-67b). Thus it can be shown that

(P aR, Ayl (73| 26 (1
e e ] 2]

By using (8-57) for m = 1 and n = 0, and (8-68), the attenuation coefficient of
(8-64a) for the TE,; mode can be written as

catiasvil
(ac)10=[£%0/{] . (a) a a(f L (8-69)

mn

Y

s 2 (%) - (f7)

2
| 450l

which reduces to

R, a
(o= (Np/m) (8-692)

For an X-band WR waveguide with inner dimensions a = 0.9 in. (2.286 cm) and
b= 0.4 in. (1.016 cm), made of copper (6 = 5.7 X 10’ S/m) and filled with a
lossless dielectric, we can plot the attenuation coefficient (a,),, (in Np/m and
dB/m) for e =¢, 2.56¢,, and 4¢, as shown in Figure 8-10. The attenuation

006 1|
: —-1 0.5
|
0051~ & a=09in. (2.286 cm)
| b=04in. (1.016 cm) — 04
s 0=57X107S/m
004— 1)
3 | —o03 =
a | £
Z 003 :} @
[ ‘ E
=] o
\ —02 3
0.02— N\ L.e=4gg
":._:__——’8—2.5650 £ =¢gq
0.01}— = 0.1
0 ] | | | | | | 0
0 4 8 12 16 20 24 28 32
Frequency (GHz)

FIGURE 8-10 TE,, mode attenuation constant for the X-band rectangu-
lar waveguide.
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TABLE 8-3
Summary of TE;,, and TM;,, mode characteristics of rectangular waveguide
" m=0,12,... _ ) : ( m=1,2,3,...)
n:,,,,,( n=0,12,... m="*0 ™ol =123,
nw ma nw map, mm . (n 3
E} A,,~— cos(—x) sm(—y)e Bz B,, cos(——x) sm(—y)e‘/”z‘
’ be a b awpe a b
ma ma nmw nmB, [ mm nw _
E’ -4, ——sm(—x) cos(—y)e #: g —= sm(—x) cos(—y)e’fﬂfz
: ae a b bwpe a b
B2 mam nw ,
E} 0 —jBa—— sin(—x) sin(—y) e Bz
- wpe a b
map, ma nmw _ nw (mm nmw )
HY A, sin(—x) cos(——y)e‘f“’fZ B,— s1n(——x) cos(———y)e”'gzz
awpe a b bu a b
. y nmnp, (mvr ) ) (mr ) s B mm (mvr ) . onm e
, R cos| —x|sin| —y)e P —-B,,— cos| —x | sin —y)e
! ™ bwpe a b” ap a b
B2 nw
HY —jA . — cos( )cos(——y)e Bz
‘ WE b

LB TR

27
Ao a\? na\?
=)= (5)
B.(f=1) B 1—(%)2
A A
A (F2 ) — - ;
iy

e e AR G BT

A% A2
=D "\/ L-2=j\/ = ) (R
(3 ()
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TABLE 8-3 (Continued)

T (I gnE i menn o) ™ (i)
2R, foomn\ 2R, m?b* + n’a’
(@) mn Vv {(€m+ &n ;)( 7 ) PR (mb)? + (na)*
o (57 N

e - fomn )\’ mab + (na)’
T ( / ) (mb)? + (na)’
whereep={% 5:8

coefficient for any mode (TE,,, or TM,,,) is given by

2R, b\ feimn '
(ac)mn = fcvmn 3 {(£m+ En;)( f )
. ( f ) (8-70a)
b £ \2| mab + (na)’
i I
a ( / ) (mb)* + (na)’
where
e, = {% ;’: 8 (8-70b)
T™? ,
2R, m?b® + n%d’ 870
(ac)mn— fc N 5 (mb)2 4 (na)2 ( - C)
o1 - (1]

The most pertinent equations used to describe the characteristics of TE ,, and
TM,,,, modes inside a rectangular waveguide are summarized in Table 8-3.

B. DIELECTRIC LOSSES

When waveguides are filled with lossy dielectric material, an additional attenuation
constant must be introduced to account for losses in the dielectric material and are
usually designated as dielectric losses. Thus the total attenuation constant a, for the
waveguide above cutoff is given by

o=t ay (8-71)
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where a, = total attenuation constant

a, = ohmic losses attenuation constant [(8-70a) and (8-70c)]
a, = dielectric losses attenuation constant

To derive a, let us refer to the constraint equation of (8-7a), which, for a lossy
medium (B = B,), can be written for the complex f, as

B =p2— (B2+B?)=B2- B?
or

(8-72)
B.= B2 - B2 = |wus, ~ BT = (e, — jer) - B
= (e, - B2) — jotue, = /(B2 = BZ) — jupo
1/2
= VB> - /32[ BZ} (8-72a)
where
B! = w/ue, (8-72b)
By using the binomial expansion, (8-72a) can be approximated by
. WO, WUo,
~ 2 _ p? 1—-jre—o—| = 2 2 _
:Bz V:Be Bc [ JZ(BE,Z — chz) :Be c ]2m
f(’ 2 w”oe
-~ ’ 1 —_
e (f) j2 ’ 1 fc 2
- )
(fc)2 wpo,
=wypel /1 - =) —J
/ AN
it - (5}
AN .
B, = wype; 1—(7) —1'112“——f—2 (8-73)
1— (=
7}

where

(8-73a)
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Let us define the complex f§, as

g,

2 ’
BZEBd—jad:Be’v]’_(f_;) —j%_——f_z— (8-74)
f-17)

or
e o,
a, = attenuation constant = — - (8-74a)
17}
f
f 2
B, = phase constant = 8/y/1 — (70) (8-74b)
Another form of (8-74a) would be to write it as
n, o, 1 [ we)
Ay = —m— = -
2 f 2 2V e f 2
1-(= 1— |
5 7
S wjee _lel B,
T 2¢ 2 2 g, 2
SV NNV
f f
e 27 ” 1
T2 2 N 2
el el
f f
e/ m A el m(A, )
aGy=— = __(3\- Np/m (X in meters)  (8-75)
[

where A is the wavelength inside an unbounded infinite lossy dielectric medium and
A, is the guide wavelength filled with the lossy dielectric material. In decibels, a, of
(8-75) can be written as

8 63 e\ 7 (A, 2727 (el \ (A, 4B N 075
a, = 8. (e_;)X(?\)_ x (8—;)(7) /m (X in meters) (8-75a)
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Example 8-6. An X-band (8.2-12.4 GHz) rectangular waveguide is filled with
polystyrene whose electrical properties at 6 GHz are ¢, = 2.56 and tan 8, =
2.55 X 10™4, Determine the dielectric attenuation at a frequency of f=6
GHz when the inside dimensions of the waveguide are a = 0.9 in. (2.286 cm)
and b = 0.4 in. (1.016 cm). Assume TE,, mode propagation.

Solution. According to (2-68a)

144

tang, = — = 2.55 x 10~*

At f=6 GHg,
0x10° LN 5 b
T ex100 U AT T ame  otPem
: 1 wxw
(eho = 2, we  2(2286)(1.6) z
A 3.125
A= = = 4.280 cm

R e

Thus the dielectric attenuation of (8-75) is equal to

143

E, 7

o, = == _}\_g =255><10“‘( i )ﬂ =3.511 X 107* Np/cm
VN Y ' 3125 )\3125) ~ P

=3.511 x 1072 Np/m = 30.476 x 10~2dB/m

C. COUPLING

Whenever a given mode is to be excited or detected, the excitation or detection
scheme must be such that it maximizes the energy exchange or transfer between the
source and the guide or the guide and the receiver. Typically there are a number of
techniques that can be used to accomplish this. Some suggested methods that are
popular in practice are the following.

1. If the energy exchange is from one waveguide to another, use an iris or hole
placed in a location and orientation so that the field distribution of both guides
over the extent of the hole or iris are almost identical.

2. If the energy exchange is from a transmission line, such as a coaxial line, to a
waveguide, or vice versa, use a linear probe or antenna oriented so that its length
is parallel to the electric field lines in the waveguide and placed near the
maximum of the electric field mode pattern, as shown in Figure 8-11(a). This is
usually referred to as electric field coupling. Sometimes the position is varied
slightly to achieve better impedance matching.
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| 1
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FIGURE 8-11 Coaxial transmission line to rectangular waveguide coupling. (a) The side and
(b) the end views of the coax to waveguide electric field coupling for the TE,,
mode. (c) The side and (d) the end view for the coax to waveguide magnetic field
coupling for the TE,, modes. (¢) The side and (/) the end view for the coax to
waveguide electric field coupling for the TE,; mode.

(f) a
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e e

) N

a 1

3. If the energy transfer is from a transmission line, such as a coaxial line, to a
waveguide, or vice versa, use a loop antenna oriented so that the plane of the
loop is perpendicular to the magnetic field lines, as shown in Figure 8.11(c). This
is usually referred to as magnetic field coupling.

4. If the energy transfer is from a transmission line, such as a two conductor line, or
other sources to a waveguide, or vice versa, use the transmission line or other
sources so that they excite currents on the waveguide that match those of the
desired modes in the guide.

5. A number of probes, antennas, or transmission lines properly phased can also be
used to excite or detect any mode, especially higher-order modes. Shown in
Figure 8-11 are some typical arrangements for coupling energy from a transmis-
sion line, such as a coax, to a rectangular waveguide to excite or detect the TE,
and TE,; modes.

The sizes, flanges, frequency bands, and other parameters pertaining to rectan-
gular waveguides have been standardized so that uniformity is maintained through-
out the industry. Standardized reference data on rectangular waveguides are
displayed in Table 8-4.
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TABLE 8-4
Reference table of rigid rectangular waveguide data and fittings
Waveguide
Recommended
Dimensions (in.) operating range
for TE g mode
EIA MDL JAN Wall
desi; ion  designation designati Material thickness Frequency Wavelength
WR () ( ) band RG()/U alloy Inside Tol. Outside Tol. nominal (GHz) {(cm)
2300 2300 Alum.  23.000-11.500 +0.020 23.250-11.750 +0.020 0125 0.32-049 93.68-61.18
2100 2100 Alum.  21.000-10.500 +0.020 21.250-10.750 +0.020 0125 0.35-0.53  85.65-56.56
1800 1800 201 Alum.  18000-9.000 £0.020 18250-9250 +0.020 0125 0.41-0625 73.11-47.96
1500 1500 202 Alum.  15.000-7.500 0015 15250-7.750 0015 0125 049-075 61.18-39.97
1150 1150 203 Alum,  11.500-5.750 +0015 11.750-6.000 +0.015 0125 0.64-096 46.84-31.23
975 975 204 Alum,  9750-4.875 0010 10.000-5125 +0010 0125 0.75-112 39.95-26.76
770 770 205 Alum,  7.700-3.850 +0.005 7.950-4100 +0.005 0125 0.96-1.45 3123-20.67
650 L 69 CoPPer  ( s00-3.250  +0.005 6.660-3410 +£0005 0080 112-170  26.76-17.63
103 Alum,
510 510 5100-2.550 +£0005 5260-2710 +0.005 0080 1.45-2.20 20.67-13.62
430 w 104 COPPEr  1300-2150 40005 4460-2310 +0.005 0080 1.70-260 17.63-11.53
105 Alum.
340 340 12 COPPEr 3 400-1700  £0.005 3.560-1860 +0.005 0080  220-330 13.63-9.08
113 Alum.
284 s :i i;"’p °f 2840-1.340 +0005 3.000-1.500 +0005 0080 2.60-395 11.53-7.59
um.
229 229 2290-1.145  +0005 2418-1273 +0005 0064 330-490  9.08-612
187 c 49 COPPEr ) 6720872 £0.005 2000-1000 +0.005 0064  3.95-5.85  7.59-5.12
95 Alum.
159 159 1.590-0.795 +0004 1.718-0923 +0004 0064 4.90-705  612-425
137 Xz 50 CoPPer | 305 0.622  4+0.004 1500-0750 +0.004 0064 585-820  5.12-3.66
106 Alum.
112 X, 51 COPPEr | 127 0497  £0.004 1250-0625 +0.004 0064 7.05-10.00 4.25-2.99
68 Alum.
9 X 23 i;’pp‘" 0.900-0.400 +0003 1.000-0.500 0003 0050 820-1240 3.66-2.42
um.
75 75 0.750-0375  +£0.003 0.850-0475 +0003 0050 10.00-15.00 2.99-2.00
91 Copper
62 Ky Alum.  0.622-0.311  +00025 0.702-0.391 +0.003 0.040 124-1800 2.42-1.66
107 Silver
s1 51 0.510-0255  +0.0025 0.590-0.335 +0.003 0040 1500-2200 2.00-136
53 Copper
4 K 121 Alum.  0420-0170  +£0.0020 0.500-0.250 +0.003 0.040 18.00-2650 1.66-1.13
66 Silver
34 34 0340-0170  £0.0020 0420-0250 0003 0040 2200-3300 1.36-0.91
Copper
28 K, 9% Alum,  0.280-0.140  +00015 0.360-0220 +0002 0040 26.50-40.00 1.13-0.75
Silver
22 o 97 ‘S:f]’ppe' 0224-0.112  +0.0010 0304-0.192 +0002 0.040 33.00-50.00 0.91-0.60
nlver
19 19 0.188-0.094 +0.0010 0268-0.174 +0.002 0040 40.00-60.00 0.75-0.50
15 v o8 S_‘l’pp” 0.148-0.074  +0.0010 0228-0.154 0002 0040 50.00-75.00 0.60-0.40
niver
Copper
12 12 99 o 0.122-0.061  +0.0005 0.202-0141 +0.002 0040 60.00-90.00 0.50-0.33
1lver
10 10 0100-0.050 +0.0005 0.180-0130 +0.002 0040 75.00-110.00 0.40-0.27

Source: Microwave Development Laboratories, Inc.
®This is an MDL Range Number.
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Waveguide Fittings
Theoretical Theoretical
Cutoff for attenuation C / W power
TE., mode lowest to rating Flange
10 Range in Range in highest lowest to EIA
Frequency Wavelength 2\ g frequency highest Choke Cover designation
(GHz) (em) - ~ (@B/100#) frequency (MW) VUG()/U UG()/U  WR()
.
0.256 116.84 160-105 168-1.17  0.051-0.031 153.0-212.0 2300
0.281 106.68 162-1.0¢ 1.68-1.18  0.054-0.034 120.0-173.0 FA168A 2100
0328 91.44 1.60-1.05 167-1.18  0.056-0.038 93.4-131.9 1800
0393 76.20 161-105  162-117  0.069-0.050 67.6-93.3 1500
0513 58.42 1.60-107 182-118  0.128-0.075 35.0-53.8 1150
0.605 4953 161-108  1.70-119  0.137-0.095 27.0-38.5 975
0.766 39.12 1.60-106 1.66-118  0.201-0.136 17.2-24.1 770
0.908 33.02 162-107 170-118 0317-0212 119-17.2 417A 650
0.269-0.178 418A
1157 2591 1.60-105  1.67-1.18 510
1372 21.84 161-1.06 170-118  9388-0385 52-7.5 4354 430
0.501-0.330 437A
0.877-0.572 553
1.736 17.27 1.58-105  1.78-1.22 1-45 40
5 0.751-0.492 3 554 3
1.102-0.752 S4A 53
2.07 14.43 1.60-105  1.67-1.17 2-3. 284
078 0 0.940-0.641 22-32 585 584 §
257 1163 1.56-105  1.62-1.17 229
3152 9510  160-108 167-1.19  208-144 1.4-20 1488 1494 187
1.77-1.12 406A 407
3711 8078  1.51-105 152-1.19 159
2.87-230 343A 344
4301 6970  147-105 148-1.17 0.56-0.71
2.45-1.94 56-0 440A 441 137
412-321 524 51
5259 5700  149-105 1.51-1.17 35-0.4
5 18- 3.50-2.74 0.35-0.46 137A 138 12
6.45-4.48 40A 39
6.557 4572 160-106 1.68-1.18 20-0.29
3 1.68 5.49-3.83 0.20-02 136A 135 ®
7.868 3810 1.57-105 1.64-1.17 75
9.51-831 sa1 419
9.486 3160  1.53-105 1.55-1.18 0.12-0.16 FAI9A*  FAI9IA® 62
6.14-5.36
11.574 2590  1.54-105 1.58-1.18 51
20.7-14.8 596 595
14.047 2134 156-106 160-1.18  17.6-126 0.043-0.058 598 597 Y
13.3-9.5
17.328 1730 157-105 162-118 34
600 599
21.081 1422 1.59-105 1.65-117 0.022-0.031 FA1241A* FAI242A% 28
21.9-15.0
26.342 1138 1.60-1.08 7 383
. . 60-105  167-L17 oo 0.014-0.020 py)
31.357 0956  1.57-105 1.63-1.16 19
i 385
39.863 0752 160-106 1.67-1.17 0.0063-0.0090 15
52.9-39.1 -
48.350 0620  161-1.06 1.68-118 0.0042-0.060 12
93.3-522
59.010 0508  1.57-1.06 1.61-1.18 10
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RECTANGULAR CROSS-SECTION WAVEGUIDES AND CAVITIES

FIGURE 8-12 Geometry for the rectangular cavity.

RECTANGULAR RESONANT CAVITIES

Waveguide cavities represent a very important class of microwave components.
Their applications are numerous and range from use as frequency meters to cavities
for measuring the electrical properties of material. The attractive characteristics of
waveguide cavities are their very high quality factors Q, typically on the order of
5000-10,000, and their simplicity of construction and use. The most common
geometries of cavities are rectangular, cylindrical, and spherical. The rectangular
geometry will be discussed in this chapter whereas the cylindrical will be examined
in Chapter 9 and the spherical will be analyzed in Chapter 10.

A rectangular waveguide cavity is formed by taking a section of a waveguide
and enclosing its front and back faces with conducting plates, as shown in Figure
8-12. Coupling into and out of the cavities is done through coupling probes or holes.
The coupling probes may be either electric or magnetic, as shown in Figure 8-11a
and c, whereas coupling holes may also be used either on the front, back, top, or
bottom walls.

The field configurations inside a rectangular cavity of Figure 8-12 may be
either TE® or TM?, or any other TE or TM mode, and they are derived in a manner
similar to those of the waveguide. The only differences are that we must allow for
standing waves, instead of traveling waves, along the length (z axis) of the
waveguide, and we must impose additional boundary conditions along the front and
back walls. The field forms along the x and y directions and the boundary
conditions on the left, right, top, and bottom walls are identical to those of the
rectangular waveguide.

Transverse Electric (TE®) Modes

Since transverse electric (to z) modes for a rectangular cavity must be derived in a
manner similar to those of a rectangular waveguide, they must satisfy (8-1) and
(8-2). Therefore F,(x, y, z) must take a form similar to (8-6) except that standing
wave functions (sines and cosines) must be used to represent the variations in the z
direction. Since the boundary conditions on the bottom, top, left, and right walls are
those of (8-8a) to (8-8d), the F,(x, y, z) function for the rectangular cavity can be
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written as
F.(%, 7, 2) = Apycos (Bx) cos (B,7)[Cycos (B.2) + Dssin (B.2)] (8-76)
ma
B, = — m= 0,1,2,...
m=n#0 (8-76a)
nw
By=7 n=0,1,2,...

which are similar to (8-14a) and (8-14b) except for the standing wave functions
representing the z variations. The additional boundary conditions on the front and
back walls of the cavity are

EX(OSXSa,OsySb,z=0)=EX(OSx$a,0_<_ysb,z=c)=O
(8-77a)

Ey(OSXSa,Osysb,z=0)=Ey(0$xsa,0sysb,z=c)=0
(8-77b)

The two boundary conditions of (8-77a) and (8-77b) are not independent and either
of the two will be sufficient.
By using (8-76) we can write the E, component according to (8-1) as

10F, B,

E(x,y,z)=—~ 3 e

Apno0s (Box)sin (B, y)[C; cos (B.2) + Dysin(B.z)]
(8-78)
By applying (8-77a) to (8-78), we can write that
EO<x<a0<y<bh, z=0)= %Amncos(ﬂxx)sin(,Byy)[C3(1) + Dy(0)] = 0
=G=0 (8-79a)
E(O0<x<a0<y<b,z=c)= é}Amncos(,ch)sin(Byy)D3 sin(B,c) =0
= sin{B,c) =0= B,c=sin"'(0) = pn
= =123 (8-79)
Thus (8-76) reduces to

Fi(%, y, 2) = A, Dycos (B.x) cos (B,y) sin (,2)

F(x,y,z)= Amnpcos(,Bxx)cos(,Byy)sin(Bzz) (8-80)
where
ma
B.=— m=0,1,2,...
a
nw
By=7 n=012,... ym=n+0 (8-80a)
pm
Bz:? p=1,2,3,...
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Thus for each mode the dimensions of the cavity in each direction must be an
integral number of half wavelengths of the wave in that direction. In addition the
electric and magnetic field components of (8-1) can be expressed as

Eo= 2 08 (B sin (8,9) sin (8.2) (5-812)

E = — %Am"p sin ( B,x) cos ( B,y ) sin (B,z) (8-81b)

E,=0 (8-81c)
BB, .

H, = e Amnp Sin (Box) cos (B, y) cos (B,2) (8-81d)
B,B. :

H, =jwy”£ Amnpcos(Bxx)sm(,Byy)cos(,Bzz) (8-81e)

Amn
H = —j w,up( B+ B )cos(,Bxx)cos(,Byy)sin(,Bzz) (8-81f)

By Using (8-80a) we can write (8-7a) as

g g = (22 o (5] (2] = 2 = e = anfme (52

or

=0,1,2,...
=0,1,2,... ) m=n#0
=1,2,3,...

0% s V) + (5 (5]

(8-82a)

In (8-82a) (f.),.,, represents the resonant frequency for the TE;, mode. If
¢ > a > b, the mode with the lowest-order is the TEZ,, mode whose resonant
frequency is represented by

wi=s=y ) (5 (5-53)

In addition to its resonant frequency, one of the most important parameters of
a resonant cavity is its quality factor Q defined as
stored energy W, W, + W, 20, 2w,

= —_— = —_—— = = W

© dissipated power © P, P, P, P,

(8-84)

Q

which is proportional to volume and inversely proportional to surface. By using the
field expressions of (8-81a) through (8-81f) for the m = 1, n =0, and p = 1 (101)
mode, the total stored energy can be written as

W= 2W—2[ fff|E|2 ]— [IAmllZ]j:j(;bj:sinz(gx)sinz(gz)dxdydz

|A101| abc
S (559
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The total dissipated power is found by adding the power that is dissipated in
each of the six walls of the cylinder. Since the dissipated power on the top wall is
the same as that on the bottom, that on the right wall is the same as that on the left,
and that on the back is the same as that on the front, we can write the total
dissipated power as

R
= = . I . I * . I *
Py= {2ffbmme,, J*ds +2 fleﬁJ,, Iras+2ff 3, ds}

front

= Rs{ffb 3y dxds+ [ 337 ds+ ffmme- I ds}

ottom left
P,=P, + P, + P, (8-86)
where
= o J* ds = AL -
P, =R, f fb B dpds= R, fo fo W, |2 dx dz (8-86a)
< rb
P,=R J,+J*ds=R 2dyd 8-86b
¢ sfleftf ¢ a8 s/(.)‘/;l‘lf| y az ( )
b ra
P,=R,[[ 3-3*ds=R, 2 dx d 8-86¢
= R [ Y de = R B (5360
R T Ay (T T
J,=axXH|,_o=— azj———sm(——x)cos(—z)
a ¢ WuE a c
o [T\ A, T T
—axj(—) cos(—x)sm(—z) (8-86d)
al wpe a c
J,=AxH P Y ey 8-86
,=h l"so_aijpe(a) sm(Cz) (8-86¢)
J-AxH L TT A (T 8-86f
=7 |Z=‘_ay']acwp£ sm(ax) (8-86f)

Application of the fields of (8-81a) through (8-81f) for m =1, n =0, and
p = 1 in (8-86) through (8-86f) leads to

[ 72 A, ‘ca m\2A,; ¢ a
P,=R,|——=| == +R (—) === -
b | ac wpe | 22 s[ al wpe| 22 (8-872)
7\? 4101 * b
P=R|l—| 22|z ;
, SL(a) m]cz (8-87b)
[ 2 Ain ’ a
P.=R,|— b— -
/ ‘lac wpe | 2 (8-87)

R, |4y
Py = 4 2
(en)
Ultimately then the Q of (8-84) can be expressed, using (8-85) and (8-87d), as
3,2
7 b(a®+ c?)
(Q)1or [

101 = 2R, | ac(a® + ¢*) + 2b(a® + ¢?)

(%)Zﬁ[ac(az +c2) +2b(a® + )] (8-87d)

(8-88)
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83.2

For a square-based (a = c) cavity

TE an 1 1 1
= =11107—| ———— 8-88
(Q)lOl zﬁRS 1+ i Rs ) a/z ( a)
2b iy

Example 8-7. A square-based (a = ¢) cavity of rectangular cross section is
constructed of an X-band (8.2-12.4 GHz) copper (o = 5.7 X 107 S/m) wave-
guide that has inner dimensions of a = 0.9 in. (2.286 cm) and b = 0.4 in.
(1.016 cm). For the dominant TE,;, mode, determine the Q of the cavity.
Assume a free-space medium inside the cavity.

Solution. According to (8-82a) the resonant frequency of the TE,,; mode for
the square-based (a = ¢) cavity is

7\2 a7 \? ‘/_
(Lo = ﬁ (;) + (;) - 20‘25
1

0X10° _ scH
T VZajue  2(2286) 7

Thus the surface resistance R of (8-61) is equal to
R W, 2m(9.28 X 10°)(47 X 1077)
= V26 T 2(5.7 x 107)

92.8
=2 57 X 107 = 0.0254 ohms

Therefore the Q of (8-88a) reduces to

377 1

(Qha = L1107 o S3ge— | = 7757.9 = 7758
+ —
2(1.016)

Transverse Magnetic (TM?) Modes

In addition to TE? , . modes inside a rectangular cavity, TMZ,, » modes can also be
supported by such a structure. These modes can be derived in a manner similar to
the TE;,, , field configurations.

Using the results of Section 8.2.2 we can write the vector potential component
A,(x, y, z) of (8-26a) for the TMZ » modes of Figure 8-12 without applying the

boundary conditions on the front and back walls as

A,(x,y,z)=B,, sin(,Bxx)sin(,li'yy)[C3 cos(B,z) + Dysin(B,z)] (8-89)
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where
mar
B.=— m=1,23,... (8-89a)
a
nmw
By= 7 n = 1,2,3,... (8-89b)

The boundary conditions that have not yet been applied on (8-24) are those of
(8-77a) or (8-77b). Using (8-89) we can write the E, component of (8-24) as

. 10U,
2y, 2) =) wie dx dz
B.B, , :
= —j e B, cos(B.x) sm(,Byy)[—C3 sin (8,z) + D;cos (B,z))
(8-90)
Applying the boundary conditions of (8-77a) we can write that
BB. .
E(0<x<a,0<y<bh, z=0)= —j B, cos(B.x)sin(B,y)
WHE
X [-C4(0) + D;(1)] =0 =D, =0 (8-91a)
BXBZ
E(O0<x<a,0<y<b z=c)=—j B, cos(B,x)sin(B,y)
WUE
x[-¢ sin(B.c)] =0
= sin(B,c) =0 = B,c=sin"'(0) = px
pm
B.=— p=0123.. (8-91b)
Thus (8-89) reduces to
A,(%, 7, 2) = B,C, sin(Bx)sin (B,y) cos (B.2)
A4,(x, 3, 2) = By, sin (Bx) sin B,) cos (B,2) (8:92)
where
mm
B.=— m=1,2,3,...
a
na
B=— n=123.. (8-92a)
pm
B.=— p=01,2,...
c

Using (8-7a) and (8-92a) the corresponding resonant frequency can be written

% sV - (5 5

as

L (893)
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TABLE 8-5
Values of R{;i” for rectangular cavity
L S By TEw ™™ " TE,, TE, TE Tz
b b 101 011 110 "er“ 102 201 021 T‘E012 TMZI() TM[Z(] 'I*M112
1 1 1 1 1 1.22 1.58 1.58 158 1.58 1.58 1.58 1.73
1 2 1 1 1.26 1.34 126 184 184 126 200 2.00 1.55
2 2 1 1.58 1.58 1.73 158 158 291 200 200 291 212
225 2125 1 1.74 174 1.88 1.58 1.58 326 213 213 3.26 2.24
2 4 1 184 200 2.05 126 184 360 200 253 3.68 2.19
225 4 1 202 215 2.20 131 181 395 219 262 4.02 2.36
4 4 1 291 291 3.00 158 1.58 571 316 3.16 57 3.24
4 8 1 362 365 3.66 126 184 720 365 4.03 7.25 3.82

Since the expression for the resonant frequency of the TM,,,,, modes is the same as

for the TE,,, ,, the order in which the modes occur can be found by forming the

ratio of the resonant frequency of any mnp mode (TE or TM) to that of the TE,,,

that is,

m\2 n\2 P 2
(W L] (5] (<]
mr = S = | A bl (8-94)
(f o ( ) ( )
p— + —_
a 4

whose values for ¢ > a > b and different ratios of a/b and ¢/b are found listed in

Table 8-5.
84 HYBRID (LSE AND LSM) MODES

For some waveguide configurations, such as partially filled waveguides with the
material interface perpendicular to the x or y axis of Figure 8-1, TE? or TM? modes
cannot satisfy the boundary conditions of the structure. This will be discussed in the
next section. Therefore some other mode configurations may exist within such a
structure. It will be shown that field configurations that are combinations of TE?
and TM? modes can be solutions and satisfy the boundary conditions of such a
partially filled waveguide [3]. The modes are referred to as hybrid modes or
longitudinal section electric (LSE) or longitudinal section magnetic (LSM), or H or E
modes [4].

In the next section it will be shown that for a partially filled waveguide of the
form shown in Figure 8-134, the hybrid modes that are solutions and satisfy the
boundary conditions are TE¥ (LSE* or H”) and/or TM” (LSM” or E”). Here the
modes are LSE and/or LSM to a direction that is perpendicular to the interface.
Similarly for the configuration of Figure 8-13b, the appropriate hybrid modes will
be TE* (LSE*) and TM* (LSM*). Before proceeding with the analysis of these
waveguide configurations, let us examine TE” (LSE”) and TM” (LSM”) for the
empty waveguide of Figure 8-1.
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(a)

ey

FIGURE 8-13 Geometry of the dielectric

@ loaded rectangular waveguide.
(a) Slab along broad wall. (b)
(b) Slab along narrow wall.

84.1 Longitudinal Section Electric (LSE”) or Transverse Electric (TE”)

or HY Modes
Just as for other transverse electric modes, TE” modes are derived using (6-77) or
1 dF 1 9%F
Ex =—-= Hx = —j_ .
e dz wpe dx dy
E =0 H ! o 2|F, 8-95
= = —j— | — + -
y ¥y ] wue ayz B y ( )
1 dF 1 97%F
E=--—% H=-j—_—
e dx wpe dydz
where for the +z traveling wave
Fi(x,y,2)= [C)cos(B.x) + D, sin(B,x)]
X [C2 cos(B,y) + D,sin (,Byy)] Aze B2 (8-95a)
B2+ B+ Br=B%=wpe (8-95b)

The boundary conditions are those of (8-8a) through (8-8d).
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By using (8-95a) we can write the E, of (8-95) as

Ef{x,y,z)=— %[—C1 sin (B,x) + D, cos (B,x)]
x[Cycos (B,y) + Dysin(B,y)] Ase (8-96)
Application of the boundary condition of (8-8b) on (8-96) gives
Ef(0<x<a,y=0,1z)
= - %[~C1 sin (B,x) + Dycos (B.x)][C,(1) + D,(0)] Aze 5 =0

~C =0 (8-97a)
Ef0<x<a,y=b,z)
B, ,
= —=[-Csin(B.x) + D, cos(B8,x)] D, sin (B,b) ;e ™% = 0
14
= sin(B,6) =0 = B,b=sin ' (0) = nm
nmw
B=—F n=123.. (8-97b)

y

By following the same procedure, the boundary condition of (8-8d) leads to

Ef(x=0,0<y<b,z)
= - E’5[—61(0) + Dy(1)] D,A4;sin(B,y)e #*=0=D =0 (8-98a)
€
B, . y
Ef(x=a,0<y<b,z)=——=[-Csin(B.a)] Dydse =0
€
mar
=sin(fa)=0=p8=— m=0,12,... (8-98b)
a

Therefore (8-95a) reduces to

Ff(x,y,z) = C,D,A;cos (B.x)sin(B,y)e > = A4, cos(Bx)sin(B,y)e

(8-99)
where
mm
B, =— m=20,1,2,... (8-99a)
a
nw
,By= —l—)— n=1,2,3,... (8-99b)

By using (8-95b),

b= tB = (B2+B)) = £ B - (8-100)
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where

B2 = wlue = (2nf,)’pe = B2 + B = (m—:_)z " (n—w)z

or

TEY ﬂ ? m=0,1,2,...
()™ - o I e S (ST

277\/,u_e

The dominant mode is the TE}; whose cutoff frequency is

(8-100b)

TEY 1
(f) = \/}TE

Longitudinal Section Magnetic (LSM *) or Transverse Magnetic (TM”) or
E’ Modes

By following a procedure similar to that for the TE” modes of the previous section,
it can be shown that for the TM” modes of Figure 8-1 the field components of
(6-64), or

1 9%, 194
E = —j— = - -2
x WE axay x p 0z
E ! o 214 H =0 8-101
= —j—| — + = -
y pr,e ayZ B y y ( )
1 BZA " 1
- jwue 3y82 P 9x

and the boundary conditions of (8-8a) through (8-8d) lead to

A4,(x, y,2) = B,,sin(B.x)cos(B,y)e (8-101a)
ma
,BX = T m = 1,2,3,... (8-101b)
nw
B, = - n=20,1,2,... (8-101c¢)
(/) = \/ H)z (8-101d)
e 277"/;;

The dominant mode is the TM;;, whose cutoff frequency is

1

dajie

ANSE (8-101e)
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PARTIALLY FILLED WAVEGUIDE

Let us now consider in detail the analysis of the field configurations in the partially
filled waveguide of Figure 8-13a. The analysis of the configuration of Figure 8-13b
is left as an end of chapter exercise. It can be shown that for either waveguide
configuration neither TE? nor TM? modes individually can satisfy the boundary
conditions. In fact for the configuration of Figure 8-13a, TE» (LSEY) or TM”
(LSM”) are the appropriate modes whereas TE* (LSE*) or TM* (LSM™*) satisfy the
boundary conditions of Figure 8-13b. For either configuration, the appropriate
modes are LSE or LSM to a direction that is perpendicular to the material interface.

Longitudinal Section Electric (LSE*) or Transverse Electric (TE*)

For the configuration of Figure 8-13a there are two sets of fields: one for the
dielectric region (0 < x < 4,0 <y < &, z), designated by superscript d, and the
other for the free-space region (0 < x < a, h < y < b, z), designated by superscript
0. For each region the TE” field components are those of (8-95) and the correspond-
ing potential functions are

Fi(x,0<y<h,z)= [Cdcos (B,gx) + D{sin(B.4x)]
X [Cz"’ cos (Bydy) + Dfsin (B_de)] Ale B2 (8-102)
xza' + yzd + ,322 = :de = wzﬂdfd (8-102a)
for the dielectric region, and
FXx,h<y<b,z)=[CPcos(Box) + Dsin(B,ox)]
x {CPcos [B,o(b — )| + DYsin[B,o(b — y)] } A% = (8-103)
Bl + y20 + B2 = B5 = w’ioko (8-103a)
for the free-space region. In both sets of fields B, is the same, since for propagation
along the interface both sets of fields must be common.
For this waveguide configuration, the appropriate independent boundary
conditions are
ENx=00<y<h,z)=Efx=a,0<y<h,z)=0 (8-104a)
E{0<x<a,y=0,z)=0 (8-104b)
EN0<x<a,y=h,z)=EX0<x<a,y=h,z) (8-104c)
EXNx=0,h<y<b,z)=EXx=a,h<y<b,z)=0 (8-104d)
E0<x<a,y=b,2)=0 (8-104e)

Hi0<x<a,y=h,z)=H’(0<x<a,y=h,z) (8-104f)
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Another set of dependent boundary conditions is

E{x=0,0<y<h,z)=Ef(x=a,0<y<h,z)=0 (8-105a)

E{0<x<a,y=02)=0 (8-105b)

E0<x<a,y=h,z)=E)N0<x<a,y=h,z) (8-105¢)

Eyo(x=0,hsysb,z)=Ef(x=a,h$ysb,z)=0 (8-1054d)

EX(0<x<a,y=b,z)=0 (8-105¢)

H'0<x<a,y=h,z)=H)0<x<a,y=h,z) (8-105f)
By using (8-95) and (8-103) we can write that

1 9F

z

—r - _ @[_c{) sin (Bx) + Dlocos(ﬂxox)]
g, Ox £
x {CPcos [ B,o(b = »)] + DY sin [Byo(b — )] } AJe
(8-106)
Application of boundary condition (8-104d) leads to
ENx=0,h<y<b,z)
:on
= - —=[-c’(0) + D(1)]
€
X {Clocos [,Byo(b - y)] + DJ sin [Byo(b - y)]}Age_fBzz =0
= D=0 (8-106a)
EXx=a,h<y<b,z)
BxO .
= — =2[-?sin(Ba)]
€

X {Czocos [,Byo(b - y)] + Dfsin [ B,0(b — )] }Age_f’gf’ =0
) mar
=sin(Boa) =0= B, = - m=0,1,2,... (8-106b)
Application of (8-104e) leads to

EX0<x<a,y=b,z)

B,
= === CPsin(Bo)] {CF(1) + DI(0)) A% < 0
0

= CZO =0 (8-1060)
Thus (8-103) reduces to
FP = A45,,cos (Box)sin [ B,o(b — y)| e/ (8-107)
ma
on = T m = 0,1,2,... (8-1073)
2 2 2 mm \? 2 2 2 2
x0 + y0 + Bz = _a_ + 'y0 + :Bz = BO = WloEy (8-107b)
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with

1 9F? 3 .
-——% = ﬁA&nsin(onx)sin[ﬁyo(b—y)]e*f‘*zz (8-108)
g Jx £

E0 =

Use of (8-95) and (8-102) gives

1 9F¢ B.. .
_ e_da_; = — e—d[—Cf’sm(,Bxdx) + D{ cos ( B,4x)]

X [Cfcos (B,ay) + Disin(B,,y)| Ade >  (8-109)

Ef=

z

Application of boundary condition (8-104a) leads to
E{x=0,0<y<h,z)

= — %1[_6‘1‘1(0) + D{i(l)][czdcos(ﬁydy) + D¢ Sin(Bydy)]Age—jB,z -0
d

= Dff=0 (8-1092)
Ezd(x=a,OSysh,z)
3 | | N
= _—s—d[—cldSHl(Bxda)][CdeOS(Bydy) + D;’sm(/}ydy)]Agle Bz = ()
d
mw
=sin(Bqa)=0=B,=— m=012,.. (8-109b)

Application of (8-104b) leads to

B. ,
E0<x<a,y=0,2z)=— E—d[—C{‘sin(Bxdx)] [C#(1) + D§(0)] Ade ™ = 0
d

>Ccf=0 (8-109c¢)

Thus (8-102) reduces to
F = A5, cos (B,yx)sin(B,gy)e (8-110)

m

Bu=—=B, m=0,1,2,... (8-110a)

a

mm\?

Bl B+ B2 = (| + Bl B2 = B = e, | (81100)

with
1 9F¢ B, .
El=——— = ——dA‘,’,m sin ( B, ,x) sin (Bydy)e’fpfz
g, 0x gy
B,

[

244, sin (Byox ) sin (B,gy)e P (8-111)
d
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Application of boundary condition (8-104c) and use of (8-108) and (8-111)
leads to

x . B, . . s
ﬁA?m, sin ( 8,0x ) sin [,Byo(b — h)|e P = e—OA‘,’,,,, sin (B, 4x) sin ( B,,h ) e
€ d
1 1
— A%, sin [B,o(b — h)] = :A‘,’,,,, sin ( 8,4h) (8-112)
£ d

By using (8-107) and (8-110) the z component of the H field from (8-95) can
be written as

1 3%F) BB,

H? = —j = A%, cos (B,x) cos [Byo(b - y)]e'fﬁlz (8-113a)
Wty dydz  wpgy
1 ¢ ; .
H = —j . £ A%, 08 (B, x)cos(B,gy)e #*  (8-113b)
wp ey 9y 92 WH €4
Application of the boundary condition of (8-104f) reduces with 8, , = B, to
MA‘,),,,,cos (B,ox) cos [Byo(b - h)] e /B2
WhoEy
= - £y—i‘—{;—z—A‘,"m, cos (B, 4x) cos (,Bydh)e‘fﬁt’
Wp €y
ByO 0 Byd d
A, cos [B olb — h)] = - A4, cos (B,h) (8-114)
& Y Patq
Division of (8-114) by (8-112) leads to
B
22 cot [Byo(b - h)] = - Proa cot(B,.h) (8-115)
By By

2 2 2 m \? 2 2 2 2
x0+ y0+ﬁz=( a ) + y0+Bz=B0=w""OEO

(8-115a)
m=0,1,2...
Bt + Byzd + B = (ﬂ)z + y2d + Bl = Bi = paey
* : a : (8-115b)
m=20,1,2...
Whereas B8, = B,, = mm/a, m = 0,1,2,..., have been determined, Byo, Byd,

and 8, have not yet been found. They can be determined for each mode using
(8-115) through (8-115b), and their values vary as a function of frequency. Thus for
each frequency a new set of values for 8, B,,, and B, must be found that satisfy
(8-115) through (8-115b). One procedure that can be used to accomplish this will be
to solve (8-115a) for B, (as a function of B, and B,) and (8-115b) for B,, (as a
function of 8, and B,), and then substitute these expressions in (8-115) for 8,, and
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B4 The new form of (8-115) will be a function B,, By. and B,. Thus for a given
mode, determined by the value of m, at a given frequency, a particular value of 8,
will satisfy the new form of the transcendental equation 8-115; that value of B, can
be found iteratively. The range of 8, will be B0 < B, < 8¢ where B° represents the
values of the same mode of an air-filled waveguide and B represents the values of
the same mode of a waveguide completely filled with the dielectric. Once B, has
been found at a given frequency for a given mode, the corresponding values of S,
and B, for the same mode at the same frequency can be determined by using,
respectively, (8-115a) and (8-115b). It must be remembered that for each value of m
there are infinite values of n (n =1,2,3,...). Thus the dominant mode is the cne
for which m = 0, n = 1, or TE],.

For m = 0, the modes will be denoted as TE,,. For these modes (8-115a) and

(8-115b) reduce to
yzO + 1322 = wz"“OeO = Bz = i )wzu()so - Byzo (8-1163)

it B = e, = Bo= +\we, — B (8-116b)

Cutofl occurs when B, = 0. Thus at cutoff (8-116a) and (8-116b) reduce to

B.=0=% \/wzl‘oeo - ByZO = Wlgey = By20 = B0 = w/koto (8-117a)

B.=0=x% \/“’zl‘dsd - Byzd 'w=w = wlgey = Byzd = By = o jnqe, (8-117b)

which can be used to find B,o and B, only at cutoff, once the cutoff frequency has
been determined. By using (8-117a) and (8-117b) we can write (8-115) as

° d

W= w

or

‘/ ig cot [wa/#ofo(b - h)] =~/ % cot(wc ,udsdh) (8-118)
0 d

which can be used to find the cutoff frequencies of the TE}, modes in a partially
filled waveguide. A similar expression must be written for the other modes.

For a rectangular waveguide filled completely either with free space or with a
dielectric material with e,, u, the cutoff frequency of the TE;, mode is given,
respectively, according to (8-100b) by

1

0)\TE* _
(-f( )01 2bm

(/)or = S (8-119b)

. 2byp ey

Use of perturbational techniques shows that, in general, the cutoff frequency of the
partially filled waveguide (part free space and part dielectric) is greater than the
cutoff frequency of the same mode in the same waveguide filled with a dielectric
material with ¢,, u, and is smaller than the cutoff frequency of the same waveguide
filled with free space. Thus the cutoff frequency of the TE;, mode of a partially

(8-119a)
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filled waveguide (part free space and part dielectric) is greater than (8-119b) and
smaller than (8-119a), that is,

or

1

TE”
—— < ) <
2bm (fc)()l

1

2byroto

T
— < (w,
by e,

TEY

01

m

<
byroto

(8-120)

(8-120a)

With this permissible range, the exact values can be found using (8-118). The
propagation constant B, must be solved at each frequency on an individual basis
using (8-116a) or (8-116b).

Example 8-8. A WR90 X-band (8.2-12.4 GHz) waveguide of Figure 8-13a
with inner dimensions of a = 0.9 in. (2.286 cm), b = 0.4 in. (1.016 cm), and
a/b = 225, is partially filled with free space and polystyrene (e, = 2.56¢,
By = Iy, and h = b/3). For m = 0 determine the following.

1.

The cutoff frequencies of the hybrid TE}, (LSE;, ) modes for n = 1,2, 3.

2. The corresponding values of B,, and B,, for each mode at the cutoff

TABLE 8-6

frequencies.

The corresponding values of 8,4, 8,4, and B, for the TEj mode in the
frequency range (/,)o; < f < 2(f)or

Cutoff frequencies and phase constants of partially filled, air-filled, and dielectric-filled

rectangular waveguide.”

TE, modes n=1 n=2 n=3
(fc)On
(GHz) 12.62 24.03 37.711
Partla.lly (B *0)0n at (fc)On
filled waveguide (r;;d/m) 264.32 503.38 789.75
(B d)()n at (fc)On
(ravd /m) 422,91 805.41 1263.60
(f('O)On
14.76 29.53 44.29
Air- (GHz)
filled waveguide (B%)
(rad /m) 309.21 618.42 927.64
(fcd)On
9.23 18.45 27.68
Dielectric- (GHz)
filled waveguide (B
'y /0n
(ravd /m) 309.21 618.42 927.64

%a = 0.9 in. (2.286 cm), b = 0.4 in. (1016 cm), h = b/3, py = uy, and e, = 2.56¢,.
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FIGURE

Normalized frequency f/f,

8-14 Propagation constants of TE], modes for a partially
filled rectangular waveguide.

How do the cutoff frequencies of the first three TE], modes (n = 1,2, 3) of the
partially filled waveguide compare with those of the TE], modes of the empty
waveguide?

Solution.

1.

The cutoff frequencies of the partially filled waveguide are found using
(8-118). According to (8-120) and (8-100a), the cutoff frequencies for each
of the desired modes must fall in the range of

9.23 GHz < (f.),; < 14.76 GHz
18.45 GHz < (f.)y, < 29.53 GHz
27.68 GHz < (f.)y, < 44.29 GHz

The actual frequencies are listed in Table 8-6.

. Once the cutoff frequencies are found, the corresponding wave numbers 8,

and B,, at cutoff can be found by using (8-117a) and (8-117b). These are
also listed in Table 8-6. Also listed in Table 8-6 are the values of the cutofl
frequencies and the corresponding wave numbers for the air-filled and
dielectric-filled waveguides.

. Finally the wave numbers B, B,,, and B, for each frequency in the range

(fon <f<2(f)o, are found by solving (8-115) through (8-115b) as
outlined previously. These are shown plotted in Figure 8-14 for the TE}
mode where they are compared with those of the waveguide filled com-
pletely with air (B°) or with the dielectric (8¢). The others for the TE},
and TEJ; modes are assigned as an end of chapter exercise.

8.5.2 Longitudinal Section Magnetic (LSM*) or Transverse Magnetic (TM ”)

For the waveguide configuration of Figure 8-13a4 the TM” field components are
those of (8-101) where the corresponding vector potentials in the dielectric and free
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space regions for the waves traveling in the +z direction are given, respectively, by
Ai = [Cldcos (Bex) + Di'sin (:Bxdx)] [Czdcos (ﬁde) + Df sin ('Bydy)] Age_jﬂ’z
(8-121)
x2d + y2d + Bz2 = .de = ‘*’zl‘ded (8-121a)
A% = [CPcos (B,ox) + DY sin (B,ox)]
X {CPcos[B,o(b—y) + DYsin[B,e(b — y)]} A%+ (8-122)
o+ y20 + B2 = BF = wuee, (8-122a)

The appropriate boundary conditions are those of (8-104a) through (8-105f).
Application of the boundary conditions of (8-104a) through (8-105f) shows
that the following relations follow:

A5 = B, sin (Box) cos [ Byo(b = y)] e (8-123)
mw
:Bx0= T m=1,2,3,... (8-1238)

ma 2
o+ B+ Bl = (7) + B+ B = B3 = ok (8-123b)

A5 = By, sin(Bx) cos (B,y)e (8-124)
mw
B..= — m=1,2,3,... (8-124a)

mm\2
x2d + yzd + Bzz = (—a—) + y2d + Bzz = de = ‘*’zl‘«dfd (8'124b)

_ By() [ _ Byd d -
e B, sin [B,o(b — h)] = udsdB”'" sin ( 8,4h) (8-125)
1
— B, cos [ B,(b - h)| = LB,ﬁ,, cos ( B,4h) (8-126)
o P
B tan [B,o(b — h)] = - Ba tan ( 8,h) (8-127)
€ €4

2 2 2 mm 2 2 2 2 2
x0 + y0 + Bz = -—a_ + ByO + Bz = B() =W ’J‘OSO (8 1273)

m=1273...

2 2 2_ (M7 s 2 2.2

ea t Byt B = -] " va t B =B = wipe,
(8-127b)

m=1,2,3...
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Whereas B,, = 8,, = mm/a, m = 1,2,3,..., have been determined, ,Byo, B4
and B, have not yet been found. They can be determined by using (8-127) through
(8-127b) and following a procedure similar to that outlined in the previous section
for the TE' modes. For each value of m there are infinite values of n (n =
0,1,2,...). Thus the dominant mode is that for which m = 1 and n = 0, or the
dominant mode is the TM},.

For m = 1, the modes will be denoted as TMy,. For these modes (8-127a) and
(8-127b) reduce to

a2 [ 7\2]
(;) + B+ B2 = wpgey = B, = + 1/ wioeo — | B + (—) (8-128a)

a
72 [ 7\2]
(;) + ﬁyzd + BZZ = wzp'ded = Bz = 4 wzﬂdad — y2d + (;) (8-128b)

Cutoff occurs when B, = 0. Thus at cutoff (8-128a) and (8-128b) reduce to

712 72
Wiy = .By20 + (;) = Pyo = Wolofy — (;) (8-129a)

72 7\?
wittaeq = Bry + (_) = By =\ @iHats— (_) (8-129b)
a a

which can be used to find g8,, and B, only at cutoff once the cutoff frequency has
been determined. By using (8-129a) and (8-129b) we can write (8-127) as

T

2 72
Welko€p — (;) tan |/ @Zpoo — (;) (b —h)

1 X 7?2 5 m\2
= _—E: W €g — (;) tan [ h\f wop 84 = (;)

€ 7 \2 m\2
= Wetko€o — (") tan[ Wlpoko — (—) (b - h)}
£ a a

w2 72
= =\ wibaea ~ (;) tan (h wfﬂdfd_(;)

which can be used to find the cutoff frequencies of the TM{, modes in a partially
filled waveguide.

For a rectangular waveguide filled completely either with free space (., &) or
with a dielectric material (e, p,) the cutoff frequency of the hybrid TM;, mode is
given, respectively, according to (8-101d) by

1
€

or

(8-130)

0y™” _ ; -
(o)™ = YA (8-131a)
(/) = S (8-131b)

07 2auge,
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By using perturbational techniques, it can be shown that, in general, the cutoff
frequency of the partially filled waveguide (part free space and part dielectric) is
greater than the cutoff frequency of the same mode in the same waveguide filled
with a dielectric material with &,, p, and smaller than the cutoff frequency of the
same waveguide filled with free space. Thus the cutoff frequency of the TM;, mode
of a partially filled waveguide (part free space and part dielectric) is greater than
(8-131b) and smaller than (8-131a), that is

(D < — (3:132)
— < (f. < —— -
2ayp ey e 2ayoty
or
7T ; T
< (01 < (8-132a)

< —
Ayl €y ay ot

With this permissible range, the exact values can be found by using (8-130). The
propagation constant 8, must be solved at each frequency on an individual basis
using (8-128a) or (8-128b) once the values of B8,, and B,, have been determined at
that frequency.

Example 8-9. A WR90 X-band (8.2-12.4 GHz) waveguide of Figure 8-13a
with inner dimensions of a = 0.9 in. (2.286 c¢m), b = 0.4 in. (1.016 cm), and
a/b = 225, is partially filled with free space and polystyrene (e, = 2.56,
By = ko, and A = b/3). For m = 1 determine the following.

1. The cutoff frequencies of the hybrid TM7, (LSM;,) modes for n = 0,1, 2.

2. The corresponding values of f,, and B, for each of the cutoff frequencies.

3. The corresponding values of B4, B,,, and B, for the TM;j, mode in the
frequency range (f.)10 < f < 2(f )10

How do the cutoff frequencies of the first three TM;, (n = 0,1,2) of the
partially filled waveguide compare with those of the TM;, of the empty
waveguide?

Solution. Follow a procedure similar to that for the TE], modes, as was done
for the solution of Example 8-8. Then the parameters and their associated
values are obtained as listed in Table 8-7 and shown Figure 8-15. The
parameters versus frequency for the TM7; and TM{, modes are assigned as an
end of chapter exercise. The cutoff frequencies of the partially filled waveguide
are found using (8-130). According to (8-132) and (8-101d), the cutoff frequen-
cies for each of the desired modes must fall in the range of

4.101 GHz < (f.),, < 6.56 GHz
10.098 GHz < (f.),, < 16.16 GHz

18.905 GHz < (f,),, < 30.25 GHz
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TABLE 8-7

Cutoff frequencies and phase constants of partially filled, air-filled, and dielectric-filled

rectangular waveguide®

TM{, modes n=0 n=1 =2
(f;')ln
(GHz) 579 13.68 24.75
Partially (Brodin 2t (f1, .
filled waveguide (reid /m) +764.76 251.37 499 .84
(Bvd)ln at (f;')ln
(rad /m) 136.84 437.29 817.96
(./;'O)ln
6.56 16.16 30.25
Air- (GHz)
filled waveguide (B%)
v /1ln
(rad /m) 0 309.21 618.42
(S
et 410 10.10 18.90
Dielectric- (GHz)
filled waveguide (B4
» J1n
(rafd /m) 0 309.21 618.42

®a = 0.9 in. (2.286 cm), b = 0.4 in. (1.016 cm), h = b/3, p; = uy. and ¢, = 2.56¢;.

400 —
TM{o mode
a=09in.(2.286 cm)
b=0.4in.(1.016 cm)

300l h=b/3

¢, =256

Propagation constant (rad/m)

200
- Byo
/”
100 — Imaginary
P
7
7
//
27 | | 1 | |
1 1.2 14 1.6 1.8 2

Normalized frequency f/f,

FIGURE 8-15 Propagation constants of TM;, modes for a partially
filled rectangular waveguide.
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The actual frequencies, as well as the other desired parameters of this problem,
are listed in Table 8-7.

When the dielectric properties of the dielectric material inserted into the
waveguide are such that ¢, = g, and u, = p,, then the wave constants of the TM,, ,
modes of the partially filled waveguide are approximately equal to the correspond-
ing wave constants of the TM},, modes of the totally filled waveguide. Thus
according to (8-101c)

(B,0),,0 = (Bya) o = small = 0 (8-133)

Therefore (8-127) can be approximated by

,By :B V: %
2 tan [B,e(b = h)] = [ Bo(b = 1)] = —&tan(ﬁydh) = _&(Bydh)
0 0 Ea €a
2 2
_lg(b —h)=— Dy
€ £y
? 2 (b —h) = —Bh (8-134)

0

At cutoff 8, = 0. Therefore using (8-129a) and (8-129b) we can write (8-134) as
&l 7\2 7\2
N aoro — (=) (6= ) = | wuea— (=) |1 (31340
£ a a

which reduces to

()T T h+e(b—h) 8135
el T ayeloto (b—h)+p,h (8-135)
where
£
g, = — (8-135a)
£
In
p,=—2 (8-135b)
Ko

Example 8-10. By using the approximate expression of (8-135), determine the
cutoff frequency of the dominant TM;, hybrid mode for the following cases.

and p, = 1.

1.g=1

2. h=0.

3. h=b.

4. 6,=256, p,=1, a=09 in. (2.286 cm), b = 0.4 in. (1.016 cm), a/b =
225 and h = b/3.
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Solution.

1. When ¢, = 1 and p, = 1, (8-135) reduces to

T

™ _
(@) = ——
ayitotg

which is equal to the exact value as predicted by (8-101d).
2. When & = 0, (8-135) reduces to
™ _ 7

(wc 0 -
' AYHoEo

which again is equal to the exact value predicted by (8-101d).
3. When & = b, (8-135) reduces to

T a

™
(‘*’c 0w =

a\/lJ‘OI'LrEOEr - aju ey

which again is equal to the exact value predicted by (8-101d).
4. Whene, =256, n, =1, a=2286cm, b = 1.016 cm, and h = b/3, (8-135)
reduces to

()T ™ b/3 +2.56(b — b/3)
CJo = aepoto (b—b/3) + b/3

[2.04 7 0.8927 7
V236 Aoty o ok

(f) ~ 58576 GHz

whose exact value, according to Example 8-8, is equal to 5.786 GHz. It
should be noted that the preceding approximate expression for (w_),, of

T
(@)} = 0.8927 ——

Ayttt

falls in the permissible range of

T ki K

= 0.6250
oty

™Y
= (wc 10 =

a\/uoe,eo V256 av/poeo ayogy

as given by (8-132a).

TRANSVERSE RESONANCE METHOD

The transverse resonance method (TRM) is a technique that can be used to find the
propagation constant of many practical composite waveguide structures [5, 6], as
well as many traveling wave antenna systems [6-8]. By using this method, the cross
section of the waveguide or traveling wave antenna structure is represented as a
transmission line system. The fields of such a structure must satisfy the transverse
wave equation, and the resonances of this transverse network will yield expressions
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FIGURE 8-16 (a) Cross section of rectangular waveguide and (b) transmis-
sion line equivalent for transverse resonance method (TRM).

for the propagation constants of the waveguide or antenna structure. Whereas the
formulations of this method are much simpler when applied to finding the propaga-
tion constants, they do not contain the details for finding other parameters of
interest (such as field distributions, wave impedances, etc.).

The objective here is to analyze the waveguide geometry of Figure 8-13a using
the transverse resonance method. Although the method will not yield all the details
of the analysis of Sections 8.5.1 and 8.5.2, it will lead to the same characteristic
equations 8-115 and 8-127. The problem will be modeled as a two-dimensional
structure represented by two transmission lines; one dielectric-filled (0 <y < k)
with characteristic impedance Z_, and wave number §8,;, and the other air-filled
(h < y < b) with characteristic impedance Z_, and wave number ,,, as shown in
Figure 8-16. Each line is considered shorted at its load, that is, Z, = O at y = 0 and
y=b.

It was shown in Section 3.4.1A that the solution to the scalar wave equation
for any of the electric field components, for example, that for E,_ of (3-22) as given
by (3-23), takes the general form of

R %y RS
2 2 = -
V¢+B¢—ax2+ay2+3zz+ﬂz¢ 0 (8-136)
where
Y(x, p,2) = f(x)g(y)h(z) (8-136a)

The scalar function ¢ represents any of the electric or magnetic field components.
For waves traveling in the z direction the variations of /4(z) are represented by
exponentials of the form e * /%2 Therefore for such waves (8-136) reduces to

v+ B = (V- B+ B =0
VA + (B2- B2y =0 (8-137)

2 2, _ 2 62
V\P_FB\P_ vt + 2
dz
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where

v} L L 8-137
P — + -
ax*  ady? ( a)

The wave numbers associated with (8-137) are related by

(B2+ B2) + B2= B> + B2 = B2 (8-138)
where

BP =B+ B (8-138a)

The constant B, is referred to as the transverse direction wave number and (8-137) is
referred to as the rransverse wave equation.

Each of the electric and magnetic field components in the dielectric- and
air-filled sections of the two-dimensional structure of Figure 8-16 must satisfy the
transverse wave equation of (8-137) with corresponding transverse wave numbers of
B,; and B,, where

i+ B = Bi = wlnue, (8-139a)
o+ B2 = B3 = e, (8-139b)

In Section 4.2.2B it was shown by (4-20a) through (4-21b) that the wave
impedances of the waves in the positive and negative directions are equal. However,
the ratios of the corresponding electric/magnetic field components magnitudes were
equal but opposite in direction. Since the input impedance of a line is defined as the
ratio of the electric/magnetic field components (or voltage /current), then at any
point along the transverse direction of the waveguide structure the input impedance
of the transmission line network looking in the positive y direction is equal in
magnitude but opposite in phase to that looking in the negative y direction. This
follows from the boundary conditions that require continuous tangential compo-
nents of the electric (E) and magnetic (H) fields at any point on a plane orthogonal
to the transverse structure of the waveguide.

For the transmission line model of Figure 8-16b, the input impedance at the
interface looking in the +y direction of the air-filled portion toward the shorted
load is given, according to the impedance transfer equation 5-66d, as

Z, + jZgtan [Bo(b — h)]
Z =127, . = jZ.tan [Bo(b — h)] (8-140a
| Zo +iZ tan [Bo(b = h)] |, JZq tan [ Byo( ) )

In a similar manner, the input impedance at the interface looking in the —y
direction of the dielectric-filled portion toward the shorted load is given by

Z, =JjZtan(B,h) (8-140b)
Since these two impedances must be equal and opposite, then

Z,) = =7, = jZotan [Bo(b — h)] = —jZ  tan (B,4h)

Zotan [Bo(b — k)] = —Z ,tan (B, 4h) (8-141)
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The preceding equation is applicable for both TE and TM modes. It will be applied
in the next two sections to examine the TE” and TM? modes of the partially filled
waveguide of Figure 8-16a.

Transverse Electric (TE”) or Longitudinal Section Electric (LSE ") or H”

The characteristic equation 8-141 will now be applied to examine the TE” modes of
the partially filled waveguide of Figure 8-164. It was shown in Section 8.2.1 that the
wave impedance of the TEZ,, modes is given by (8-19) or

wit
B.
Allow the characteristic impedances for the TEY modes of the dielectric- and

air-filled sections of the waveguide, represented by the two-section transmission line
of Figure 8-16b, to be of the same form as (8-142), or

ZIE = (8-142)

w
Z,=27"= B—”‘f (8-143a)
vd
wit
Zo=28= B—O (8-143b)
y0
Bu= B (8-143¢)
B = Byo (8-143d)
Then (8-141) reduces to
Wik W
—2 tan [Byo(b - h)] = - tan ( B,,4)
ByO Byd
or
B B
=22 cot[B,g(b — h)] = — =2 cot(B,4h) (8-144)
Ko Mg

Equation 8-144 is identical to (8-115), and it can be solved using the same
procedures used in Section 8.5.1 to solve (8-115).

Transverse Magnetic (TM *) or Longitudinal Section Magnetic (LSM *) or E”

The same procedure used in Section 8.6.1 for the TE” modes can also be used to
examine the TM” modes of the partially filled waveguide of Figure 8-16a. Accord-
ing to (8-29a) the wave impedance of TMZ  modes is given by

z Bz
™ - = (8-145)

WE

Allow the characteristic impedances for the TM” modes of the dielectric- and
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air-filled sections of the waveguide to be of the same form as (8-145), or

B
Z,=275= 2 (8-1462)
wed
B
Zo=Z5= == (8-146b)
weo
Ba= B, (8-146¢)
Bio = ByO (8'146d)

Then (8-141) reduces to

L) tan [ B,o(b — h)] = - B tan ( 8,,h)
wE, w

or

Fo tan [,Byo(b - h)] = - Poa tan (B,,h) (8-147)
2 &y

Equation 8-147 is identical to (8-127), and it can be solved using the same
procedures used in Section 8.5.2 to solve (8-127).

The transverse resonance method can be used to solve other transmission line
discontinuity problems [5] as well as many traveling wave antenna systems [6].

DIELECTRIC WAVEGUIDE

Transmission lines are used to contain the energy associated with a wave within a
given space and guide it in a given direction. Typically many people associate these
types of transmission lines with either coaxial and twin lead lines or metal pipes
(usually referred to as waveguides) with part or all of their structure being metal.
However, dielectric slabs and rods, with or without any associated metal, can also
be used to guide waves and serve as transmission lines. Usually these are referred to
as dielectric waveguides, and the field modes that they can support are known as
surface wave modes [9].

Dielectric Slab Waveguide

One type of dielectric waveguide is a dielectric slab of height 2/, as shown in Figure
8-17. To simplify the analysis of the structure, we reduce the problem to a
two-dimensional one (its length in the x direction is infinite) so that d/dx = 0.
Although in practice the dimensions of the structure are finite, the two-dimensional
approximation not only simplifies the analysis but also sheds insight into the
characteristics of the structure. Typically the cross section of the slab in Figure
8-17a would be rectangular with height 24 and finite width a. We also assume that
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4

-

FIGURE 8-17 Geometry for dielectric slab waveguide. (a) Per-
spective. (b) Side view.

the waves are traveling in the t+z direction, and the structure is infinite in that
direction as illustrated in Figure 8-17b.

Another practical configuration for a dielectric transmission line is a dielectric
rod of circular cross section. Because of the cylindrical geometry of the structure,
the field solutions will be in terms of Bessel functions. Therefore the discussion of
this line will be postponed until Chapter 9.

A very popular dielectric rod waveguide is the fiber optics cable. Typically this
cable is made of two different materials, one that occupies the center core and the
other that serves as a cladding to the center core. This configuration is usually
referred to as the step index, and the index of refraction of the center core is slightly
greater than that of the cladding. Another configuration has the index of refraction
distribution along the cross section of the line graded so that there is a smooth
variation in the radial direction from the larger values at the center toward the
smaller values at the periphery. This is referred to as the graded index. This line is
discussed in more detail in Section 9.5.3.

The objective in a dielectric slab waveguide, or any type of a waveguide, is to
contain the energy within the structure and direct it toward a given direction. For
the dielectric slab waveguide this is accomplished by having the wave bounce back
and forth between its upper and lower interfaces at an incidence angle greater than
the critical angle. When this is accomplished the refracted fields outside the
dielectric form evanescent (decaying) waves and all the real energy is reflected and
contained within the structure. The characteristics of this line can be analyzed by
treating the structure as a boundary-value problem whose modal solution is ob-
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8.7.2

tained by solving the wave equation and enforcing the boundary conditions. The
other approach is to examine the characteristics of the line using ray-tracing
(geometrical optics) techniques. This approach is simpler and sheds more physical
insight onto the propagation characteristics of the line but does not provide the
details of the more cumbersome modal solution. Both methods will be examined
here. We will begin with the modal solution approach.

It can be shown that the waveguide structure of Figure 8-17 can support TE?,
TM?, TE”, and TM” modes. We will examine here both the TM? and TE? modes.
We will treat TM? in detail and then summarize the TEZ

Transverse Magnetic (TM?) Modes

The TM? mode fields that can exist within and outside the dielectric slab of Figure
8-17 must satisfy (8-24) where A, is the potential function representing the fields
either within or outside the dielectric slab. Inside and outside the dielectric region,
the fields can be represented by a combination of even and odd modes, as shown in
Figure 8-18 [10].

For the fields within the dielectric slab the potential function A4, takes the
following form:

~h<y<h

4% =[Cfcos(B,.y) + Dfsin(B,,y)] Ade = = A2, + 42, (8-148)

v

€01 HQ Even mode e~ae(y—h) §| Odd mode

\\sin B,49)

eu(y—h)

€0: KO

FIGURE 818 Even and odd mode field distributions in a dielectric slab
waveguide. (Source: M. Zahn, Electromagnetic Field Theory, 1979.
Reprinted with permission of John Wiley & Sons, Inc.)
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where
A%, = Ciadcos (B, p)e B = A% cos (Bay)e (8-148a)
A4 = DfAdsin(B,,y)e P = AL, sin (Byay)e (8-148b)
)?d + Bzz = Bd2 = wzp'dsd (8'148C)

In (8-148) A% and AY represent, respectively, the even and odd modes. For the
slab to function as a waveguide, the fields outside the dielectric slab must be of
evanescent form. Therefore the potential function A, takes the following form:

yzh
A% = (AQte Py + BYre Py ) ASte Bt = AT+ 4Dy (8-149)
where
A% = A AS e Prore Ber = A0% e @0de IR (8-149a)
A= Bg;Ag’:e‘ﬂ’one—fﬂzZ = BOte~%ore iR (8-149b)
y20 + Bzz = —afzo + :Bzz = B()2 = wzﬂoeo (8'1490)
y< —h
AL = (4570 + B e Bor) AST e he = AT+ AY7 (8-150)
where
A% = Ag;Ag;eﬂﬁyoyefjﬁlz = A(’)n;e+ayoye—jﬁzz (8-150a)
A‘z)o—= Bg;Ago—eﬂﬁyoye—szz = B,?w_eJ'“rOye‘fBzz (8-150b)
25+ B = —alo + B = BF = wpogy (8-150c)

For the fields of (8-149) through (8-150c) to be of evanescent form, «
real.

Since the fields within and outside the slab have been separated into even and
odd modes, they can be examined separately and then we will apply superposition.
We will examine the even modes first and then the odd. For each mode (even or
odd), a number of dependent and independent boundary conditions must be
satisfied. A sufficient set of independent boundary conditions chosen here are

yo Must be

EXy=h,z)=E>*(y=h,z) (8-151a)
ENy=~h,z)=E)(y=—h,z) (8-151b)
Hi(y=h,z)=H)(y=h,z) (8-151c)

Hi(y=~h,z)=H) (y=—h,z) (8-151d)
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A. TM? (EVEN)

By using (8-24) along with the appropriate potential function of (8-148) through

(8-150c), we can write the field components as follows.

—h<y<h

(:Bde) e B:7

~a,0¥, =Bz
mee e z

0'e+a‘oye—//3,

E“ 1 oM 0
xe ]w‘udgdaxaz_
1 9249 B,
Ed = —j = 2% 49 sin e
a e, ayaz wp e me (Bvd.y)
1 82 3— z2
El=—j 3.2 T Bi | Al = —jm A, cos
wi e, \ 0z Wp €y
1 949 B j
Hi = — =2 = — 294 sin () e
By (9)) K g
. 1 A4,
ye o ILd ox
HL=0
y = +h
1 924%
E0+= . ze  _ 0
xe Witoey Ix 3z
2 0+
o 1 J A, _ ayO:Bz 0+ ,~a,y, B,z
Ey=—j = Amee e
W€ 8y82 Who€g
1 82 ,B 182
EZOe+= _j ) + B()2 A(z)e+ 0
witoty | 02 WhoEg
0+
HY' = 1 94, = - MA?,.T_»e*“-v”e‘jﬁ”
o dy )
Lros 1 4% 0
ye = Ho dx N
HY = 0
y=<-h
po-o L aMu
xe Wl oEq dx dz B
240~
El = —j - 04 = — %y0P: AL et voreiBiz
ye W oEy ayaz W€ "
1 2 ,BO BZ
Ezoe_z —J ( BO)A?;_
Whoty 9z2 W€

(8-152a)

(8-152b)

(8-152¢)

(8-152d)

(8-152¢)

(8-152f)

(8-153a)

(8-153b)

(8-153c)

(8-153d)

(8-153¢)

(8-153f)

(8-154a)

(8-154b)

(8-154c)
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1 9A%
H)?; _ ayOA?n;e+a}0ye—jBZ (8-154(1)
.“‘0 dy Bo
1 94°%;
HY = —— =0 (8-154e)
T Ty ox
HO-=0 (8-154f)

Apply the boundary condition of (8-151a) and use (8-148¢) and (8-149c¢) to
obtain

? , Bt — B! \
—'Bd i A% cos (B h)e Pr = —j 2 YOt e
(AT Y wloo
Bi — B? Bi — B
4 cos (Bh) = ———Apre
Katq Koo
v o
‘u—ys—Aiecos(Bydh) = — ﬁA%e‘“ro" (8-155a)
a€a 0o

In a similar manner, enforce (8-151b) and use (8-148c) and (8-149¢c) to obtain

2 a2
¥ 44 cos(B,gh) = — =A%z ok (8-155b)

me
Batq K oEo

Comparison of (8-155a) and (8-155b) makes it apparent that
A%t = A0 = A0, (8-155¢)
Thus (8-155a) and (8-155b) are the same and both can be represented by

BZ a2
A% cos (Bgh) = — —2 A8, ™ok (8-156)
L PLF] Koo

Follow a similar procedure by applying (8-151c) and (8-151d) and using (8-155c).
Then we arrive at

B,
24 44  sin(B,h) = 20 40 e o (8-157)
By Eo

Division of (8-157) by (8-156) allows us to write that

&y £

—tan(B h)= ——

lByd ( vd ) ayo
€

Byd cot(,Bydh) = — e—daty0
0

- ?(Bydh) cot (B,4h) = a,oh (8-158)
d
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where according to (8-148c) and (8-149¢)

y2d + :Bzz = de = wzﬂdfd = y2d = :Bd2 - Bzz = wzﬂdfd - .Bz2 (8'1583)

—ajy + Bl = B3 = gy = a2y = B2 — B = B2 — wle, | (8-158b)

From the free space looking down the slab we can define an impedance that
by using (8-153a) through (8-153f) and (8-158b) can be written as

EY B BE-B: o«
A = j—= =0 (8-158¢)

—y0 — €
z HS- J WE WE
xe 0%y0 0

w T o+
H.XE

which is inductive, and it indicates that TM mode surface waves are supported by
inductive surfaces. In fact, surfaces with inductive impedance characteristics, such as
dielectric slabs, dielectric covered ground planes, and corrugated surfaces with
certain heights and constitutive parameters, are designed to support TM surface
waves.

B. TM:? (ODD)

By following a procedure similar to that used for the TM? (even), utilizing the odd
mode TM? potential functions of (8-148) through (8-150c), it can be shown that the
expression corresponding to (8-158) is

z—o(ﬁydh) tan (B,,h) = a,oh (8-159)
d

where (8-158a) and (8-158b) also apply for the TM? odd modes

C. SUMMARY OF TM* (EVEN) AND TM? (ODD) MODES

The most important expressions that are applicable for TM? even and odd modes
for a dielectric slab waveguide are (8-158) through (8-159) which are summarized
here.

- ?(Bydh) cot(B,h) = a,0h | TM? (even) (8-160a)
d

E—Z(Bydh) tan (B,,7) = a,oh | TM? (0odd) (8-160b)

2_ p2 _ p2 2_ 2 2
2+ Bl =B = wlue, = 2= Bl — B = wlne,— B

TM? (even and odd) (8-160c)
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2 2 _ p2 2 _ p2
——a§0+ﬁf=ﬁo =“’2H050=’°‘y0_ﬁz - By =8, -

2
W ko€

TM? (even and odd) (8-160d)

0+ 00—
Z_yo _ Ez _ Ez _ .ayO
T T s
x X 0

TM? (even and odd)

(8-160¢)

The objective here is to determine which modes can be supported by the
dielectric slab when it is used as a waveguide, and to solve for B, a ,, B,, and the
cutoff frequencies for each of these modes by using (8-160a) through (8-160d). We
will begin by determining the modes and their corresponding frequencies.

It is apparent from (8-160c) and (8-160d) that if 8, is real, then

1L B, <B, <8y
Byd =z Vde - Bzz = real
a,o = /B2 - B = imaginary
2. B.>B,> By
B, = +jyB’ — B; = imaginary
ayo= £ (BT~ B3 = real
3‘ BO < :Bz < Bd:
Bu= = VB: — B2 = real
a, = i\/,Bzz — ,802 = real

(8-161a)

(8-161b)

(8-162a)

(8-162b)

(8-163a)

(8-163b)

For the dielectric slab to perform as a lossless transmission line, ,Byd, a9, and

B, must all be real. Therefore for this to occur,

wykoto = By < B, < By = wypyey

(8-164)

The lowest frequency for which unattenuated propagation occurs is called the cutoff
frequency. For the dielectric slab this occurs when B8, = B,. Thus at cutoff, 8, = B,,

and (8-158a) and (8-158b) reduce to

— 2 2 _
Bydlﬁl=ﬁo =+ yop,e, — B; B=By Tyl ey — BoEy =

N FY R -
ayolp,—p, = VB — @ipee ’.B;=Bo =0

i_“Jc\/y‘O!‘:O V"“rer -1

(8-165a)

(8-165b)
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Through the use of (8-165a) and (8-165b) the nonlinear transcendental equa-
tions 8-160a and 8-160b are satisfied, respectively, when the following equations
hold.

TM:, (even)

COt(:Bydh) =0=B 1= whjp.e,— pogy = 5

m
(f)w=F7F7——— m=135,.. (8-166a)
4h\paeq — Boko

TM:, (odd)

tan(JBydh) =0= Bydh = whjp ey — Poty = BN

m=0,2,4,... (8-166b)

m
(fdm=
dhp 84 — pogy

It is apparent that the cutoff frequency of a given mode is a function of the electrical
constitutive parameters of the dielectric slab and its height. The modes are referred
to as odd TM?, (when m = 0,2,4,...), and even TM?, (when m = 1,3,5,...). The
dominant mode is the TM, which is an odd mode and its cutoff frequency is zero.
This means that the TM, mode will always propagate unattenuated no matter what
the frequency of operation. Other higher-order modes can be cut off by selecting a
frequency of operation smaller than their cutoff frequencies.

Now that the TM?, (even) and TM? (odd) modes and their corresponding
cutoff frequencies have been determined, the next step is to find B, @, and B, for
any TM? even or odd mode at any frequency above its corresponding cutoff
frequency. This is accomplished by solving the transcendental equations 8-160a and
8-160b.

Assume that ¢,/¢,, h, and the frequency of operation f are specified. Then
(8-160a) and (8-160b) can be solved numerically through the use of iterative
techniques by selecting values of B8, and a,, that balance them. Since multiple
combinations of 8,, and a,, are possible solutions of (8-160a) and (8-160b), each
combination corresponds to a given mode. Once the combination of 8,; and «a,,
values that correspond to a given mode is found, the corresponding value of the
phase constant B, is found by using either (8-160c) or (8-160d).

The solution of (8-160a) through (8-160d) for the values of B, a4, and B, of
a given TM? mode, once ¢,/¢,, h, and f are specified, can also be accomplished
graphically. Although such a procedure is considered approximate (its accuracy will
depend upon the size of the graph), it does shed much more physical insight onto
the radiation characteristics of the modes for the dielectric slab waveguide. With
such a procedure it becomes more apparent what must be done to limit the number
of unattenuated modes that can be supported by the structure and how to control
their characteristics. Let us now demonstrate the graphical solution of (8-160a)
through (8-160d).
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D. GRAPHICAL SOLUTION FOR TM:, (EVEN) AND TM;, (ODD) MODES

Equations 8-160a through 8-160d can be solved graphically for the characteristics of
the TM? even and odd modes. This is accomplished by referring to Figure 8-19
where the abscissa represents 8,4 and the ordinate a,oh. The procedure can best
be illustrated by considering a specific value of y/¢,,.

Let us assume that g,/e, = 1/2.56. With this value of ¢y/¢,, (8-160a) and
(8-160b) are plotted for & 4h (ordinate) as a function of B,k (abscissa) as shown in
Figure 8-19. The next step is to solve graphically (8-160c) and (8-160d). By
combining (8-160c) and (8-160d), we can write that

aio + yzd = B7 — By = &’ (paes— poto) (8-167)
By multiplying both sides by #? we can write (8-167) as

("‘yoh)2 + (lBydh)z = (wh)z(”ded ~ Boky) = (wh)zposo(u,e, - 1)

(a,0h)’ + (B,4h)" = a*| TM? (even and odd) (8-168)

where

a = whpgeyu,e, — 1 = Byhyfn,e, —1 | TM? (even and odd) (8-168a)

(oy0h) f

3/2

(ayOh)l

(aygh)o

/2

(ayoh)3

|
|
|
|
|
|
|
|
|
|
|
|
I
|
l
|
|
!
!
I
|
|
!
I

/ 4 37/2 2m (B;jh)
(Byah)i Bygh)o Byah)s
FIGURE 8-19 Graphical solution representation for attenuation and phase constants for
a dielectric slab waveguide. (a) TM:) odd, &,/e (B, h)tan(B, h), m =
0,2,4,... . (b) TM even, —&,/e,(B,qh) cot(B k), m=1,3,5,....
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It is recognized that by using the axes a4 (ordinate) and B,.h (abscissa), (8-168)
represents a circle with a radius a determmed by (8-168a). The extent of the radius
is determined by the frequency of operation, the height, and the constitutive
electrical parameters of the dielectric slab. The intersections of the circle of (8-168)
and (8-168a) with the curves representing (8-160a) and (8-160b), as illustrated in
Figure 8-19, determine the modes that propagate unattenuated within the dielectric
slab waveguide. For a given intersection representing a given mode, the point of
intersection is used to determine the values of 8,4 and a ,h, or B,, and a,, for a
specified A, for that mode, as shown in Figure 8 19. Once thxs is accomphshed the
corresponding values of B, are determined using either (8-160c) or (8-160d). This
procedure is followed for each intersection point between the curves representing
(8-160a), (8-160b), (8-168), and (8-168a). To illustrate the principles, let us consider
a specific example.

Example 8-11. A dielectric slab of polystyrene of half thickness & = 0.125 in.
(0.3175 cm) and with electrical properties of ¢, = 2.56 and p, = 1 is bounded
above and below by air. The frequency of operation is 30 GHz.

1. Determine the TM], modes, and their corresponding cutoff frequencies,
that propagate unattenuated.

2. Calculate B, (rad/cm), a,, (Np/cm), B, (rad/cm), and ( B./By)?* for the
unattenuated TM? modes.

Solution.

1. By using (8-166a) and (8-166b), the cutoff frequencies of the TMZ, modes
that are lower than 30 GHz are

(f)o =0 TM; (odd)

30 x 10°

~ 18913 GHz TM:?
4(0.3175)y2.56 — 1 z 7 (even)

(fc)l =

The remaining modes have cutoff frequencies that are higher than the
desired operational frequency.

2. The corresponding wave numbers for these two modes [TM} (odd) and
TM; (even)] will be found by referring to Figure 8-20. Since (8-160a) and
(8-160b) are plotted in Figure 8-20 for ¢,/e, = 1,/2.56, the only thing that
remains is to plot (8-168) where the radius a is given by (8-168a). For
f =30 GHz, the radius of (8-168a) that represents the circle of (8-168) is
equal to

27(30 X 10°)(0.3175)

30 % 10° V2.56 — 1 =2.492

This is also plotted in Figure 8-20. The projections from each intersection
point to the abscissa (B,,4 axis) and ordinate (a,oh axis) allow the
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ayoh |

TM? (even)

% T™Z (0dd)

2.334
(Byahn

2.492 /
Y AT N ]

FIGURE 8-20 Graphical solution for attenuation and phase constants of
TM;, modes in a dielectric slab waveguide (e, = 2.56, p, =1,

h = 0.3175 cm, f= 30 GHz).

determination of the corresponding wave numbers. From Figure 8-20

TM; (odd)
(B,4h), = 1329 = B,, = 4.186 rad/cm

(@,0h), = 2.108 = a,, = 6.639 Np/cm

When these values are substituted in (8-160c) or (8-160d) they lead to

B.=9.140rad/cm  (B,/B,)° = 2.116

TM; (even)
(B,4h), = 2.334 = B,, = 7.351 rad/cm

(a,oh), = 0.872 = a,, = 2.747 Np/cm

3 4 5 B4k

425
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FIGURE 8-21 Attenuation and phase constants of TMZ,
modes in a dielectric slab waveguide (e, = 2.56,
u, =1, h=03175 cm, f=30 GHz). (a) T™M;
mode (b) TM] mode.
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4712

3.927

3.142

2.356

ayoh

1571

0.785

0 0.785 1.571 2.356 3.142 3.927 4712 5.498 6.283
Byoh

FIGURE 8-22 Curves to be used for graphical solution of attenuation and phase constants for TM,
and TE;, modes in a dielectric slab waveguide.

When these values are substituted in (8-160c) or (8-160d) they lead to

B, =685Trad/cm  (B,/B,)° = 1.191

Equations 8-160a through 8-160d can also be solved simultaneously and
analytically for a4, B,,, and B, through use of a procedure very similar to that
outlined in Section 8.5.1 for the TE” modes of a partially filled rectangular
waveguide. The results are shown, respectively, in Figure 8-21a and b for the TM]
and TM? modes of Example 8-11 in the frequency range 0 < f < 2( f,),, where (f,),
is the cutoff frequency of the TM{ mode.

Curves similar to those of Figures 8-19 and 8-20 were generated for ¢, = 1,
2.56, 4, 9, 16, and 25 and are shown in Figure 8-22. These can be used for the
solution of TM?, problems where the values in the curves will be representing p,’s
instead of ¢,’s. This will be seen in the next section.

8.7.3 Transverse Electric (TE*) Modes

By following a procedure similar to that for the TM? modes, it can be shown (by
leaving out the details) that the critical expressions for the TE? modes that
correspond to those of the TM? modes of (8-160a) through (8-160d), (8-166a)
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through (8-166b), (8-168), (8-168a), and (8-160e) are

TE? (even) and TE? (odd)

- %(ﬁydh) cot (,Bydh) =a,h| TE? (even) (8-169a)
d
ﬁ-j(ﬁydh) tan (B,,1) = a,,h | TE? (0dd) (8-169b)

2 2 _p2_ 2 2 _ p2 2_ 2
ot Bl = Bi = @uge, = Bl =B — Bl = wuue, — B

TE? (even and odd) (8-169c¢)

2 2 2 2
—ajy + B = B = wiggy = ajy = B — BF = B — «reg

TE? (even and odd) (8-169d)

(f). = m m=1,3,5,..., TE? (even) (8-169¢)
T Ah e, — toto m=0,2,4,..., TE (odd)  (8-169f)

(ayoh)2 + (Bydh)2 =a*| TE? (even and odd) (8-169g)

a = whjpoeg e, — 1 = Bohyp,e, —1 | TE? (even and odd) (8-169h)

Z;70 = E” = — E- = —jw—!LO TE? (even and odd) (8-1691)
w HZO+ HZO_ ayO

Therefore TE surface waves are capacitive and are supported by capacitive surfaces,
whether they are dielectric slabs, dielectric covered ground planes, or corrugated
surfaces.

The solution of these proceeds in the same manner as before. The curves
shown in Figure 8-22 must be used where the appropriate value of u, = pu,/p, must
be selected.

Example 8-12. Repeat the problem of Example 8-11 for the TE., modes.
Solution.
1. By using (8-169¢) and (8-169f), the cutoff frequencies of the TEZ modes

that are smaller than 30 GHz are

(f)o=0 TE§ (0odd)
~ 30 x 10°
(foh = 4(0.3175)v2.56 — 1

These correspond to the cutoff frequencies of the TM?, modes of Example
8-11.

= 18.913 GHz TE{ (even)
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R Jl_ _____ TE{ (even)
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FIGURE 8-23 Graphical solution for attenuation and phase constants of TEj,
modes in a dielectric slab waveguide (e, = 2.56, p, = 1, A = 0.3175 cm,

f= 30 GHz).

2. The corresponding wave numbers of the two modes TE{ (odd) and TE]
(even) are obtained using Figure 8-23. For f= 30 GHz the radius of
(8-169h), which represents the circle of (8-169g), is the same as that of the
TM? modes of Example 8-11, and it is equal to

27(30 X 10°)(0.3175)

30 X 10° V2.56 — 1 = 2.492

This is plotted in Figure 8-23. The projections from each intersection point
to the abscissa (B,;h axis) and ordinate (a ,yh axis) allows the determina-
tion of the corresponding wave numbers. From Figure 8-23:

TE{ (odd)

(B,4h), = 1109 = B, = 3.494 rad /cm
(ay0h), = 2231 = a,, = 7.027 Np/cm

When these are substituted in (8-169c¢) or (8-169d),
(B./By)" = 2251
TE; (even)

(B,4h), =2.122 = B, = 6.684 rad /cm
(ayoh), = 1.306 = a,, = 4.113 Np/cm

B, = 9.426 rad/cm
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FIGURE 8-24 Attenuation and phase constants of TEZ, modes in a
dielectric slab waveguide (e, = 2.56, p, = 1, & = 0.3175 cm,
f =30 GHz). (a) TE} mode (b) TE; mode.
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When these are substituted in (8-169¢) or (8-169d),

B, =17510rad/ecm  (B./B,)" = 1.428

For the TM? modes, (8-169a) through (8-169d) can be solved simultaneously
and analytically for a ,, 8,,, and B, using a procedure very similar to that outlined
in Section 8.5.1 for the TE” modes of a partially filled rectangular waveguide. The
results are shown in Figure 8-24a and b for the TE and TE] modes, respectively,
of Example 8-12 in the frequency range 0 < f < 2(f,), where (f.), is the cutoff
frequency of the TE{ mode.

Ray-Tracing Method

In Sections 8.7.2 and 8.7.3 we analyzed the diclectric slab waveguide as a
boundary-value problem using modal techniques. In this section we want to repeat
the analysis of both TE? and TM? modes by using a ray-tracing method that sheds
more physical insight onto the propagation characteristics of the dielectric slab
waveguide but is not as detailed.

A wave beam that is fed into the dielectric slab can propagate into three
possible modes [11]. Let us assume that the slab is bounded above by air and below
by another dielectric slab as shown in Figure 8-25 such that ¢ > ¢, > &,. Mathe-
matically the problem involves a solution of Maxwell’s equations and the appropri-
ate boundary conditions at the two interfaces, as was done in Sections 8.7.2 and
8.7.3. The wave beam has the following properties.

1. It can radiate from the slab into both air and substrate, referred to as the
air-substrate modes, as shown in Figure 8-25a4.

2. It can radiate from the slab only into the substrate, referred to as the substrate
modes, as shown in Figure 8-25b.

3. It can be bounded and be guided by the slab, referred to as the waveguide modes,
as shown in Figure 8-25c¢.

To demonstrate these properties, let us assume that a wave enters the slab
which is bounded above by air and below by a substrate such that ¢ > &, > &,.

1. Air-Substrate Modes: Referring to Figure 8-25a, let us increase 6, gradually
starting at §; = 0. When 6, is small, a wave that enters the slab will be refracted
and will exit into the air and the substrate provided that 6, < (8,),, =
sin~! (J&o/& ) < (6,)1, = sin~ ' (e, /¢ ). The angles (8,),, and (6,),, represent,
respectively, the critical angles at the slab—air and slab—substrate interfaces. In
this situation wave energy can propagate freely in all three media (air, slab, and
substrate) and can create radiation fields (air—substrate modes).

2. Substrate Modes: When 8, increases such that it passes the critical angle (8,),, of
the slab-air interface but is smaller than the critical angle (6,),, of the slab—sub-
strate interface [(6,.);, = sin™! (Je,/g ) > 0, > (6,),, = sin~' (Jey/¢,)], then
sin§, > 1 which indicates that the wave is totally reflected at the slab-air
interface. This describes a solution that wave energy in the slab radiates only in
the substrate, as shown in Figure 8-25b. These are referred to as substrate modes.
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FIGURE 8-25 Propagation modes in a dielectric slab waveguide. (a) Air—substrate
modes. (b) Substrate modes. (¢) Waveguide modes.
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FIGURE 8-25 (Continued).

3. Waveguide Modes: Finally when 8, is larger than the critical angle (6,),, of the
slab—substrate interface [8; > (6.),, = sin ™ (e, /&) > (6,)10 = sin" ' (yeo/2)),
then sin 6, > 1 and sin 8, > 1 which indicate that the wave is totally reflected in
both interfaces. These are referred to as waveguide modes, as shown in Figure
8-25¢. For these modes the energy is trapped inside the slab, and the waves
follow the wave motion pattern represented by two wave vectors A, and B, as
shown in Figure 8-26a. These two vectors are decomposed into their horizontal
and vertical components (A,,,A;,) and (B,,,B,,).

The horizontal wave vector components are equal which indicates that the
waves propagate with a constant velocity in the z direction. However, the vertical
components of A, and B, represent opposite traveling waves which when combined
form a standing wave. By changing the angle 8,, we change the direction of A; and
B,. This results in changes in the horizontal and vertical components of A; and B,
in the wave velocity in the z direction, and in the standing wave pattern across the
slab.

The wave vectors A, and B, can be thought to represent a plane wave which
bounces back and forth inside the slab. The phase fronts of this plane wave are
dashed in Figure 8-26b. An observer who moves in a direction parallel to the z axis
does not see the horizontal components of the wave vectors. He does, however,
observe a plane wave that bounces upward and downward, which folds one directly
on top of the other. In order for the standing wave pattern across the slab to remain
the same as the observer travels along the z axis, all multiple reflected waves must
add in phase. This is accomplished by having the plane wave that makes one round
trip, up and down across the slab, experience a phase shift equal to 2ma, where m
is an integer [11]. Otherwise if after the first round trip the wave experiences a small
differential phase shift of 8§ away from 2mr, it will experience differential phase
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-

fc)

FIGURE 8-26 (a) Reflecting plane wave representation, (b) phase
wavefronts, and (c) broadside amplitude pattern of wave-
guide modes in a dielectric slab waveguide.
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shifts 28,38,... after the second, third,... trips. Therefore these higher-order
reflected waves will experience larger differential phase shifts which when added will
eventually equal zero and the broadside wave pattern of Figure 8-16¢ will be a
function of the axial position.

A one round trip phase shift must include not only the phase change that is
due to the distance traveled by the wave but also the changes in the wave phase that
are due to reflections from the upper and lower interface. If the phase constant of
the plane wave along wave vectors A; and B, is f;, then the wave constant along the
vertical direction y is B, cos 8,. Therefore the total phase shift to one round trip (up
and down) of wave travel, including the phase changes due to reflection, must be
equal to

4B hcos b, — ¢yg— ¢y, = 2mm m=0,1,2,... (8-170)

z €01 K0

Et

. 2k

x
(b)

FIGURE 827 (a) TM® (parallel polarization) and (b) TE® (perpendicular
polarization) modes in a dielectric slab waveguide.

2 EQ MO
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where ¢,, = phase of reflection coefficient at slab-air interface
¢1, = phase of reflection coefficient at slab—substrate interface

The phases of the reflection coefficients are assumed to be leading. Assume that the
media above and below the slab are the same. Then ¢,, = ¢, = ¢. Thus (8-170)
reduces to

4B,hcos b, — 2¢ = 2mm m=20,1,2,... (8-170a)

The preceding equations will now be applied to both TM? and TE? modes.

A. TRANSVERSE MAGNETIC (TM*) MODES
(PARALLEL POLARIZATION)

Let us assume that the bouncing plane wave of Figure 8-26a is such that its
polarization is TM? (or parallel polarization) as shown in Figure 8-27a where the
slab is bounded on both sides by air. For the orientation of the fields taken as
shown in Figure 8-274, the reflected electric field Eﬁ is related to the incident electric

field E| by
ﬂ o _rho 1o €08 8, — m, cos §, _ mcos 0, — nycos 8, (8:171)
E, I M cos 8 + 1, cos 4, M, cos 8, + n,cos b,

where T’ |f is the reflection coefficient of (5-24c).

For u; = uy and for an incidence angle 8, greater than the critical angle
(81008, > (8.)10 = sin~ " ({eo/¢, ), (8-171) reduces using Snell’s law of refraction
of 5-24b or 5-35 to

. & & .
cos )+ ji/— [ —sin*6, — 1
€ €

-T¢ = — = =‘F|f”ﬁ|=1@| (8-172)

cosf, — j/ — /—sin’8, — 1
£ £
where
g [
1/—1 v/ — sin?6, — 1
& ¥ &
¢, = 2tan" (8-172a)
cos 8,

Therefore the transcendental equation that governs these modes is derived by

using (8-170a) and (8-172a). Thus
€ €
= 1/—‘mﬁo1 -1
€ ¥V %

4B,hcos 6, — 2¢, = 4B hcos§; — 4tan~! p— =2mn
1

g [t
[ [& |

— [ —sin’§, — 1
1 g V&

cos 8,

mo
Bihcos b, — - = tan~
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tan (3.1919 cos 8; — )| =)

B 16 /256sin26, — 1
cos 61
B . /2565sin2g, —1
TE ! 1.6cos 6;
! tan (3.1919 cos 6; — %)l =0
|
}
|
— 0,=48.3° (TEZ)
' | 6, = 69.65° (TEZ)
1=43° (TM?) 1=654°( Ig
prealverabvare o llh A
0 10 20 30 40 60 70 80 90

Angle (degrees)

FIGURE 8-28 Graphical solution for angles of incidence of TMZ, and TE;

modes in a dielectric slab waveguide.

£
]/ L \/—sm0 -1

tan(ﬂlh cos f; — s
mar e, ¢, sin’ 0, — 1
tan(ﬁlhcosﬂl— —) = \/_ - m=0,1,2,... (8-173)
2 cos 8,

Example 8-13. The polystyrene dielectric slab of Example 8-11 of half thick-
ness A = 0.125 in. (0.3175 cm) and with electrical properties ¢, = 2.56 and
p, = 1 is bounded above and below by air. For a frequency of operation of 30
GHz determine the TM? modes and their corresponding angles of incidence
within the slab. Plot the incidence angles as a function of frequency in the
range 0 < f/(f.); € 2 where (f,), is the cutoff frequency of the TM{ mode.

Solution. The solution for this set of modes is governed by (8-173). For
g, = 2.56 the right side of (8-173) is plotted in Figure 8-28. For f = 30 GHz,
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the height & of the slab is equal to

A 30 x 107 0.6250 h 0'3175>\ 0.5080A
1T 25630 x 10° N T AT Geaso 1 T Y 1

Thus (8-173) reduces to
m 27 mm
tan (Blh cos f;, — —) = tan { —(0.5080A,) cos 8, — —
2 A 2

ma ) 1.6y2.56sin*4; — 1

tan (3.1919005 0, — - = ~
cos 8,

The left side is plotted for m = 0,1 in Figure 8-28, and the intersections of
these with that curve representing the right side of (8-173) are solutions. From
Figure 8-28, there are two intersections that occur at 6, = 65.4° and 43°
which represent, respectively, the modes TM{ (6, = 65.4°) and TM? (4, =
43°). They agree with the modes of Example 8-11. No other modes are present
because curves of the left side of (8-173) for higher orders of m (m = 2,3,...)
do not intersect with the curve that represents the right side of (8-173).
Remember also that the critical angle for the slab-air interface is equal to

(8,)10 = sin~*(/eo/2; ) = sin~1 (/I/2.56 ) = 38.68°

90r

80
70
60
50

40

30—

Angle of incidence 61 (degrees)

20—

10—

l I 1 |
0.0 05 1.0 15 2.0

0

Normalized frequency (f/f.1)

FIGURE 8-29 Angles of incidence for TMZ, and TEZ modes in a dielectric
slab waveguide.
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and the curve that represents the right side of (8-173) does not exist in Figure
8-28 below 38.68°.
In the slab, the wave number in the direction of incidence is equal to

2
- = 10.053 rad
A= X = oezs0 rad/em

Therefore for each mode, the wave numbers in the y direction are equal to

T™MS: B,s = B, cos 8; = 10.053 cos (65.4°) = 4.185 rad/cm

T™;: B,s = By cos 6, = 10.053 cos (43°) = 7.352 rad/cm

which closely agree with the corresponding wave numbers obtained graphi-
cally in Example 8-11. The angles of incidence as a function of frequency in
the range 0 < f/(f.); < 2, where (f,), is the cutoff frequency of the TM,
mode, are shown plotted in Figure 8-29.

B. TRANSVERSE ELECTRIC (TE?) MODES
(PERPENDICULAR POLARIZATION)

Let us now assume that the bouncing plane wave of Figure 8-264 is such that its
polarization is TE? (or perpendicular polarization) as shown in Figure 8-27b where
the slab is bounded on both sides by air. For the orientation of the fields taken as
shown in Figure 8-27b, the reflected electric field E’, is related to the incident
electric field E', by

EL Mo cos 6, — m, cos b

Ei "% pycosf, +n,cosb,

(8-174)

where I'? is the reflection coefficient of (5-17a).

For p, = py and for an incidence angle 0, greater than the critical angle
(6.)10[0, > (8.)10 = sin "' (e, & )], (8-174) reduces using Snell’s law of refraction
of (5-15b) or (5-35) to

. €o
cos 0, + j/sin’ 8, — —

re = ‘/___;L =|r2|/6. =1/, (8-175)

cos @, —j/sin’8, — —

where

sin’f, — —

¢,= 2tan"} T oost (8-175a)
1
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Therefore the transcendental equation that governs these modes is derived by

using (8-170a) and (8-175a). Thus

€
sin? 6§, — —
&
4B hcos — 2¢ = 4B hcosl, — 4tan ' | ——— [ = 2mn
cos 6,
€
sin? 8, — —
hcos b, — = 1 -
cos ) — — = tan"~
Ay ! 2 cos 8,
€
sin?f, — —
hcos 6, — — i
tan cosd — — | =
('Bl ! 2 ) cos 6,
1
V sin?§, — —
hcos 8, — i
ta cosl) — — | = —————
n(Bl ! 2 ) cos 8,

m'zr) Ve, sin? 4, — 1

tan(Blhcosﬁl— — | = —W m=20,1,2,... (8-176)
r 1

2

Example 8-14. For the polystyrene slab of Examples 8-12 and 8-13, determine
the TE;, modes and their corresponding angles of incidence within the slab.
Plot the angles of incidence as a function of frequency in the range 0 < f/(£.),
< 2 where (f,), is the cutoff frequency of the TE; mode.

Solution. The solution for this set of modes is governed by (8-176). From the
solution of Example 8-13

= 0.5080),

and (8-176) reduces to

ma y2.56sin*6; — 1
tan( ) =

3.1919cos §, — —
o8 2 1.6cos 8,

m=0,1,2,...

The right side is plotted in Figure 8-28. The left side for m = 0,1 is also
plotted in Figure 8-28. The intersections of these curves represent the solutions
that from Figure 8-28 correspond, respectively, to the modes TEZ (8, = 69.65°)
and TE{ (8, = 48.3°). These agree with the modes of Example 8-12. In the
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i

(b)

FIGURE 8-30 Geometry for dielectric covered ground plane
waveguide. (a) Perspective. (b) Side view.

slab, the wave number in the direction of incidence is equal to
27

b= = D650

= 10.053 rad/cm

Therefore for each mode, the wave numbers in the y direction are equal to

TEg: B,s = By cos §; = 10.053 cos (69.65°) = 3.496 rad/cm
TE:: B,s = B, cos 8, = 10.053cos (48.3°) = 6.688 rad/cm

which closely agree with the corresponding wave numbers obtained graphi-
cally in Example 8-12. The angles of incidence as a function of frequency in

the range 0 < f/(f.);, where ( f.), is the cutoff frequency of the TE, mode, are
shown plotted in Figure 8-29.

8.7.5 Dielectric Covered Ground Plane

Another dielectric type of waveguide is that of a ground plane covered with a
dielectric slab of height 4, as shown in Figure 8-30. The field analysis of this is
similar to the dielectric slab of Sections 8.7.2 and 8.7.3. However, instead of going
through all of the details, the solution can be obtained by examining the solutions
for the dielectric slab as applied to the dielectric covered ground plane. For y > h
the main differences between the two geometries are the additional boundary
conditions at y = 0 for the dielectric covered ground plane.

For the dielectric slab of Figure 8-17 the electric field components within the
dielectric slab for the TM? and TE’ modes (even and odd) of Figure 8-18 can be
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written from Sections 8.7.2 and 8.7.3 as

TM? (even)
EL =0
B,aB _
d . 2872 4d —JB:z
Ese w#dﬁdAme SIH('Bydy)e yl<h
Bd B’ .
Ed = —j———= 49 cos(B e /B2
W 484 ( ydy)
TM? (odd)
EY =0
B,4B .
d — _ X2 4d —JB.z
E;, e dA,,,,,cos(,Bydy)e | < h
Bi-B; .
Elf = —j———A%,sin(B,,y)e
W &4
TE’ (even)
E;Ie = LdBr‘nie Sin(B dy)e Pt
€4
El=0 lyI<h
Efl=0

TE? (0dd)
Ed__&Bd s(B,,y)e
xo g, 'mo €O vd ) €

d _ <h
Ef=0 1yl

Ed=0

(8-177a)

(8-177b)

(8-177c)

(8-177d)

By examining (8-177a) through (8-177d), it is apparent that the tangential
electric field components TM? (odd) of (8-177b) and TE? (even) of (8-177¢c) do
satisfy the boundary conditions of Figure 8-29 at y = 0 (vanishing tangential
electric components at y = 0). However, those TM? (even) of (8-177a) and TE?
(odd) of (8-177d) do not satisfy the boundary conditions of the tangential electric
field components at y = 0. Therefore the geometry of Figure 8-30 supports only
modes that are TM* (odd) and TE* (even). From Sections 8.7.2 and 8.7.3, the
governing equations for the geometry of Figure 8-30 for TM* (odd) and TE? (even)
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modes are
80 ,
o, (Buah) tan (B,4h) = (a,0h) TM? (odd) (8-178a)
’J‘ z
=t (Bah) cot(Buh) = (asoh) | TE* (even) (8-178b)
2 + B2 = B2 = wlnge, TM* (odd); TE* (even) (8-178c¢)

—aly+ B2 = B5 = wnegy TM? (odd), TE? (even) (8-178d)

(1) = m=0,2,4,..., TM? (odd) (8-178¢)
Jhm= L8, — ot m=1,3,5,..., TE? (even) (8-178f)

Thus the dominant mode is the TM{ with a zero cutoff frequency. All the
modes in a dielectric covered ground plane are usually referred to as surface wave
modes, and their solutions are obtained in the same manner as outlined in Sections
8.7.2, 8.7.3, and 8.7.4 for the dielectric slab waveguide. The only difference is that
for the dielectric covered ground plane we only have TM?, (odd) and TEZ, (even)
modes. The structure cannot support TM?, (even) and TEZ, (odd) modes.

The attenuation rate of the evanescent fields in air above the dielectric cover is
determined by the value of a , which is found using (8-178d). Above cutoff it is
expressed as

Qyo = ‘/'Bz2 - BOZ = \/:Bzz - ‘*’2#050 (8-179)

For very thick dielectrics (5 — large) the phase constant B, approaches 8,
(B, = B,). Thus

Batq
@004 - targe = BZ — wpoey = w\/#dfd — Bofo T ‘0\/#080 p—s -1 (8-180)
ofo

which is usually very large.
For very thin dielectrics (A — small) the phase constant 8, approaches S,
(B, = By)- Thus from (8-178¢) and (8-178d),

L PLP]
yzd h—small — :de - B;Z = ,35 - Boz = wz(ﬂded - #oeo) = ‘*’2#080( ¢ - 1)
ofo
(8-181a)
@20l h = sman = B — B3 = small (8-181b)

For small values of h, (8-178a) reduces for @, to

g h20 gy 2
&0l sman = Byd: tan (Bydh) - he_('Byd) (8-182)
d d
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Substituting (8-181a) into (8-182) reduces it to

€0 Patq Ha £ B g\ h
4001 - sman = hs_l:wzﬂofo( e 1)] = hBoz(_ - _0) = 2’77'.30(_d - _O)-

d ofo Mo €4 Po es/ Ao
(8-182a)

which is usually very small.

Example 8-15. A ground plane is covered with a dielectric sheet of polystyrene
of height h. Determine the distance § (skin depth) above the dielectric—air
interface so that the evanescent fields above the sheet will decay to e~! = 0.368
of their value at the interface, when 4 is very large and % is very small
(= 1073,).

Solution. The distance the wave travels and decays to 36.8% of its value is
referred to as the skin depth.

For h very large, according to (8-180),

1 1 Ao
8= — = = = 0.126A
%o o [Pafa ) 2my/2.56 - 1 0
° Eo&g

and the wave is said to be “tightly bound” to the thick dielectric sheet.
For h very small (h = 1073)), according to (8-182a),

1 Ao Ao
S— — =~ - - = 41.6),
Do 2mg =2 - 2)h 2a)1- —| x 1073
W'BO(#O Ed) (2m) 2.56

and the wave is said to be “loosely bound” to the thin dielectric sheet.

88 STRIPLINE AND MICROSTRIP LINES

Microwave printed circuit technology has advanced considerably with the introduc-
tion of the stripline and microstrip transmission lines [12-27]. These lines are
shown, respectively, in Figure 8-31a and b. The stripline consists of a center
conductor embedded in a dielectric material that is sandwiched between two
conducting plates. The microstrip consists of a thin conducting strip placed above a
dielectric material, usually referred to as the substrate, which is supported on its
bottom by a conducting plate. Both of these lines have evolved from the coaxial line
in stages illustrated in Figure 8-32. In general the stripline and microstrip are
lightweight, miniature, easy to fabricate with integrated circuit techniques, and cost
effective. Their principal mode of operation is that of the quasi-TEM mode,
although higher-order modes, including surface waves, are evident at higher fre-
quencies. In comparison to other popular transmission lines, such as the coax and
the waveguide, the stripline and microstrip possess characteristics that are shown
listed in Table 8-8. Each of the lines will be discussed by using the most elementary
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FIGURE 8-31 Geometries for stripline and microstrip transmission lines. (a) Stripline.
(b) Microstrip.

approach to their basic operation. More advanced techniques of analysis can be
found in the literature.

Stripline

Two of the most important parameters of any transmission line are its characteristic
impedance and phase velocity. Since the basic mode of operation is the TEM, its
characteristic impedance Z_ and phase velocity v, can be written, respectively, as

V4 L 8-183
=V (8-183a)

1 1 Vv
R S Y B, He
7 WVLC  yJpe

(8-183b)

where L = inductance of line per unit length
C = capacitance of line per unit length
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FIGURE 8-32 Evolution of stripline and microstrip transmission lines.

Substituting (8-183b) into (8-183a) reduces to

L 1 vV V V V
ZC _ = o pe _ Koo Y1, €, - K€, (8-184)
C v,C C C vC

where v, is the speed of light in free space. Therefore the characteristic impedance
can be determined if the capacitance of the line is known.
The total capacitance C, of a stripline can be modeled as shown in Figure

8-33, and it is given by
C =2C, +4¢ (8-185)
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TABLE 8-8
Characteristic comparison of popular transmission lines
Characteristic Coaxial Waveguide  Stripline Microstrip
Line losses Medium Low High High
Unloaded Q Medium High Low Low
Power Capability Medium High Low Low
Bandwidth Large Small Large Large
Miniaturization Poor Poor Very good  Excellent
Volume and weight Large Large Medium Small
Isolation between Very good Very good Fair Poor
neighboring circuits
Realization of Easy Easy Very easy Very easy
passive circuits
Integration with Poor Poor ~ Fair Very good

chip devices

where

C, = total capacitance per unit length (8-185a)

C, = parallel plate capacitance per unit length

(in the absence of fringing)

w

2w
b—1t

=¢ = 2¢,8, ; (8-185b)

1- =
b

C; = fringing capacitance per unit length (8-185c¢)

Assume that the dielectric medium between the plates is not ferromagnetic.
Then the characteristic impedance of (8-184) can also be written by using (8-185)

and (8-185b) as
‘/p_e e [ £ o 1207e
Zc = — = —— _ = - = 8‘186
Ct Ct € €, Ct € \/e—rCt ( )

1. 1
o ALT

(of c Cy _:t— b
[ I \¢l
f——

FIGURE 8-33 Capacitance model for stripline transmission
line.
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or

12077 120# 309
ZJe, = = = —7b c (8-186a)
;c ~(2G, +46)

+
1-1t/b €

The fringing capacitance of the stripline can be approximated by using

G 1 2 1 1 1
—_ = — In{l+ - —1{In 5 — 1
€ L P 1— r 1 - r t
b b b 1-=
(8-187)
which for zero thickness center conductor (¢ = 0) reduces to
G _
-~ — [2 In(2)] = 0.4413 (8-187a)
14

For zero thickness center conductor (+ = 0) an exact solution based on
conformal mapping represents the characteristic impedance of (8-186a) by [18]

307 K(k") }
z ——— =307 | —— (8-188
o O REE )
where K(k) is an elliptic function of the first kind and it is given by

1

1
7/2
K(k) = dg= [ ———— 4y (8-188a)
(k) f J1 g |1 - kq? fo V1 — ksin?y
k = tanh [~ 2 8-188b)
= { —_— -
an (2 b) (
mTwW mTwW
=V1-k?= \/I—tanhz(——) =sech(————) (8-188c)
2 b 2 b
It can be shown that the ratio of the elliptic functions in (8-188) can be approxi-
mated by
LN LA . nh{Z2) <1 (8-189)
—In|2—— <k=tanh|{——| < -
n - when ‘/_ a (2 b) ( a
K(k)
K(k) ~ i hen 0 < k = t h(”w)< L (3-189b)
et n = n. —_— E— -
L e e C N Y )
e

Other forms to represent the characteristic impedance of the stripline are
available, but the preceding are considered to be sufficiently simple, practical, and
accurate.
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Example 8-16. Determine the characteristic impedance of a zero thickness
center conductor stripline whose dielectric constant is 2.20 and w/b ratio is
w/b=1and w/b = 0.1.

Solution. The solution for the characteristic impedance will be based on the
more accurate formulation of (8-188) through (8-189b).

Since w/b = 1, then according to (8-188b)

™

k= tanh( 2) =091715 < 1

Thus by using (8-189%a),

K(k) 1 ( 1+/0917I5
Ky 7 "\"1- Joo171s

Therefore the characteristic impedance of (8-188) is equal to

) = 1.4411

z 30m 44.09 oh
<= ldalian | oonm

Since w/b = 0.1, then according to (8-188b),
T
k = tanh [5(01)] = 0.1558
and from (8-188c),

k'’ 1- (0.1558)2 = 0.98779

Thus by using (8-189b),

K(k) 7
= = (.4849
K(k") | 21 + y0.98779
"\ 71— Vo987
Therefore the characteristic impedance of (8-188) is equal to
Z 307 131.04 oh
©T Ddgaoyz2 o

Microstrip

The early investigations of the microstrip line in the early 1950s did not stimulate its
widespread acceptance because of the excitation of radiation and undesired modes
caused by lines with discontinuities. However, the rapid rise in miniature microwave
circuits, which are usually planar in structure, caused renewed interest in microstrip
circuit design. Also the development of high dielectric constant material began to
bind the fringing fields more tightly to the center conductor, thus decreasing
radiation losses, and simultaneously shrinking the overall circuit dimensions. These
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developments, plus the advantages of convenient and economical integrated circuit
fabrication techniques, tended to lessen the previous concerns and finally allowed
microstrip design methods to achieve widespread application.

Because the upper part of the microstrip is usually exposed, some of the
fringing field lines will be in air while others will reside within the substrate.
Therefore overall the microstrip can be thought of as being a line composed of a
homogeneous dielectric whose overall dielectric constant is greater than air but
smaller than that of the substrate. The overall dielectric constant is usually referred
to as the effective dielectric constant. Because most of the field lines reside within the
substrate, the effective dielectric constant is usually closer in value to that of the
substrate than to that of air; this becomes even more pronounced as the dielectric
constant of the substrate increases. Since the microstrip is composed of two different
dielectric materials (nonhomogeneous line), it cannot support pure TEM modes.
The lowest order modes are quasi-TEM.

There have been numerous investigations of the microstrip ([19-27], and many
others). Because of the plethora of information on the microstrip, we will summarize
some of the formulations for the characteristic impedance and effective dielectric
constant that are simple, accurate, and practical.

At low frequencies the characteristic parameters of the microstrip can be
found by using the following expressions:

W (0) 1
h <
60 8h Wege (0)
Z(0)=2Z(f=0)= m In [wff(O) + h ] (8-190a)

e, +1 ¢ -1
er,eff(o) = £r,eff(f= 0) = ) + 7

2 Wee (0) ?
X {[1 + 12 o (0) } + 0.04[1 - T] } (8-190b)

Wy (0)

> 1

1207
VEr eff (0)

+ 1.393 + 0.667 ln[

Z(0)=2(f=0)= (8-191a)

Weee (0) Werr (0)

h

+ 1.444}

e, +1 g —1

r

-1/2
8r,eff (0) = sr,eff(fz 0) = 2 + 2 [l + 12 W o (0) ] (8-191b)
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FIGURE 8-34 Characteristic impedance of microstrip line as a function of
w/h and t/h.
where
W (O W, =0 w 125 ¢ 2h w 1
0O _ wel/=0) w125 ] (2 for — > —  (8-192a)
h h h 7 h t h 27
Wt (0 wee (f=0) w125 ¢ 47w w 1
= =—+ — —|1+In|— for — < — (8-192b
h h K w ! ory < g, (192
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€, o and wy represent the effective dielectric constant and width of the line,
respectively. Plots of the characteristic impedance of (8-190a) or (8-191a) and the
effective dielectric constant of (8-190b) or (8-191b) as a function of w/h for three
different dielectric constants (g, = 2.33, 6.80, and 10.2) are shown, respectively, in
Figures 8-34 and 8-35 [28]. These dielectric constants are representative of common
substrates such as RT/Duroid (= 2.33), beryllium oxide (= 6.8), and alumina
(= 10.2) used for microstrips. It is evident that the effective dielectric constant is
not very sensitive to the thickness of the center strip.
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FIGURE 8-35 Effective dielectric constant of microstrip line as a function
of w/h and t/h at zero frequency.

Example 8-17. For a microstrip line with w/h =1, ¢, =10, and t/h =0
calculate at f = 0 the effective width, effective dielectric constant and
characteristic impedance of the line.

Solution. Since t/h = 0, then according to either (8-192a) or (8-192b),

eff (0) K _
" h h
By using (8-190b) the effective dielectric constant is equal to
10+ 1 10 - B
& er(0) = + [1 +12(1)] 7* = 6.748 < 10

2

The characteristic impedance of (8-190a) is now equal to

Z.(0) = ‘/t% In [8(1) + = (1)] = 48.74 ohms
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FIGURE 8-36 Effective dielectric constant as a function of frequency
for microstrip transmission line. (@) w/h = 02. (b) w/h = 5.
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The microstrip line is considered to be a dispersive transmission line at
frequencies about equal to or greater than

z0) 1
>
¢ h e, — 1

r

X 10° where A is in cm (8-193)

For many typical transmission lines this frequency will be in the 3-10 GHz range.
This indicates that the effective dielectric constant, phase velocity, and characteristic
impedance will be a function of frequency. In addition pulse wave propagation,
whose spectrum spans a wide range of frequencies that depend largely on the width
and shape of the pulse, can greatly be affected by the dispersive properties of the
line [29-31, 42].

Many models have been developed to predict the dispersive behavior of a
microstrip [32-38]. One model which allows simple, accurate and practical values
computes the dispersive characteristics using

0
2.0) = 20 =20 (3-1940)
(f) L . i (8-194b)
v = = = -
g \/I‘Leeff(f) \/p'rp'OEOEr,eff(f) \/p‘rer,eff(f)
1% (f) L2 Ao
A =-L-r - = 8-194
)= T e T (D (8-1540)
Er - Er eff (0)
g . =g — ’ 8-194d
,ff(f) € . Erye“(o) (Z)Z ( )
£l‘ f;
f= 20 (8-194¢)
2uph

Typical plots of &, .4( f) versus frequency for three microstrip lines (e, = 2.33,
6.8, and 10.2) are shown in Figure 8-36a and b for w/h = 0.2 and 5 [28]. It is
evident that for w/h > 1 the variations are smaller than those for w/h < 1.

Example 8-18. For a microstrip line with w/h = 1, A = 0.025 in. (0.0635 cm),
e, = 10, and t/h = 0, calculate the effective dielectric constant, characteristic
impedance, phase velocity, and guide wavelength at f = 3 and 10 GHz.

Solution. At zero frequency, from Example 8-17,
€, o (0) = 6.748
Z,.(0) = 48.74 ohms

The critical frequency, where dispersion begins to appear, according to (8-193),
is equal to or greater than

2874
> 031 ————— x 10° = 4.799 GH
£ 0.0635/10 — 1 z
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By using (8-194e),

874 30.54 x 10°
Ji= 247 x 1077)(6.35 x 10°%)
f = 3 GHz: By using (8-194d),
10 — 6.748
e, o (f=3GHz) =10 — = 6.7691

6.748\/ 3 \*
+ [P _
( 10 )( 30.54
Thus the characteristic impedance of (8-194a), phase velocity of (8-194b), and
guide wavelength of (8-194c) are equal to

_ — 48 — 48.664 oh
Z.(f=3GHz) = 48741 — ohms
X 8
Up(f= 3 GHZ) = W =1.153 x 10% m/sec
A 3 GH 3 X107 0.0384 m = 3.84
_ A =3.84cm
o/ 2) = 3% 10°/6.7691 "

f = 10 GHz: By repeating the preceding calculations at f = 10 GHz we obtain

10 — 6.748
e, et (/=10 GHz) = 10 — — 6.968

6.748 / 10 \?
e

10 1\ 30.54

Z 10 GH 48 74\/ 6.748 47.964 oh
c(f_ Z)— . 6.968 = . ohms

8

3 X
v,(f=10GHz) = = 1.128 X 10® m/sec

6.968
3 x 108

A(f=10GHz) = —————
o 2) = 10X 10°76.968

=0.0114m=1.14cm

8.8.3 Microstrip: Boundary-Value Problem

The open microstrip line can be analyzed as a boundary-value problem using modal
solutions of the form used for the partially filled waveguide or dielectric covered
ground plane. In fact, the open microstrip line can be represented as a partially
filled waveguide with the addition of a center conductor placed along the air-dielec-
tric interface, as shown in Figure 8-37. This shielded configuration is considered a
good model for the open microstrip provided that the dimensions a and b of the
waveguide are equal to or greater than about 10 to 20 times the center conductor
width. The fields configurations of this structure that satisfy all the boundary
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FIGURE 8-37 Shielded configuration of microstrip transmission line.

conditions are hybrid modes that are a superposition of TE? and TM? modes
[38-42].

Initially the vector potential functions used to represent, respectively, the TE?
and TM? modes are chosen so that individually they satisfy the field boundary
conditions along the metallic periphery of the waveguide. Then the total fields,
which are due to the superposition of the TE? and TM? fields, must be such that

13
B _
. V7
— — = Open microstrip (SDA) [42] /
12— Shielded microstrip (SDA) [41}]
—-—(8-194d)
Hre 13.0
—~ £, = .
1?_ w=127 mm
© h =127 mm
& a=127mm
10— b=127mm
9 h—
____-___=..-_—_-f
8 i ] | | ! | | | ! ! ] J
8.00 8.50 9.00 9.50 10.00 10.50 11.00

Log (frequency)

FIGURE 8-38 Effective dielectric constant as a function of logarithm of the frequency for
open and shielded microstrip lines.
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they satisfy all the additional boundary conditions along the air-dielectric interface
(y = h), including those at the center metallic strip (y = h, |x| < w/2). The end
result of this procedure is an infinite set of coupled homogeneous simultaneous
equations that can be solved for the normalized propagation constant along the z
direction (8, = B./B,) through the use of various techniques [39-42]. A complete
formulation of this problem is very lengthy, and is assigned to the reader as an end
of chapter problem.

Another method that can also be used to solve for B, is to use spectral domain
techniques, which transforms the resulting field equations to the spectral domain,
and allows for rapid convergence [40-42]. Results obtained with these methods for
open and shielded microstrip geometries are shown in Figure 8-38 [42]. The
waveguide width and height were chosen to be 10 times greater than the center
conductor strip width. As the waveguide width and height are chosen to be even
greater, the results of the open and shielded microstrips agree even better [42].

RIDGED WAVEGUIDE

It was illustrated in Section 8.2.1 that the maximum bandwidth for a dominant
single TE,, mode operation that can be achieved by a standard rectangular
waveguide is 2 : 1. For some applications, such as coupling, matching, filters, arrays,
and so forth, larger bandwidths may be desired. This can be accomplished by using
a ridged waveguide.

A ridged waveguide is formed by placing longitudinal metal strip(s) inside a
rectangular waveguide, as shown in Figure 8-39. This has the same effect as placing
inward ridges on the walls of the waveguide. The most common configurations of a
ridged waveguide are those of single, dual, and quadruple ridges, as illustrated in

V2 [ ]

fa)

V24 |
%) I R

(6)

%)

FIGURE 8-39 Various cross
Z % sections of ridged
W % waveguide. (a) Sin-
gle. (b) Dual. (c¢)
(c) Quadruple.




458

RECTANGULAR CROSS-SECTION WAVEGUIDES AND CAVITIES

FIGURE 8-40 Geometry for
(a) single and (b)
dual ridged wave-

(b) guides.

Figure 8-39. In general the ridges act as uniform distributed loadings which tend to
lower the phase velocity and reduce (by a factor of 25 or more) the characteristic
impedance. The lowering of the phase velocity is accompanied by a reduction (by a
factor as large as 5 to 6) of the cutoff frequency of the TE,, mode, an increase of the
cutoff frequencies of the higher-order modes, an increase in the attenuation due to
losses on the boundary walls, and a decrease in the power-handling capacity. The
increases in the bandwidth and attenuation depend upon the dimensions of the
ridge compared to those of the waveguide.

The single, dual, and quadruple ridged waveguides of Figures 8-39 and 8-40
have been investigated by many people [43-47]. Since the ridged waveguide pos-
sesses an irregular shape, a very appropriate technique that can be used to analyze it
is the transverse resonance method of Section 8.6. At cutoff (B, = 0) there are no
waves traveling along the length (z direction) of the waveguide, and the waves can
be thought of as traveling along the transverse directions (x, y directions) of the
guide forming standing waves. For the TE,, mode, for example, there are field
variations only along the x direction and at cutoff the waveguide has a cutoff
frequency that is equal to the resonant frequency of a standing plane wave
propagating only in the x direction. The transverse dimension (in the x direction) of
the waveguide for the TE, at resonance is equal to a half wavelength.

One very approximate equivalent model for representation of the ridged
waveguide at resonance is that of a parallel LC network [43], shown in Figure 8-405.
The gap between the ridges is represented by the capacitance C whose value for a
waveguide of length £ can be found by using

A ayt
C=€(b—0) =£(b—0) (8-195)
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Each side section of the ridged waveguide can be represented by a one-turn
solenoidal inductance whose value for a waveguide of length ¢ can be found by

using
a—dag

b___
A 3 b(a— ay)
L=u(7)=u vl ° (8-196)

Since the total inductance L, is the parallel combination of the two L’s (L, = L/2),
the cutoff frequency is obtained by using

2

1
=2nf.= — =1\ = 8-197
W, 7f, \/KC. LC ( )
Use of (8-195) and (8-196) reduces the cutoff frequency of (8-197) to
fo= (8-198)
}
0 —_—
| 5 = 0.10
by
—] - = 0.15
b —04s5
a
0 _
3= 0.20 -
S
bo _ =
B 0.25 =
he}
3
b 2
0 _ @
5= 0.35 m
bo
3 = 0.50
] J |
0 0.2 04 0.6 0.8 10
ay/a
(a) (b}

of ridged waveguides,” JRE Trans. Microwave Theory Tech., ©, 1955, IEEE.)
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FIGURE 8-42 Normalized attenuation for (a) single and (b)
dual ridged waveguides (Source: S. Hopfer, “The

design of ridged waveguides,” IRE Trans. Mi-
crowave Theory Tech., ©, 1955, IEEE.)

which is more valid for the smaller gaps where the b,/b ratio is very small. More
accurate equivalents can be obtained through use of the transverse resonance
method where the ridge waveguide can be modelled at resonance as a parallel plate
waveguide with a capacitance between them that represents the discontinuity of the
ridges.

Curves of available bandwidth of a single TE,, mode operation for single
(Figure 8-40a) and dual (Figure 8-40b) ridged waveguides are shown, respectively,
in Figures 8-41a and & [45]. Bandwidth is defined here as the ratio of the cutoff
frequency of the next higher-order mode to that of the TE,, mode, and it is not
necessarily the useful bandwidth. In many applications the lower and upper fre-
quencies of the useful bandwidth are chosen with about a 15 to 25 percent safety
factor from the corresponding cutoff frequencies. It is seen from the data in Figure
8-41 that a single-mode bandwidth of about 6 : 1 is realistic with a ridged rectangu-
lar waveguide. However, the penalty in realizing this extended bandwidth is the
increase in attenuation. To illustrate this, we have plotted in Figures 8-42a and b
the normalized attenuation «, for single and dual ridged waveguides, which is
defined as the ratio of the ridged waveguide attenuation to that of the rectangular



REFERENCES 461
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B 40
204~ T

| (b/a=05) 30
27
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FIGURE 8-42 (Continued).

waveguide attenuation, of identical cutoff frequency, evaluated at a frequency of
f = V3f.. The curves of Figure 8-42 have been calculated assuming that the ratio
b/a of the ridged waveguide, b/a = 0.45 for the single ridge and b/a = 0.5 for the
dual ridge, is the same as that of the rectangular waveguide. The actual attenuation
of the ridged waveguide at f = V3£, can be obtained by multiplying the normalized
values of the attenuation coefficient from Figure 8-42 by the attenuation of the
rectangular waveguide evaluated at f = V3 £.. It should be noted that the power-
handling capabilities of ridged waveguides are reduced at the expense of increases in
bandwidth.
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PROBLEMS

8.1. An air-filled section of an X-band (8.2-12.4 GHz) rectangular waveguide of length £
is used as a delay line. Assume that the inside dimensions of the waveguide are 0.9
in. (2.286 cm), and 0.4 in. (1.016 cm) and that it operates at its dominant mode.
Determine its length so that the delay at 10 GHz is 2 ps.

8.2

A standard X-band (8.2-12.4 GHz) rectangular waveguide with inner dimensions of
0.9 in. (2.286 cm) and 0.4 in. (1.016 cm) is filled with lossless polystyrene (e, = 2.56).

For the lowest-order mode of the waveguide, determine at 10 GHz the following
values.

(a) Cutoff frequency (in GHz).
(b) Guide wavelength (in cm).
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8.3.

8.4.

8.5.

8.6.

8.7.

(c) Wave impedance.
(d) Phase velocity (in m/s).
(e) Group velocity (in m/s).

An empty X-band (8.2-12.4 GHz) rectangular waveguide, with dimensions of 2.286

cm by 1.016 cm, is to be connected to an X-band waveguide of the same dimensions

but filled with lossless polystyrene (e, = 2.56). To avoid reflections, an X-band

waveguide (of the same dimensions) quarter-wavelength long section is inserted

between the two. Assume dominant mode propagation and that matching is to be

made at 10 GHz.

(a) Determine the wave impedance of the quarter-wavelength section waveguide.

(b) Determine the dielectric constant of the lossless medium that must be used to
fill the quarter-wavelength section waveguide.

(¢) Determine the length (in cm) of the quarter-wavelength section waveguide.

Design a two-section binomial impedance transformer to match an empty (¢, = 1) X-
band waveguide to a dielectric-filled (¢, = 2.56) X-band waveguide. Use two interme-
diate X-band waveguide sections, each quarter-wavelength long. Assume dominant
mode excitation, f, = 10 GHz, and waveguide dimensions of 2.286 cm by 1.016 cm.

(a) Determine the wave impedances of each section.

(b) Determine the dielectric constants of the lossless media that must be used to fill
the intermediate waveguide sections.

(c) Determine the length (in cm) of each intermediate quarter-wavelength wave-
guide section.

T4
YN
g=1 / £r] /§ €r2

D7\

Derive expressions for the attenuation coefficient «, above cutoff for the rectangular
waveguide of Figure 8-1, assuming TE:, modes and TM?_ modes. Compare the

mn mn

answers with those found in Table 8-3.

FIGURE P8-4

A parallel-plate waveguide is formed by placing two infinite planar conductors at
y=0and y=5.

(a) Show that the electric field
E = E;sin (Byy)e“’z

defines a set of TE, modes where

Y= Vﬁyz - 1302 By = WyHoEy
(b) For the modes of part a, find the allowable eigenvalues, cutoff frequencies, and

power transmitted, per unit width in the x direction.

A rectangular waveguide with dimensions a = 2.25 cm and 5 = 1.125 cm, as shown
in Figure 8-1, is operating in the dominant mode.
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(a) Assume that the medium inside the guide is free space. Then find the cutoff
frequency of the dominant mode.

(b) Assume that the physical dimensions of the guide stay the same (as stated) and
that we want to reduce the cutoff frequency of the dominant mode of the guide
by a factor of 3. Then find the dielectric constant of the medium that must be
used to fill the guide to accomplish this.

If the dielectric constant of the material that is used to construct a dielectric rod
waveguide is very large (typically 30 or greater), a good approximation to the
boundary conditions is to represent the surface as a perfect magnetic conductor
(PMC); see Section 9.5.2. For a PMC surface, the tangential components of the
magnetic field vanish. Based on such a model for a rectangular cross-section
cylindrical dielectric waveguide and TE’ modes, perform the following tasks.

(a) Write all the boundary conditions on the electric and magnetic fields that must
be enforced.

(b) Derive simplified expressions for the vector potential component, the electric
and magnetic fields, and the cutoff frequencies.

(c) If a > b, identify the lowest-order mode.

\ Vo

iy

Repeat Problem 8.8 for TM* modes.

NN

FIGURE P88

The rectangular waveguide of Figure 8-1 is constructed of two horizontal perfectly
electric conducting (PEC) walls at y =0 and y = b and two vertical perfectly
magnetic conducting (PMC) walls at x = 0 and x = a. Derive expressions for the
appropriate vector potential, electric and magnetic fields, eigenvalues, cutoff fre-
quencies, phase constant along the z axis, guide wavelength, and wave impedance
for TE? modes and TM? modes. Identify the lowest-order mode for each set of
modes and the dominant mode for both sets.

Repeat Problem 8.10 for a rectangular waveguide constructed of two horizontal
PMC walls at y = 0 and y = b and two vertical PEC walls at x = 0 and x = a.

An X-band waveguide with dimensions of 0.9 in. (2.286 ¢cm) and 0.4 in. (1.016 cm)
is made of copper (¢ = 5.76 X 107 S/m) and it is filled with lossy polystyrene
(¢ = 2.56, tan8, = 4 X 107 *). Assume that the frequency of operation is 6.15
GHz. Then determine the attenuation coefficient (in Np/m and dB/m) that
accounts for the finite conductivity of the walls and the dielectric losses.

For the dielectric-filled waveguide of Problem 8.12, assume that the polystyrene is
lossless. Determine the following values.

(a) Cutoff frequency of the dominant mode.
(b) Frequency of operation that will allow the plane waves of the dominant mode

inside the waveguide to bounce back and forth between its side walls at an angle
of 45°.
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8.14.

8.15.

8.16.

8.17.

8.18.

(¢) Guide wavelength (in cm) at the frequency of part b.
(d) Distance (in cm) the wave must travel along the axis of the waveguide to
undergo a 360° phase shift at the frequency of part b.

An air-filled X-band waveguide with dimensions of 0.9 in. (2.286 cm) and 0.4 in.
(1.016 cm) is operated at 10 GHz and is radiating into free space.

(a) Find the reflection coefficient (magnitude and phase) at the waveguide aperture
junction.

(b) Find the standing wave ratio (SWR) inside the waveguide. Assume that the
waveguide is made of a perfect electric conductor.

(c¢) Find the SWR at distances of z = 0, A ¢/4, and A /2 from the aperture junction
when the waveguide walls are made of copper (o = 5.76 X 107 S /m).

For the rectangular cavity of Figure 8-12, find the length ¢ (in cm) that will resonate
the cavity at 10 GHz. Assume dominant mode excitation, ¢ > a > b, a = 2 cm and
b =1 cm, and free space inside the cavity.

Design a square-base cavity like Figure 8-12, with height one-half the width of the
base, to resonate at 1 GHz when the cavity is (a) air-filled and (b) filled with
polystyrene (e, = 2.56). Assume dominant mode excitation,

The field between the plates is a linearly polarized (in the y direction) uniform plane
wave traveling in the z direction.

(a) Assume that the plates are perfect electric conductors. Then find the E and H
field components between the plates. Neglect the edge effects of the finite plates.

(b) Find the separation d between the plates that creates resonance.

(c) Derive an expression for the Q of the cavity assuming a conductivity of ¢ for
the plates. Neglect any radiation losses through the sides of the cavity.

(d) Compute the Q of the cavity when f = 60 GHz and d = 5A and 10A. Assume a
plate conductivity of ¢ = 5.76 X 107 S/m.

€0, H0

¥4
|<— d ——’I‘/ FIGURE P8-17

An X-band (8.2-12.4-GHz) rectangular waveguide of inner dimensions a = 0.9 in.
(2.286 cm) and b = 0.4 in. (1.016 cm) is partially filled with styrofoam (e, = 1.1 = 1),
as shown in Figure 8-13a. Assume that the height of the styrofoam is b/4.
Determine the following for the TM{, mode.

(a) Phase constants (in rad/cm) in the x direction both in the air and in the
styrofoam at any frequency above cutoff.

(b) Approximate phase constants (in rad /cm) in the y direction both in the air and
in the styrofoam at any frequency above cutofT.

(c) The approximate value of its cutoff frequency.

(d) The phase constant (in rad/cm) in the z direction at a frequency of f=
1.25(£)T
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8.23.
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For the rectangular waveguide of Figure 8-1 derive expressions for the E and H
fields, eigenvalues, and cutoff frequencies for (a) TE* (LSE*) modes and (b) TM*
(LSM*) modes. Identify the lowest-order mode for each set of modes and the
dominant mode for both sets.

For the partially filled waveguide of Figure 8-13b derive expressions similar to
(8-115) through (8-115b) or (8-127) through (8-127b) for (a) LSE* (TE*) modes and
(b) LSM* (TM*) modes.

For the partially filled waveguide of Figure 8-13a plot on a single figure B0, B4
B., B.o» and B.,, all in rad/m, versus frequency [(f.)on < < 2(f)on Where (f)on
is the cutoff frequency for the TE{, mode] for the (a) TE§, mode and (b) TE{;
mode. Assume g = 0.9 in. (2.286 cm), b =04 in. (1.016 cm), h = b/3, and
g, = 2.56.

For the partially filled waveguide of Figure 8-13a plot on a single figure B,o» Bas
B., By, and B,,, all in rad /m, versus frequency [(£.),, < f < 2(f)1n where (f.)y, 18
the cutoff frequency for the TM{, mode] for the (a) TM{; mode and (b) ™Y,
mode. Assume a =09 in. (2.286 cm), b= 0.4 in. (1.016 cm), h =b/3, and
g, = 2.56.

A dielectric slab waveguide, as shown in Figure 8-17, is used to guide electromag-
netic energy along its axis. Assume that the slab is 1 cm in height, its dielectric
constant is 5, and p = p.

(a) Find the modes that can propagate unattenuated at a frequency of 8 GHz. State
their cutoff frequencies.

(b) Find the respective attenuation (in Np/m) and phase (in rad/m) constants at 8
GHz for the unattenuated modes.

(c) Find the incidence angles, measured from the normal to the interface, of the
bouncing waves within the slab at 8 GHz.

Design a nonferromagnetic lossless dielectric slab of total height 0.5 in. (1.27 cm)
bounded above and below by air so that at f = 10 GHz the TE] mode operates at
10% above its cutoff frequency. Determine the dielectric constant of the slab and the
attenuation a,, (in Np/cm) and B, (in rad/cm) for the TEf mode at its cutoff
frequency.

A planar perfect electric conductor of infinite dimensions is coated with a dielectric
medium of thickness #, as shown in Figure 8-30. Assume that the dielectric constant
of the coating is 5, its relative permeability is unity, and its thickness is 5.625 cm.

(a) Find the cutoff frequencies of the first four TEZ and /or TM? modes and specify
to which group each one belongs.

(b) For an operating frequency of 1 GHz, find the TE® modes that can propagate
inside the slab unattenuated.

(¢) For each of the TE? modes found in part b, find the corresponding propagation
constant f3,.

The medium above the coating is free space.

For the stripline of Example 8-16 find the characteristic impedances based on the
approximate formulas of (8-186a), (8-187), and (8-187a). Compare the answers with
the more accurate values obtained in Example 8-16, and comment on the compar-
isons.
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8.27.

8.28.

8.29.

8.30.

A parallel plate transmission line (waveguide) is formed by two finite width plates
placed at y = 0 and y = h, and it is used to approximate a microstrip. Assume that
the electric field between the plates is given by

E =4 Ee provided w/h > 1

where E, is a constant. Derive for the conduction losses an expression for the
attenuation constant a, (in Np,/m) in terms of the plate surface resistance R, w, h,
e, and p. The plates are made of metal with conductivity ¢, and the medium
between the plates is a lossless dielectric.

FIGURE P8-27

A TEM line is composed of a ground plane and a center conductor of width w and
thickness ¢ placed at a height & above the ground plane. Assume that the center
conductor thickness ¢ is very small. Then the center conductor can be approximated
electrically by a wire whose effective radius is

a, = 025w

Based upon this approximation, derive an approximate expression for the capaci-
tance and for the characteristic impedance of the line.

=
T

FIGURE P8-28

Assume that the fields supported by the microstrip line of Figure 8-31b are a
combination of TE? plus TM? modes. Then derive expressions for the electric and
magnetic fields and their associated wave functions and wave numbers by treating
the geometry as a boundary-value problem. Do this in the space domain.

A microstrip transmission line of beryllium oxide (e, = 6.8) has a width-to-height
ratio of w/h = 1.5. Assume that the thickness-to-height ratio is t/h = 0.01 and
determine the following parameters.
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(a) Effective width-to-height ratio at zero frequency.

(b) Effective dielectric constant at zero frequency.

(c) Characteristic impedance at zero frequency.

(d) Approximate frequency where dispersion will begin when £ = 0.05 cm.

(e) Effective dielectric constant at 15 GHz.

(f) Characteristic impedance at 15 GHz. Compare with the value if dispersion is
neglected.

(g) Phase velocity at 15 GHz. Compare with the value if dispersion is neglected.

(h) Guide wavelength at 15 GHz.
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CHAPTER

9

CIRCULAR CROSS-SECTION
WAVEGUIDES AND CAVITIES

INTRODUCTION

Cylindrical transmission lines and cavities are very popular geometrical configura-
tions. Cylindrical structures are those that maintain a uniform cross section along
their length. Typical cross sections are rectangular, square, triangular, circular,
elliptical, and others. Whereas the rectangular and square were analyzed in Chapter
8, the circular cross-section geometries will be discussed in this chapter. This will
include transmission lines and cavities (resonators) of conducting walls and dielec-
tric material.

CIRCULAR WAVEGUIDE

A popular waveguide configuration, in addition to the rectangular one discussed in
Chapter 8, is the circular waveguide shown in Figure 9-1. This waveguide is very
attractive because of its ease in manufacturing and low attenuation of the TE,,
modes. An apparent drawback is its fixed bandwidth between modes. Field config-
urations (modes) that can be supported inside such a structure are TE? and TM=

Transverse Electric (TE?) Modes

The transverse electric to z (TE®) modes can be derived by letting the vector
potential A and F be equal to

It
=)

(9-1a)

A
F= aze(ps %, Z) (9'1b)

The vector potential F must satisfy the vector wave equation 3-48 which reduces for
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FIGURE 9-1 Cylindrical waveguide of circular cross section.

the F of (9-1b) to

V2F,(p,¢,2) + B?F(p,$,2) =0 (9-2)

When expanded in cylindrical coordinates, (9-2) reduces to

z z Z

— Iyl
>  p dp Pt I 327

92F, 10F, 1 8°F, 8°F
~ + B2, =0 (9-3)

whose solution for the geometry of Figure 9-1, according to (3-70), is of the form
F(p.,2) = [, (B,p) + BY,.(Bp)]
X [Cycos (mp) + D, sin (me)][ dse P* + Be ] (9-4)
where, according to (3-66d),
B+ Bl=5* (9-4a)

The constants A4,, B,, C,, D,, A;, B;, m,
boundary conditions of

. and B, can be found using the

E(p=a,¢$,2)=0 (9-5a)
The fields must be finite everywhere (9-5b)
The fields must repeat every 2« radians in ¢ (9-5¢)

According to (9-5b), B, = 0 since Y, (p = 0) = co. In addition, according to
(9'50)9

m=0,1,2,3,... (9-6)

Consider waves that propagate only in the +z direction. Then (9-4) reduces to

E* (6, 2) = Apdn( B,0)[Cro0s (ms) + Dy sin (me)]e s (97)



472 CIRCULAR CROSS-SECTION WAVEGUIDES AND GAVITIES

TABLE 9-1
Zeroes X, of derivative J(X,,,) = 0 (n = 1,2,3,...) of the Bessel function J,,(x)

m=0 m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8 m=9 m=10 m=11

n=1| 38318 1.8412 3.0542 42012 53175 6.4155 7.5013 8.5777 9.6474 10.7114 11.7708 12.8264
n=2| 70156 53315 6.7062 80153 9.2824 10.5199 11.7349 12.9324 14.1155 15.2867 16.4479 17.6003
n =3 (101735 8.5363 9.9695 11.3459 12.6819 13.9872 15.2682 16.5294 17.7740 19.0046 20.2230 21.4309
n =4 1133237 11.7060 13.1704 14.5859 15.9641 17.3129 18.6375 19.9419 21.2291 22.5014 23.7607 25.0085

n=15|16.4706 14.8636 16.3475 17.7888 19.1960 20.5755 21.9317 23.2681 24.5872 25.8913 27.1820 28.4609

Use of (6-80) and (9-7) the electric field component of E; can be written as

1 aF;— Amn . :
ES= A ap = B‘,—E—J,,’,(Bpp)[c2 cos (m¢) + D,sin(m¢)]e = (9-8)
where
d
' = 9-8a
2(5,0) (-5)

Apply the boundary condition of (9-5a) in (9-8). Then we have that

mn

E;(p=a,9,2) =B—J(B,a)[C,cos (mo) + D,sin(m¢)]e > =0 (9-9)

which is only satisfied provided that

X mn
J(Ba)=0=Ba=x,,=B = p (5-10)

In (9-10) x,, represents the nth zero (n = 1,2,3,...) of the derivative of the Bessel
function J,, of the first kind of order m (m = 0,1,2,3,...). An abbreviated list of
the zeroes x/,, of the derivative J,, of the Bessel function J,, is found in Table 9-1.
The smallest value of x7,, is 1.8412 (m =1, n = 1), followed by 3.0542 (m = 2,
n=1), 38318 (m =0, n = 1), and so on.

By using (9-4a) and (9-10), 8, of the mn mode can be written as

e (2

X mn
when g > B, = ==
a

Xomn
0 when 8 =8, = 8, = . (9-11b)

—jyBl — B* = ~j\/ (X;' )2 - pg? (9-11¢)

Xmn
when 8 < B, =
a

(B.) mn
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Cutoff is defined when (B,),,, = 0. Thus, according to (9-11b),

B, = wyfpe = 2mfofpe = B, = Xow (9-12)
or
FAEE (9-12)
27ay/pe

By using (9-12) and (9-12a), we can write (9-11a) through (9-11c) as

TR -

when f > f, = (f.)
when f=f = (f),,  (9-13b)

I
=

(B.) mn =

’ 2 2
x’”") —1=48 (%) —1 (9-13¢)

1
o
=

The guide wavelength A, is defined as
27

O = ). (o14)
which according to (9-13a) and (9-13b) can be written as
27 A
A AR when f> fo = (f)m, (9-14a)
oowofi-(5 (5
% when f = (f,) ., (9-14b)

In (9-14a) A is the wavelength of the wave in an infinite medium of the kind that
exists inside the waveguide. There is no definition of the wavelength below cutoff
since the wave is exponentially decaying and there is no repetition of its waveform.

According to (9-12a) and the values of x/,, in Table 9-1, the order (lower to
higher cutoff frequencies) in ‘which the TEZ, modes occur is TEf;, TE;, TE§,
etcetera. It should be noted that for a circular waveguide the order in which the
TE: , modes occur does not change, and the bandwidth between modes is also
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fixed. For example, the bandwidth of the first single-mode TE:, operation is
3.042/1.8412 = 1.6588 : 1 which is less than 2:1. This bandwidth is fixed and
cannot be varied, as was the case for the rectangular waveguide where the band-
width between modes was a function of the a/b ratio. In fact, for a rectangular
waveguide the maximum bandwidth of a single dominant mode operation was 2 : 1
and it occurred when a/b > 2; otherwise, for a/b < 2, the bandwidth of a single
dominant mode operation was less than 2:1. The reason is that in a rectangular
waveguide there are two dimensions a and b (2 degrees of freedom) whose relative
values can be varied; in the circular waveguide there is only one dimension (the
radius a) that can vary. A change in the radius only varies, by the same amount, the
absolute values of the cutoff frequencies of all the modes but does not alter their
order or relative bandwidth.

The electric and magnetic field components can be written, using (6-80) and
(9-7), as

E} L 9K A mJ( -G, si D e =
b el ey I B,0 ,sin(me) + D,cos (mo)]e
(9-15a)
1 dF" .
ESj=~— 32 = Amn&J,,:(Bpp)[Czcos(m¢) + D, sin (m¢)] e~ (9-15b)
e dp €
Ef=0 (9-15¢)
1 3°F B,8. . .
Hf= —jm 3002 = —Amnwp—MJ,,’,(Bpp)[Czcos(mqb) + D,sin(mo)] e
(9-15d)
1 1 9% mB, 1
N z - _ z —J
Hy jwue p dpdz T we p '”('Bpp)
X[—C,sin(me) + D,cos (me)]e /= (9-15¢)
1 32 BZ
F= —j—| = + B |F = —jA,,——J
H; que(azz B ) A (B.p)
X [Cycos (m¢) + D, sin(me)] e #*  (9-15f)
where
6 (9-15g)
’ _— - g
I(Bp)

By using (9-15a) through (9-15f), the wave impedance (Z;}?)TE of the TE?,,
(H?,) modes in the +z direction can be written as

E} E; wp
Zh = (Z )= = -2 = (9-16)
(&)= 55 = "5 = ),

n
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With the aid of (9-13a) through (9-13c) the wave impedance of (9-16) reduces to

P

F
e
f f /
when £> £, = (1) mn
Zh = (Z = T = e when /= 1, = () (9-16b)
&
8 (9-16¢)

N

when f<f. = (f.)

By examining (9-16a) through (9-16c) we can make the following statements about

the impedance.

1. Above cutoff it is real and greater than the intrinsic impedance of the medium
inside the waveguide.

2. At cutoff it is infinity.

3. Below cutoff it is imaginary and inductive. This indicates that the waveguide
below cutoff behaves as an inductor that is an energy storage element.

The form of Z?, as given by (9-16a) through (9-16c), as a function of f,/f, is
the same as the Z}? for the TE? modes of a rectangular waveguide, as given by
(8-20a) through (8-20c). A plot of (9-16a) through (9-16¢) for any one TE7,, mode as
a function of f,/f, where f, is the cutoff frequency of that mode, is shown in Figure

8-2.

Example 9-1. A circular waveguide of radius @ = 3 cm that is filled with
polystyrene (&, = 2.56) is used at a frequency of 2 GHz. For the dominant
TE?Z,, mode, determine the following:

a. Cutoff frequency.

b. Guide wavelength (in cm). Compare it to the infinite medium wave-

length A.

¢. Phase constant B, (in rad /cm).
d. Wave impedance.

e. Bandwidth over single-mode operation (assuming only TE® modes).
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Solution.

a. The dominant mode is the TE,; mode whose cutoff frequency is, according
to (9-12a),

. 18412 1.8412(30 x 10°)
(T = e et
2may/pe 27(3)v2.56

b. Since the frequency of operation is 2 GHz, which is greater than the cutoff
frequency of 1.8315 GHz, then the guide wavelength of (9-14a) for the TE,,

= 1.8315 GHz

mode is
A
A, = T
(3
f
where
\ Ao 30 x 10° 9375
e, 2x10%3%6 "
1 8315
= 0.4017
Thus
9.375
g = 04017 = 23.34cm where A = 9.375 cm

c. The phase constant B, of the TE,; mode is found using (9-13a), or

AR AN A4017) = 0.2692 rad
B.=8 1—(7) = 1—(7) 9375(O 017) = 0.2692 rad /cm

which can also be obtained using

27 ——277 0.2692 rad
B, = }\—g TR rad /cm

d. According to (9-16a), the wave impedance of the TE,; mode is equal to

Ul 1207 /vV2.56
VARES = / = 586.56 ohms

E

~[5=
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e. Since the next higher-order TE,,, mode is the TE,,, the bandwidth of single
TE,, mode operation is

BW =3.0542,/1.8412:1 = 1.6588:1

Transverse Magnetic (TM?) Modes

The transverse magnetic to z (TM?) modes can be derived in a similar manner as
the TE? modes of Section 9.2.1 by letting

A=24.4,(p,0,2) (9-17a)
F=0 (9-17b)

The vector potential A must satisfy the vector wave equation of (3-48) which
reduces for the A of (9-17a) to

v4,(p,¢,2)+B,(p,¢,2) =0 (9-18)

The solution of (9-18) is obtained in a manner similar to that of (9-2), as given by
(9-4), and it can be written as

A,(p. ¢, 2) = [4],(B,p) + BiY,.(Byp)]
X [C,cos (m¢) + D, sin(me)][4,e 7 + Biet:2] (9-19)
with

B + Bl =B* (9-19a)

The constants 4,, B, C,, D,, A;, By, m, B,, and B, can be found using the
boundary conditions of

Ef(p=a,¢$,2)=0 (9-20a)
or

E(p=a,¢,2z)=0 (9-20b)

The fields must be finite everywhere (9-20¢)

The fields must repeat every 2« radians in ¢ (9-204)

According to (9-20c), B; = 0 since Y, (p = 0) = co. In addition, according to
(9-204),

m=0,1,2,3,... (9-21)
Considering waves that propagate only in the +z direction, (9-19) then reduces to
47 (p, ¢, 2) = B, 1, (B,p)[Cyc0s (m@) + D, sin (me)]e ™ (9-22)

The eigenvalues of B, can be obtained by applying either (9-20a) or (9-20b). Use of
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(6-70) and (9-22) allows us to write the electric field componert E; as

E+ . 1 az 2 A+
;= “Jw—“e(p +B ) :
,BZ
= ~JBun == Jn(B,p)[Crc08 (mg) + Dy sin(mg)]e = (9-23)

[
wp

Application of the boundary condition of (9-20b) using (9-23) gives

B} A
Ef(p=a,0,z)= —ij,,w—;EJm(Bpa)[Czcos(mM + D,sin(m¢)| e > =0
(9-24)
which is only satisfied provided that
an
In(Ba) =0=Ba=x,,=B="= (9-25)

In (9-25) x,,, represents the nth zero (n = 1,2,3,...) of the Bessel function J,, of

the first kind of order m (m = 0,1,2,3,...). An abbreviated list of the zeroes x,,,

of the Bessel function J,, is found in Table 9-2. The smallest value of x,,, is 2.4049

(m =0, n = 1), followed by 3.8318 (m = 1, n = 1),5.1357 (m = 2, n = 1), etcetera.
By using (9-19a) and (9-25), 8, can be written as

2
JBT=BZ = /B>~ (x:) (9-26a)
when 8 > B, = X:,.
(8,),,,={0 when 8= 8, =B, = X;”” (9-26b)
2
BB = - () - (9-26¢)
when 8 < B, = x;""

By following the same procedure as for the TE? modes, we can write the
expressions for the cutofl frequencies (f.),,,, propagation constant (8,) and

mn?

TABLE 9-2
Zeroes X, of J (X ma) =0(n=1,2,3,...) of Bessel function J,,(x)

m=0 m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8 m=9 m=10 m= 11

n=1| 24049 3.8318 51357 6.3802 7.5884 8.7715 9.9361 11.0864 12.2251 13.3543 14.4755 12.8264
n=2| 55201 7.0156 84173 9.7610 11.0647 12.3386 13.5893 14.8213 16.0378 17.2412 18.4335 19.6160
n =3 86537 10.1735 11.6199 13.0152 14.3726 15.7002 17.0038 18.2876 19.5545 20.8071 22.0470 23.2759
n=4|11.7915 13.3237 14.7960 16.2235 17.6160 18.9801 20.3208 21.6415 22.9452 24.2339 25.5095 26.7733
n=15114.9309 16.4706 17.9598 19.4094 20.8269 22.2178 23.5861 24.9349 26.2668 27.5838 28.8874 80.1791
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guide wavelength (A,),,, as

P o
ol 5] -0
T o[ | o
when f> f. = (f.) n
(B.)n =10 when f=f = (f)m,, (9-28b)
—jyB} - B* = -8 (%) - —J.B\/(
e
when f < f. = (f) .
27 A
= when f>fc = (fc)mn (9-293)
£\ AN
oa=ts= (5] - (5]
o0 When f=fc = (fc)mn (9‘29b)

According to (9-27) and the values of x,,, of Table 9-2, the order (lower to
higher cutoff frequencies) in which the TM? modes occur is TM,;, TM,;, TM;;, and
so forth. The bandwidth of the first single-mode TM§, operation is 3.8318 /2.4049 =
1.5933 : 1 which is also less than 2: 1. Comparing the cutoff frequencies of the TE?
and TM? modes, as given by (9-12a) and (9-27) along with the data of Tables 9-1
and 9-2, the order of the TE?,, and TM?, modes is that of TE,; (x{, = 1.8412),
TMg (xo1 = 2.4049), TE;; (x5 = 3.0542), TE, (xpy = 3.8318) = TMy,; (xu, =
3.8318), TE,; (x4; = 4.2012), and so forth. The dominant mode is TE;, and its
bandwidth of single-mode operation is 2.4049/1.8412 = 1.3062 : 1 which is much
smaller than 2:1. Plots of the field configurations over a cross section of the
waveguide, both E and H, for the first 30 TE;,, and/or TM?,, modes are shown in
Figure 9-2 [1].

It is apparent that the cutoff frequencies of the TE;, and TM,, modes are
identical; therefore they are referred to here also as degenerate modes. This is
because the zeroes of the derivative of the Bessel function J, are identical to the
zeroes of the Bessel function J;. To demonstrate this, let us examine the derivative
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FIGURE 9-2 Field configurations of first 30 TE* and /or TM? modes in a
circular waveguide. (Source: C. S. Lee, S. W. Lee, and S. L.
Chuang, “Plot of modal field distribution in rectangular and
circular waveguides,” IEEE Trans. Microwave Theory Tech.,
© 1966, IEEE.)
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FIGURE 9-2 (Continued ).
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of Jy(B,p) evaluated at p = 4. Using (IV-19) we can write that

d
(g p)Jo(Bpp)I,,=,, =Ji(B,a) =~J(Bp)|,_,= —/(Ba) (9-30)
P
which vanishes when
J(Ba)=0=Ba=xi n=1273,... (9-30a)
or
J(Ba)=0=Ba=x, n=12.3,... (9-30b)
The electric and magnetic field components can be written, using (6-70) and
(9-22), as
1 9%4; BB
R J, z = —B Pz 1 —jB:z
B = gz = B e In(Bp)[Crcos (m) + Dy sin (m)] e
(9-31a)
1 10247 mp
E+= R z -B z _ . + B,z
¢ jwp,e P a¢az mnw‘U.EPJM('Bpp)[ C251n(m¢) D2COS(m¢)]€
(9-31b)
E+ 1 82 2 A+
= —j—| =+
z Jw;,us az* A7) 4:
,82
= —jB,, ; J(B,p)[Cycos(mo) + D, sin (mo)] e+ (9-31¢)
WHE
e L (B0) [~ Cysin (m9) + Dycos (ms)] e~
=—— =B,,——J, —Cysin(mé) + Dycos(mo)| e P:?
* pp 39 oo PILTE ?)¥ D ¢
(9-31d)
194; 8 . |
HS= PRy = —anfJ,,’,(Bpp)[Czcos(mM + D,sin (me)] e #  (9-31e)
H =0 (9-31f)
where
d
"= (9-31g)
3(B,p)

By using (9-31a) through (9-31f), the wave impedance in the + z direction can
be written as

E: _ E¢ _ (Bz)mn (9_32)

s T™M L
(227 Hp+ WE

mn +
H,
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With the aid of (9-28a) through (9-28c) the wave impedance of (9-32) reduces to

2
B\1 - ) 3 [
® fc f"
WE =\/; 1_(7) -7 1_(7) 532
when f>f( = (fc)mn
(Zr )= 2 0 when f = f. = (£.) (9-32b)

AN
JB (wfe) 1=_j\/¥\/—(§)i=—jﬂ\/@)T‘I (9-32¢)

when f < fo = (f.)

——
~ |

Examining (9-32a) through (9-32c) we can make the following statements
about the wave impedance for the TM? modes.

1. Above cutoff it is real and smaller than the intrinsic impedance of the medium
inside the waveguide.

2. At cutoff it is zero.

3. Below cutoff it is imaginary and capacitive. This indicates that the waveguide
below cutoff behaves as a capacitor that is an energy storage element.

The form of (Z}?)™., as given by (9-32a) through (9-32c), as a function of

mn>

f./f is the same as the (Z;}*)™ for the TM?Z,, modes of a rectangular waveguide, as
given by (8-29a) through (8-29¢). A plot of (9-32a) through (9-32c) for any one
TM?, ., mode as a function of f,/f, where f, is the cutoff frequency of that mode, is
shown in Figure 8-2.

Example 9-2. Design a circular waveguide filled with a lossless dielectric
medium of dielectric constant 4. The waveguide must operate in a single
dominant mode over a bandwidth of 1 GHz.

1. Find its radius (in cm).
2. Determine the lower, center, and upper frequencies of the bandwidth.

Solution.

a. The dominant mode is the TE,; mode whose cutoff frequency according to
(9-12a) is

XiL 1.8412(30 x 10°)
2maype h 27(a)V4

(fhr =

The next higher-order mode is the TM; mode whose cutoff frequency
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according to (9-27) is
( )TMZ Xot 2.4049(30 x 10%)
Jdn' = 2maype B 2m(a)Vd

The difference between the two must be 1 GHz. To accomplish this, the
radius of the waveguide must be equal to

(2.4049 — 1.8412)30 x 10°
27 (a)v4

=1X10°=a=1.345T cm

b. The lower, upper, and center frequencies of the bandwidth are now equal to

e 1.8412(30 X 10°)

= = = 3.2664 X 10° = 3.2664 GH
Je= U 27(1.3457)2 ’

2.4049(30 x 10°)
_ ™ _
fo= 27(1.3457)2

fo=/f,+05x10°=f — 05X 10° = 3.7664 x 10° = 3.7664 GHz

= 4.2664 X 10° = 4.2664 GHz

Whenever a given mode is desired, it is necessary to design the proper feed to
excite the fields within the waveguide and detect the energy associated with such
modes. To maximize the energy exchange or transfer, this is accomplished by
designing the feed, which is usually a probe or antenna, so that its field pattern
matches that of the field configuration of the desired mode. Usually the probe is

(a) (b

FIGURE 9-3 Excitation of TE_,, and
T™,,, modes in a circular
waveguide. (a) TE;; mode.
(b) TM,, mode. (¢) TE,,
(rectangular)- TE,; (circu-
lar). (d) TE,,(rectangular)-

(c) (d) TMy, - (circular).
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placed near the maximum of the field pattern of the desired mode; however, that
position may be varied somewhat in order to achieve some desired matching in the
excitation and detection systems. Shown in Figure 9-3 are suggested designs to
excite and/or detect the TE,, and TM, modes in a circular waveguide, to
transition between the TE,, of a rectangular waveguide and the TE;; mode of a
circular waveguide, and to couple between the TE  of a rectangular waveguide and
TM,, mode of a circular waveguide.

Attenuation

The attenuation in a circular waveguide can be obtained by using techniques similar
to those for the rectangular waveguide, as outlined and applied in Section 8.2.5. The
basic equation is that of (8-64a), or

AN (9-33)
(a(‘)mn - 2Pmn - 2Pmn -

which is based on the configuration of Figure 8-9.

It has been shown that the attenuation coefficients of the TE,, (n =1,2,...)
modes in a circular waveguide monotonically decrease as a function of frequency
[2, 3]. This is a very desirable characteristic, and because of this the excitation,
propagation, and detection of TE,, modes in a circular waveguide have received
considerable attention. It can be shown that the attenuation coefficient for the TE]
and TM?,, modes inside a circular waveguide are given, respectively, by

TEZ,

~ |5~

Np/m | (9-34a)

2 2
) + ’ 2 2
(Xpn) —m

™,

. R, 1
(a )™ = — ———— Np/m (9-34b)

mn an fc 2
(- {7

Plots of the attenuation coeficient versus the normalized frequency f/f,., where
f. is the cutoff frequency of the dominant TE;; mode, are shown for six modes in
Figure 9-4a and b for waveguide radii of 1.5 and 3 cm, respectively. Within the
waveguide is free space and its walls are made of copper (o = 5.7 X 107 S/m).

Example 9-3. Derive the attenuation coefficient for the TE; mode inside a
circular waveguide of radius a.
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FIGURE 9-4 Attenuation for TE;, and TM;,, modes in a circular waveguide. (a)
a=15cm. (b) a=3cm.
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Solution. According to (9-15a) through (9-15g), the electric and magnetic field
components for the TEy (m = 0, n = 1) mode reduce to

Ef=E}=H;=0

A .
= Bp%fol(ﬁpp) e P

B,
Hf= —dq— % i (Bp)e

ﬁ2
Hf= —jAq—— wpe (:B p)e
where
X0 3.8318

a a

By

Using these equations, the power through a cross section of the waveguide is
equal to

P01=%ffA Re [(E X H*) * ds]

= —;—ff Re[d,E, x (4,H, + 4,H,)*| - 4, ds
4o

) - B,BZ a xl 2
Ph=-3 Re./(; —/(.) (E¢Hp*)pdp dg = |A°1|2 /(; [JO,(_;—lp)] P b

2 e
Since
dJ (cx)
)4 —
) —J,ia(ex) + —J 7, (cx)
then
Xo1 d Xo1 Xo1
W) = ——— 0220 | = -,
S R e e
Thus
Wﬂz X61 2 a Xél
Py = |A01|2wp.52 (7) j(;.fz(-——p)p dp
Since
c x2 c
jl;x.lpz(cx) dx = —2—[Jp2(cx) —J,_1(ex)J, +1(cx)]
then

a?
a Xo
j;PJI (_P) dp = -[le(X('n) - Jo(X61)Jz(X61)]
a? a?
== ‘{Jo(Xf)l)Jz(Xf)l) = 7‘]02(7((')1)
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because
J12(X61) = J12(3.8318) =0
J2(X61) = “Jo(an)

Therefore the power of the TE, can be written as

B,

Pou = a5 (x6) 6 (x6r)

The power dissipated on the walls of the waveguide is obtained using

R, R, (¢ /20
= — - J* =2 2
Pom G [ 09 gt = 5 [0 adb a:

where
2
~ ~ A . Mo —iB.z
Js|p=a =nX H+'p=a = a¢Hz+|p=a = _—a¢.]w_”£A01JO(IBpa)e e
Thus
R, B\ ¢ 2
- 205 Fo 20 "
P, = |Ay| 2 (wue) aJo(Xm)_/(;'/(; do dz
or
2
Pc WRs (X61)2
~ = P,= |4y 23 [ ope Joz(an)

Therefore the attenuation coefficient of (9-33) for the TE,; mode can now be
written as

5

R
ag (TE?) = a Np/m

2

=
[ory
I TN
~ |
—
~ s ~
—

It is evident from the results of the preceding example that as f./f becomes
smaller the attenuation coefficient decreases monotonically (as shown in Figure 9-4),
which is a desirable characteristic. It should be noted that similar monotonically
decreasing variations in the attenuation coefficient are evident in all TE,, modes
(n=1,2,3,...). According to (9-15a) through (9-15f) the only tangential magnetic
field components to the conducting surface of the waveguide for all these TE,,
(m = 0) modes is the H, component, while the electric field lines are circular.
Therefore these modes are usually referred to as circular electric modes. For a
constant power in the wave, the H, component decreases as the frequency increases
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and approaches zero at infinite frequency. Simultaneously the current density and
conductor losses on the waveguide walls also decrease and approach zero. Because
of this attractive feature, these modes have received considerable attention for long
distance propagation of energy, especially at millimeter wave frequencies. Typically
attenuations as low as 1.25 dB/km (2 dB/mi) have been attained [2]. This is to be
compared with attenuations of 120 dB/km for WR90 copper rectangular wave-
guides, and 3 dB/km at 0.85 pm, and less than 0.5 dB/km at 1.3 pm for fiber optics
cables.

Although the TE,, modes are very attractive from the attenuation point of
view, there are a number of problems associated with their excitation and retention.
One of the problems is that the TE, mode, which is the first of the TE,, modes, is
not the dominant mode. Therefore in order for this mode to be above its cutoff
frequency and propagate in the waveguide, a number of other modes (such as the
TE,;, TMy,, TE,;, and TM,;) with lower cutofl frequencies can also exist. Addi-
tional modes can also be present if the operating frequency is chosen well above the
cutoff frequency of the TE,; mode in order to provide a margin of safety from being
too close to its cutoff frequency.

To support the TE, mode, the waveguide must be oversized and it can
support a number of other modes. One of the problems faced with such a guide is
how to excite the desired TE,; mode with sufficient purity and suppress the others.
Another problem is how to prevent coupling between the TE,; mode and undesired
modes that can exist since the guide is oversized. The presence of the undesired
modes causes not only higher losses but dispersion and attenuation distortion to the
signal since each exhibits different phase velocities and attenuation. Irregularities in
the inner geometry, surface, and direction (such as bends, nonuniform cross sec-
tions, etc.) of the waveguide are the main contributors to the coupling to the
undesired modes. However, for the guide to be of any practical use, it must be able
to sustain and propagate the desired TE,, and other TE,, modes efficiently over
bends of reasonable curvature. One technique that has been implemented to achieve
this is to use mode conversion before entering the corner and another conversion
when exiting to convert back to the desired TE, mode(s).

Another method that has been used to discriminate against undesired modes
and avoid coupling to them is to introduce filters inside the guide that cause
negligible attenuation to the desired TE, mode(s). The basic principle of these
filters is to introduce cuts that are perpendicular to the current paths of the
undesired modes and parallel to the current direction of the desired mode(s). Since
the current path of the undesired modes is along the axis (z direction) of the guide
and the path of the desired TE,, modes is along the circumference (¢ direction), a
helical wound wire placed on the inside surface of the guide can serve as a filter that
discourages any mode that requires an axial component of current flow but
propagates the desired TE,, modes [3, 4].

Another filter that can be used to suppress undesired modes is to introduce
within the guide very thin baffles of lossy material that will act as attenuating sheets.
The surfaces of the baffles are placed in the radial direction of the guide so that they
are parallel to the E, and E, components of the undesired modes (which will be
damped) and normal to the E, component of the TE,, modes that will remain
unaffected. Typically two baffles are used and are placed in a crossed pattern over
the cross section of the guide.

A summary of the pertinent characteristics of the TE? , and TM; , modes of a
circular waveguide are found listed in Table 9-3.
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23

9.3.1

CIRCULAR CAVITY

As in rectangular waveguides, a circular cavity is formed by closing the two ends of
the waveguide with plates, as shown in Figure 9-5. Coupling in and out of the cavity
is done using either irises (holes) or probes (antennas), some of which were
illustrated in Figure 9-3. Since the boundary conditions along the circumferential
surface of the waveguide are the same as those of the cavity, the analysis can begin
by modifying only the traveling waves of the z variations of the waveguide in order
to obtain the standing waves of the cavity. The radial (p) and circumferential (¢)
variations in both cases will be the same. For the circular cavity both TEZ and TM*
modes can exist and will be examined here.

Transverse Electric (TE?) Modes

We begin the analysis of the TE® modes by assuming the vector potential F, is that
of (9-7) modified so that the z variations are standing waves instead of traveling
waves. Thus we can write using (9-7) that

F(p,9,2) = 4,,J,,(B,p)[C,cos (m) + D, sin (mo)]

X [Cycos(B,z) + Dysin(B,2)] (9-35)
where
B, = Xown (9-35a)
a
m=0,1,2,3,... (9-35b)

FIGURE 9-5 Geometry for circular cavity.
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To determine the permissible values of B,, we must apply the additional
boundary conditions introduced by the presence of the end plates. These additional
boundary conditions are

EP(OSpSa,Os¢527T,z=0)=Ep(OSp$a,0£¢s27r,z=h)=0
(9-36a)
E¢(OSpSa,Os¢s2ﬂ',z=O)=E¢(OSp_<_a,O_<_¢s277,z=h)=O
(9-36b)
Since both are not independent boundary conditions, using either of the two leads

to the same results.
Using (6-80) and (9-35), we can write the E, component as

_14F,
LA ap
A
=B, :"J"’,(Bpp)[czcos(mcp) + D, sin(mqb)] [C3 cos(B.z) + D, sin(,Blz)]
(9-37)
where
, d

= bm (9-37a)

Applying (9-36b) leads to

E,(0<p<a,0<¢<2m,z=0)

A
=B, :n‘]n,i(lgpp)[CZCos(m(b) + D, sin (me)][G3(1) + D3(0)] =0

=C,=0 (9-38a)

E0<p<a,0<¢p<2m z=nh)

Amn
=8, I (B,p)[Cycos (mo) + D, sin (me)] Dysin(B8,4) =0
sin(B,h) =0 = B.h=sin"'(0) =pnw
T
B, = W p=12,3,.. (9-38b)
Thus the resonant frequency is obtained using

B2+ B2 = (XT'")Z + (ph_w)z = B} = wlpe (9-39)
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or

TE? an p_w)Z

(fr)mnp 277\/_—

m=
n=12.73,... (9-39a)
p=1273,...

The values of x;,, are found listed in Table 9-1. The final form of F, of (9-35) is

F(p,¢,2) = Ay, J,( B,p)[Cc0s (me) + Dysin(me)] sin(B,z) (9-40)

9.3.2 Transverse Magnetic (TM?) Modes

The analysis for the TM? modes in a circular cavity proceeds in the same manner as
for the TE modes of the previous section. Using (9-22) we can write that

4,(p, ¢, 2) = B,,J,(B,p)[Crcos (m¢) + D, sin(me)]

x[Cycos (B,z) + Dysin(B,z)] (9-41)

where
B, = Xomn (9-41a)
m=0,1,2,... (9-41b)

Using (6-70) and (9-41), we can write the E, component as

1 1 44,

Ey(p.9,2) = S ope p 3082

mp, 1
~JjB
J mn' e

,,,(,Bpp)[—-C2 sin (m¢) + D, cos (me)]

X[—Cysin{B,z) + Dycos (B,z)] (9-42)
Applying the boundary conditions of (9-36b) leads to

E0<p<a,0<¢<2m, z=0)

1
—jB,.,— mfe ;J (B,0)[—Cysin(mo) + D,cos (mo)]
X[=C3(0) + Dy(1)] =0=D,=0 (9-43a)
E,(0<p=<a,0<¢=<2m z=nh)
= ij,,’:'B . (B,p)[ - Cysin(me) + D,cos (me)][Cysin (B8,4)] =0

sin(B,h) = 0= B,h=sin"'(0) =

pT
B.=" p=0123.. (9-43b)
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Thus the resonant frequency is obtained using

2 72
g = (Xmm) + (5F) = 2= aiue (9-44)
or
~0,1,2,3,...
z xmn pT 2 m s Ly Ly Jy
(f)mnp = \/ —) n=1,2,3,... (9-45)
’ 277\/#_8 p=0123,...

The values of x,,, are found listed in Table 9-2. The final form of 4, of (9-41) is
4,(p, 9, 2) = By, Jou(B,p)[Cyc0s (M) + Dy sin(me)] cos (B,2) (9-46)

The resonant frequencies of the TEZ, , and TM,,, modes, as given respec-
tively by (9-39a) and (9-45), are functions of the #/a ratio and they are listed in
Table 9-4.

The TEZ,, ’ mode with the smallest resonant frequency is the TE;;;, and its

cutoff frequency is given by

1. 8412 7r 2
) (9-47a)

(f)111=27\/‘;\/ ;

Similarly the TM? , p mode with the smallest resonant frequency is the TM,,, and
its cutoff frequency is given by

) 1 2.4049 \?
o ( ) (9-47b)

(fr)OlO = 27r\/;T£-

Equating (9-47a) to (9-47b) indicates that the two are identical (degenerate modes)
when

—=203=2 (9-48)

When h/a < 2.03 the dominant mode is the TM,, whereas for h/a > 2.03 the
dominant mode is the TE;;; mode.

Quality Factor Q

One of the most important parameters of a cavity is its quality factor or better
known as the Q, which is defined by (8-84). The Q of the TM,, mode, which is the
dominant mode when h/a < 2.03, is of particular interest and it will be derived
here.

For the TM;, mode the potential function of (9-46) reduces to

A, = BmoJo(BpP) (9-49)
where

g - Xo _ 2.4049

a a

(9-49a)
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TABLE 9-4
Resonant frequencies for the TE_, , and TM,, . modes of a circular cavity
gaop = s
( f:: ) dom
h -
a dom

TMOIO TMIIO TMZIO TMOZO TM310 TMIZO T1\/‘[410 TM220 T]'\4030 TMSIO

0
T™pp TMge TMg TMgy TMg, TMge TMye TMge TMg, TMg,
1000 1593 2136 2295 2653 2917 3155 3.500 3598 3.647
0.5 ™™g T™ye TMy TMg, TMy TE;,,  TMyy  TEy;  TMy,,  TEgy,
‘ ™o TMgo TMge TMyy TMge TMge TMge TMge TMg, TMg,
1.000 1593 2136 2295 2653 2722 2797 2905 2917 3.060
1.00 ™40 TEiy  TMye TMy, TEy,  TMy,,  TEg,  TMy, TEjy;,  TMgy

TMOIO TM010 TMOIO TIVIOIO TMOIO TMOIO T1\/1010 TMO]O TMOIO TMOIO
1000 1514 1593 1645 1.822 2060 2.060 2136 2181 2295

TMOIO TEIII TMOll TE211 TE212 TMIlO TMOIZ TEOll TMlll TEZIZ

203 TMg, TMgq, TMgo, TMgg, TMgg, TMgo, TMgo, TMgg, TMgp, TMg,
TE,, TE, TE, TEy, TE, TE,; TE,; TE,; TE,; TEy

1.000 1000 1189 1424 1497 1593 1630 1718 1.718 1.808
TE;n  TMgo TMg, TE;, TMy, TEy  TEy;  TEy,  TMp,  TMg;

3.0
TE,,, TE;, TE, TEy, TE, TE, TE,; TE; TE,; TEy
1.000 1136 1238 1.317 1506 1524 1719 1.748 1.809 1.868
40 TE;;; TMge TE;,  TMgy TMg, TEy;  TEy,  TMg; TEy,  TEyy,
. TE,, TE,, TE,, TE,, TE, TE,; TE,, TE, TE,; TEy
1.000 1202 1209 1264 1435 1494 1575 1682 1717 1.819
50 TE,  TE;, TMge TMy, TE;;  TMy, TMy; TE;,  TEy,  TEy,
’ TE,, TEy;, TEy TEy TE,y TE,y, TE,y  TE,y TEy,  TEy,
1.000 1146 1236 1278 1354 1395 1571 1602 1.603 1.698
10.0 TEjw  TEy, TEn;  TEny  TMyy TEjps  TMg; TMg, TMg;  TEj
~ TE,, TEy, TE,; TE, TE; TE; TE,; TE, TEin  TEnm
1.000 1042 1107 1194 1.288 1296 1.299 1331 1383 1411
TE,, TMy, TE,, TEy,, T™;,, TE,;, TM,;, TE,, TE,, TMy,
o]

TElll TElll TElll TE111 TElll TElll TElll TElll TElll TElll
1000 1306 1.659 2081 2081 2282 2790 2.888 2896  2.998
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These corresponding electric and magnetic fields are obtained using (6-70), or

E 1 9%,
n = wpe dpdz B
E 1 1 9%4,
¢ _Jw,pe p 3pdz
1 a2 B} Xo1
R I T

E. Jw,pe(az * B ) jw,,ue o100} 7P (9-50)
g llo4.
P pp d¢

104, Xo1 Boo L[ Xo1
o= o= ——Jj|—p

p dp a p a
H,=0

The total energy stored in the cavity is given by

2
W [ | 25| [ (%o doas

2
W = | By, | mhe B, fJ (5"—1 ) d (9-51)
010 wpe ] Jo0 pjpap
Since [5]
2
a X a
f P-Ioz(“gp) dp = "112(X01) (9-52)
0 a 2
then (9-51) reduces to
2 2
= | Byyol —( - ) -112(X01) (9-53)
W, LE

Because the medium within the cavity is assumed to be lossless, the total
power is dissipated on the conducting walls of the cavity. Thus we can write that

R-\‘ 2w (94
7@|H|zds = {f f|H|p,,aad¢ dz + 2/0 f0|H1§=op dp d¢}
R Xo1 2a th 2 2m pd Xo1 2
— 2__ % ’ ’
Bl 55 (22 [ 115 o oo + 2 [ [ 220 o do o]

- B0l S (X2 {an g e + 2 [ 22) | o 0] (9-54)

Because

P,

#(%e) = T )] - -ale) s
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and at p = qa

Ji(xa) = ~J1(xon) (9-55b)
(9-54) reduces to

TR, (X \? a Xo1
P, = |BO10|2 #2 (7) {athz(xOl) + 2‘/(; JIZ(Tp)pdp}
TR, ( Xor ) a’
= |Byyol*— (T) ahJ?(xop) + 2 7J12(X01)
ﬂRs X01 2
P, = |B010|2?(_a‘_) a(h + a)le(Xm) (9'56)

Using the Q definition of (8-84) along with (9-53) and (9-56), we can write that

m
w W Biha® Xm\/; 1.20257 (557
Pd 2‘0,8(’1 + a)Rsxgl 2(1 + _a_)R: Rs(l + E)
h h
since for the TM,, mode (m =0, n = 1, and p = 0)
2 ) Xo1 |2 2
B+ B =\ =B'=xa=8a (9-57a)

Example 9-4. Compare the Q values of a circular cavity operating in the
TM,,4 mode to those of a square-based rectangular cavity. The dimensions of
each are such that the circular cavity is circumscribed by the square-based
rectangular cavity.

Solution. According to (9-57) the Q of a circular cavity of radius a (or
diameter d) and height % is given by

1.20259 1.20257
= 7 = d/2
R,|(1+ — i

For a square-based rectangular cavity to circumscribe a circular cavity, one of
the sides of its base must be equal to the diameter and their heights must be
equal. Therefore with a base of a = ¢ = d on each of its sides and a height
b = h, its Q is equal according to (8-88a) to

111079 1 111079 1
"R a/2\ |~ TR d/2
s 1+ 2= s 1+ 2=

( b ) ( h )

Compare these two expressions and it is evident that the Q of the circular
cavity is greater than that of the square-based cavity by

(1.2025 — 1.1107

X 100 = 8.26%
1.1107
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This is expected since the circular cavity does not possess as many sharp
corners and edges as the square-based cavity whose volume and surface area
are not as well utilized by the interior fields. It should be remembered that the
Q of a cavity is proportional to volume and inversely proportional to area.

RADIAL WAVEGUIDES

For a circular waveguide the waves travel in the +z directions and their z variations
are represented by the factor e ¥ /%, Their constant phase planes (equiphases) are
planes that are parallel to each other and perpendicular to the z direction. If the
waves were traveling in the + ¢ direction, their variations in that direction would be
represented by e ¥ /"%, Such waves are usually referred to as circulating waves, and
their equiphase surfaces are constant ¢ planes. For waves that travel in the +p
(radial) direction, their variations in that direction would be represented by either
HP(B,p) or H(B,p). Such waves are usually referred to as radial waves, and their
equiphases are constant p (radius) planes. The structures that support radial waves
are referred to as radial waveguides, and they will be examined here. Examples are
parallel plates, wedged plates (representing horn antennas), and others.

Parallel Plates

When two infinite long parallel plates are excited by a line source placed between
them at the center, as shown in Figure 9-6, the excited waves travel in the radial
direction and form radial waves. We shall examine here both the TE* and TM?
modes in the region between the plates.

A. - TRANSVERSE ELECTRIC (TE?) MODES
For the TE? modes of Figure 9-6, the potential function F, can be written according
to (3-67a) through (3-69b) as
F(p,¢,z) = [ClH,(n”(Bpp) + DIH,ﬁf)(Bpp)] [C,cos (mo) + D, sin(me)]
X [Cycos(B,z) + Dysin(B,z)] (9-58)

FIGURE 9-6 Geometry for radial waveguide.
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where
B} + B = B? (9-58a)
The boundary conditions are
E0<p<0,0<¢<27,2=0)=E(0<p<o0,0<¢p<2m,z=h)=0
(9-59a)
E(0<p<0,0<¢<27m,2=0)=E,(0<p<o00,0<¢<2m,2z=h)=0
(9-59b)
Since both of the preceding boundary conditions are not independent from each

other, either of the two leads to the same results.
Using (6-80) and (9-58), the E, component can be written as

1 dF,

E¢(p5¢! Z) = ; ap

= %[QH,S})’(B,,P) + DyHP(B,p)|[C,cos (me) + Dy sin (m)]
x[Cycos(B,z) + Dysin(B,z)] (9-60)
Applying (9-59b) leads to
E, (0<p<o0,0<¢<2m, z=0)

- %[ClHS"(Bpp) + D HP(B,p)]
x[C,cos (m¢) + Dy sin (me)][C3(1) + Dy(0)] =0
=C, =0 (9-61a)
E0<p<a,0<¢p<2mz=h)

- Blenp(ae) + Do (0]

X [Cycos (me) + Dysin(me)| Dysin (B,4)=0

= sin(B,h) =0 = B,hsin ' (0) = nw
nw
B, = W
Thus F, of (9-58) reduces to
F(p,¢,2) = [CLHP(B,p) + DHD(B,p)]
X [C,cos (m¢) + D, sin(mo)] Dy sin (B, z) (9-62)

n=1,2,3,... (9-61b)

where

il )2 (9-62a)

Bi+B2= Bt~ B,= x (BT BT - x\/82 -
T =123, (9-62b)

n
: h
m=20,1,2,... (because of periodicity of the fields in ¢) (9-62c)
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Cutoff is defined when g, = 0. Thus using (9-62a)

2 () il 9-63)
f=s 8= () | 0B T -
or
(fc)IE‘=2h;— n=1,273,... (9-63a)
HE

Therefore above, at, and below cutoff B, of (9-62a) takes the forms

EE R R

f=1. (9-64b)

0
—j\/(—mhﬂi\/ §)2—1=—ja f<li (9-64)
7 f © U

Let us now examine the outward (+p) traveling waves represented by
H®(B,p) and those represented simultaneously by the cos(m¢) variations of
(9-62). In that case (9-62) reduces to

nmw
F2 (0,9, 2) = A, HD(B,p) cos (me) sin 5 (9-65)

The corresponding electric and magnetic fields can be written using (6-80) as

Ef= _1E A ﬁ1!17(2)(.3 P)sin(m¢)sin(ﬂz) (9-65a)
P e do mn g Tm AT h
gl VI A .
e= % op Py Hm pp)cos(m(b)sm(—h—z) (9-65b)
=0 (9-65¢)
H'= —'-1— O = —j n_ﬂ/_}_l @y na
0= ne dpdz JA mnB, o HE (,Bpp)cos(m(i))cos( - z) (9-65d)
H= __1_1 O°F = mn/h @ . nr
$ = Jwye 0 390z = JjAmn opep H; (Bpp)sm(mqb)cos( P z) (9-65¢)
2 2
H= _jw%w(% + B E= _jAmnf;eHS)(BpP)Cos(m¢)sin(%2)
(9-65f)
d
- (9-65¢)
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The impedance of the wave in the +p direction is defined and given by

E, wp H?(Bp)

Z}*(TEZ) = . —J?*H(Z,(ﬁp) (9-66)
Since
d
H2(Be) = 5oy P (Be)] (9-67)
(9-66) can be written as
H?(B p)]
o TR
Z3o(TES) = ok (e) (9-68)

8 HOP(Bp)

Below cutoff (f < £,) B, is imaginary, and it is given by (9-64c). Therefore for
f<r

HD(B,p) = HP(—jap) (9-69a)

d 4 o o .
a7 28] = s 1HE (en)] =7 [ ()]
(9-69b)

For complex arguments the Hankel function H‘? of the second kind is related to
the modified Bessel function X, of the second kind by

2
HP(=jap) = —j"*'K,,(ap) (9-70a)
——[HP(~jap)] = =y —d—[K (ap)] (9-70b)
d(ap) d(ap) "
Thus below cutoff (f < f,) the wave impedance reduces to
[K(ap)] [K,.(ap)]
. op ' d(ap) Wl d(ap)
Zw p(TEZ |/<f J —ja Km((XP) = _] o Km( p) (9-71)

which is always inductive (for f < f,) since K, (ap) > 0 and d/d(ap)[K, (ap)] < 0.
Therefore below cutoff the modes are nonpropagating (evanescent) since the wave-
guide is behaving as an inductive storage element.

B. TRANSVERSE MAGNETIC (TM?) MODES

The TM? modes of the radial waveguide structure of Figure 9-6 with the source at
the center are derived in a similar manner. Using such a procedure leads to the
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following results:
4,(p,9,2) = [GHP(Bp) + DHP(B0)]

x [C4cos (me) + D; sin(me)] C{ cos (B.z) (9-72)
nwy?
R L L (9-722)
nw
B.=— n=012.. (9-72b)
m=0,1,2,... (because of periodicity of the fields in ¢) (9-72c)

n

™ _
(fc)n - 2}1%}1.—8_

EEE R

f=1. (9-74b)

0
7?2 2\
—j\/(%—) -p* = —jB\/(]%) —1=—ja f<[f (9-74c)

For outward (+p) traveling waves and only cos(m¢) variations

n=01,2,... (9-73)

na
A7 (0,6, 2) = B, HO(B,p) cos (mep) cos (72) (9-75)
£ 1 9Mf B nﬂ/hH(z), _(nm 0.75
e wpe dpdz = JBnf, wpe " (,Bpp)cos(mtp)sm( h Z) (5-75a)
B 1 19%4] ' mnvr/hH(z) _ _(nw 075
¢ jw;w p 03z J5mn wuep (BPP)SIH(m¢)Sln( h z) (5-75b)
1 [ 32 B? nw
E}= —j—|— + B*|4= —jB,,——HP (— )
£ i A = B B B cos (o) cos
(9-75¢)
Hye LT T () sin (me)cos 7 (9159)
= —— =—-B, ——HP(B,p)sin(m¢)cos|—z -
' pp 99 pop ? ¢ h
L Loar Bm,,Ha),( ) nm
e P B8, y B.p cos(m¢)cos( hz) (9-75¢)
H, =0 (9-75f)
d
f= 9-75
a(ﬂpp) ( g)
B g HO(Be)
ZiP(TME) = —— = —j— —r 9-76
w ( n) _H;- ]we Hy(nZ)(:Bpp) ( )
@ K, (ap)
ZA(TME) ey, =J— (9-76a)
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94.2

which is always capacitive (for f < f,) since K, (ap) > Oand d/d(ap)[ K, (ap)] < 0.
Therefore below cutoff the modes are nonpropagating (evanescent) since the wave-
guide behaves as a capacitive storage element.

Wedged Plates

Another radial type of waveguide structure is the wedged-plate geometry of Figure
9-7 with plates along z=0, h, and ¢ = 0, ¢, This type of a configuration
resembles and can be used to represent the structures of E- and H-plane sectoral
horns [6]. In fact the fields within the horns are found using the procedure outlined
here. In general, both TE? and TM? modes can exist in the space between the
plates. The independent sets of boundary conditions of this structure that can be
used to solve for the TE;, and TM;, modes are

Ep(OSpS00,05¢s¢0,z=0)=Ep(OSpsoo,Os¢S¢0,z=h)=0
(9-77a)

EP(OSPSoo,¢=0,0$zsh)=Ep(03psoo,¢=¢>0,052$h)=0
(9-77b)
or

E¢(05psoo,OS¢S¢O,z=0)=E¢(OSpSoo,0s¢s¢0,z=h)=0
(9-78a)

E(0<p<0,¢6=00<z<h)=E0<p<ow,¢=¢,0<z<h)=0
(9-78b)

or appropriate combinations of these. Whichever combination of independent
boundary conditions is used, the same results are obtained.

FIGURE 9-7 Geometry of wedged plate radial
waveguide.
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A. TRANSVERSE ELECTRIC (TE®) MODES

Since the procedure used to derive this set of TE® fields is the same as any other
TE? procedure used previously, the results of this set of TE; modes will be
summarized here; the details are left as an end of chapter exercise to the reader.
Only the outward radial (+ p) parts will be included here.

F(p,¢,2) = 4,,HP(B,p) cos (m¢)sin(B,.z) (9-79)
B} + B =p? (9-79a)
nw
B, = W n=1,273,... (9-79b)
T
m="2" p=01,2,... (9-79c)
%o
. 1109F P/ . (pm \ . (nm
Ef= ~ 1 9e =APnTHm (B,p)sin (Toxp sm(Tz) (9-79d)
1 dF" A T nw
gl VOB A, 2 )25 _
' % 9 B, . Ho (Bpp)cos( Y qb) sin | —-z (9-79¢)
Ef=0 (9-79f)
1 J°Ef BB pm na
Hf= —j— I —j4 gy - (.___ ) -
P ]wus dpd:z o pn wpe " (,Bpp)cos( bo ¢)COS h Z (9 79g)
1 19%F; B.pm/d 1 pT na
Hf=—j———2% =j4 2 —H® in| = —_
5 pr.s PETYE JA4,, ot pH"‘ (,Bpp)sm( . ¢)cos( p z)
(9-79h)

1 [ a2 B2 T n
Hi= —j——| o + B | Er= —jd,, = HP(B,p) cos | -4 Sin(_z)
Pt e . b

wpe \ 022 h
(9-791)
E; wp HY'(Bp) ad
Z:,“" TE:,) = e _ ;0 m \PePJ ’ = 9-79;
( 14 ) Hz+ }Bp H,EZ)(,BPP) a(ﬁpp) ( .])

B. TRANSVERSE MAGNETIC (TM?) MODES

As for the TE], modes, the procedure for deriving the TM?  for the wedged plate
radial waveguide is the same as that used for TM? modes of other waveguide
configurations. Therefore the results will be summarized here, and the details left as
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an end of chapter exercise for the reader. Only the outward radial (+ p) parts will be
included here.

Af(p,¢,2) = B,,HP(B,p) sin (m¢) cos ( B,2) (9-80)
B+ B =B (9-80a)
nm .
B=— n=012.. (9-80b)
S p=1,23, . (9-80c)
®o
1 34} B.8, pm na
+= —_—— H - 5 (2) L _
E; que 3092 jB’"’w LHC (,8 p)sm( . qb) sm( . z) (9-80d)
1 13%; B.pm/, 1 pr nm
E+= e z - ) £ _
¢ que p 0¢dz B e wpE pH (,Bp)cos( P ¢) sm( h z)
(9-80e)
1 (9?2 B} P nw
v . 2 2 g+ _ip P o P nm
E; pre(6z2+ﬁ A}l=-jB,, ” H (,Bp)sm(d) ¢)cos( hz)
(9-80f)
1 1 oA4; T/ P, pr nmw
= (2) - —_ -
Hf= T B,,———H? (8, p)cos( Y ¢)cos( ; z) (9-80g)
194/ B, P nw
Hi= - = B, p)sln(¢—¢)cos(7z) (9-80h)
HY=0 (9-80i)
E} B, HP(B.p) 9
Z+o(TM? ) = L LA A "= 9-80j
M) S T T w4

9.5 DIELECTRIC WAVEGUIDES AND RESONATORS

Guided electromagnetic propagation by dielectric media has been studied since as
early as the 1920s by well known people such as Rayleigh, Sommerfeld, and Debye.
Dielectric slabs, strips, and rods have been used as waveguides, resonators, and
antennas. Since the 1960s a most well known dielectric waveguide, the fiber optic
cable [7-19], has received attention and has played a key role in the general area of
communication. Although the subject is very lengthy and involved, we will consider
here simplified theories that give the propagation characterisitcs of the cylindrical
dielectric rod waveguide, fiber optic cable, and the cylindrical dielectric resonator.
Extensive material on each of these topics and others can be found in the literature.

9.5.1 Circular Dielectric Waveguide

The cylindrical dielectric waveguide that will be examined here is that of circular
cross section, as shown in Figure 9-8. It usually consists of a high permittivity (e,)
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FIGURE 9-8 Geometry of circular dielectric waveguide.

central core dielectric of radius a surrounded by a lower dielectric cladding (which
is usually air). For simplicity, we usually assume that both are perfect dielectrics
with permeabilities equal to that of free space. Such a structure can support an
infinite number of modes. However, for a given set of permittivities and radius a,
only a finite number of unattenuated waveguide modes exist with their fields
localized in the central dielectric core. Generally the fields within a dielectric
waveguide will be TE and/or TM, as was demonstrated in Section 8.7 for the
dielectric slab waveguide. However, for the cylindrical dielectric rod of Figure 9-8
pure TE(H) or TM(E) modes exist only when the field configurations are symmet-
rical and independent of ¢. However, modes that exhibit angular ¢ variations
cannot be pure TE or TM modes. Instead field configurations that are combinations
of TE (or H) and TM (or E) modes can be nonsymmetrical and possess angular ¢
variations. Such modes are usually referred to as hybrid modes, and are usually
designated by IEEE (formerly IRE) Standards [20] as HEM,, . In general, mode
nomenclature for circular dielectric waveguides and resonators is not well defined,
and it is quite confusing. Another designation of the hybrid modes is to denote them
as HE {when the TE(H) modes predominate] or EH [when the TM(E) modes
predominate]. In general pure TE or TM, or hybrid HEM (HE or EH) modes
exhibit cutoff frequencies, below which unattenuating modes cannot propagate. The
cutoff frequency is determined by the minimum electrical radius (a/A) of the
dielectric rod; for small values of a/A the modes cannot propagate unattenuated
within the rod. There is, however, one hybrid mode, namely the HEM,; (HE;),
which does not have a cutoff frequency. Because of its zero cutoff frequency, it is
referred to as the dominant mode and is most widely used in dielectric rod
waveguides and end-fire antennas. This HE,; mode is also popularly referred to as
the dipole mode. An excellent reference on dielectric waveguides and resonators is
that of [21].

The TEZ, and TM},, electric and magnetic field components in a cylindrical
waveguide are given, respectively, by (9-15a) through (9-15g) and (9-31a) through
(9-31g). These expressions include both the cos(m¢) and sin(m¢) angular varia-
tions which, in general, both exist. The HEM modes that have only cos(me)
symmetry are combinations of the TE? and TM? modes which also exhibit cos (m¢)
symmetry. Use of the expressions (9-15a) through (9-15g) and (9-31a) through
(9-31g) and selection of only the terms that possess simultaneously cos(m¢)
variations in the E, component and sin (m¢) variations in the H, component, allows
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us to write that

HEM Modes (p < a)

1
gTo;

L
[wud 4,7 (B%) + mB.B, (ﬁpdp)]sm(mq;)e—fﬂzz (9-81b)

[mwudA —J,(B%) + B.BIB,J, (,dep)}cos(mcp)e"jﬂzz (9-81a)

®
[a— /—\

E? p) cos (m¢ ) e B:2 (9-81c)
1
H? 2[32 4,0 (B) + mwe,B,, o7 (dep)]sin(m)efﬁzz (9-81d)
H{ ( 5 [mﬂ A, ) + we,B¢B,,J, (dep)Jcos(mMe‘jﬂfz (9-81e)
p
=4,J ( )sm(m¢)e B2 (9-81f)
where

(BI)" + B2 = B2 = wige, = @oeoen, (9-81g)

2\2
Am = _j@AmnDZ (9-81h)

Wi 4E4

(8)°
Bm = _j_p—anC2 (9'811)

W €y

a

) o)

The coefficients 4,, and B,, are not independent of each other, and their relation-
ship can be found by applying the appropriate boundary conditions.

For the dielectric rod to act as a waveguide, the fields outside the rod (p > a)
must be of the evanescent type that exhibit a decay in the radial direction. The rate
of attenuation is a function of the diameter of the rod. As the diameter of the rod
decreases, the following changes occur.

1. The attenuation lessens.
2. The distance to which the fields outside the rod can extend is greater.
3. The propagation constant S, is only slightly greater than 8,.

As the diameter of the rod increases, the following changes occur.

1. The rate of attenuation also increases.
2. The fields are confined closer to the rod.
3. The propagation constant S, approaches S,.
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Since in all cases B, is greater than B, the phase velocity is smaller than the velocity
of light in free space. For small diameter rods the surface waves are said to be
loosely bound to the dielectric surface whereas for the larger diameters it is said to be
tightly bound to the dielectric surface. Therefore the cylindrical functions that
are chosen to represent the radial variations of the fields outside the rod must be
cylindrical decaying functions. These functions can be either Hankel functions
of order m of the first H® or second H$ kind and of imaginary argument, or
modified Bessel functions K, of the second kind of order m. We choose here to use
the modified Bessel functions K, of the second kind, which are related to the
Hankel functions of the first and second kind by

T
-m+1 1 .
J EH,SI)(J‘X) (9-82a)
Kn(a) = 7 (9-82b)
—=j"tt S HP(=je)

With (9-81a) through (9-81j), and (9-82a) and (9-82b) as a guide, we can
represent the corresponding electric and magnetic field components for the HEM
modes outside the dielectric rod (p > a) by

HEM Modes (p > a)

1 1
Ep°=j( o7 [mwp,OCm;Km(agp) + Ba®D, K, )}cos(m¢>)e‘fﬁzz (9-83a)
aP
1 1
E) = _J( ) [wp.oa C K’ ( ) + mB,D,, K ( )]sin(m¢)e"fﬁz” (9-83b)
aP
E? = Dme(agp) cos (me)e /B2 (9-83c)
1 1 _
Hp°=jW[ ,a2C, K, ( )+mweOD K ( )}sin(mcb)e_fﬁlz (9-83d)
aP
1 1
H, —J( ) [m,Bz — (agp) + weoagDmK,;( )]cos(mqu)e‘fﬁzz (9-83¢)
a
H? = C,K,,( o) sin (m¢)e /e (9-83f)
where
(ja2)* + B2 = = (a0)" + B2 = B3 = whoto (9-83¢)
d
= e (9-83h)

The coefficients C,, and D,, are not independent of each other or from A, and B,,
and their relations can be found by applying the appropriate boundary conditions.

The relations between the constants A,,, B,, C,, and D, and the equation,
which will be referred to as the eigenvalue equation, that can be used to determine
the modes that can be supported by the dielectric rod waveguide are obtained by
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applying the boundary conditions of
Ejl(p=a,0<¢<2m,2)=EXp=a,0<¢<2m,z) (9-84a)
Ef(p=a,0<¢<27,2)=Ep=a,0<¢<27,2z) (9-84b)
Hi(p=a,0<¢<2m,z)=H)p=a,0<¢<2m,z) (9-84c)
H(p=a,0<¢<2m,2)=H(p=a,0< ¢ < 2w, z) (9-84d)

Doing this leads to

1 1
—(,BPT)z [w#dBPdAmJ”’,(,dea) + mBzBm;Jm(,dea)J
— _ 1 [w# a°C K'(aoa)+mﬁD lK (aoa)] (9-85a)
(o) « b
B,J,(Bja) = D,K,(a}a) (9-85b)
1 1
- (,Bd)2 [m.BzAm;Jm(dea) + wedBPdBmJ,;(dea)]
= ( 10)2 [m,Bsz%Km(aga) + weoagDmK,;(aga)] (9-85¢)
a,
Ao 840) = €. o) o0

where according to (9-81g) and (9-83g)

(B) + B2 =B = (Bfa)’ + (B.a) = (B.a)* = Ba = y/(B,a)? - (Bfa)’
(9-85¢)

— ()" + B2 = g2 = —(ala)’ + (B,a)* = (Boa)* (9-85¢)

Subtracting (9-85f) from (9-85e) we get that

(Bfa) + (a2a)’=(B,0)* = (Boa)>= a%a = |/ (B,a)* — (Boa)’ - (B%a)’
=V (Boa) (e, — 1) — (Ba)’

(9-86)
Using the abbreviated notation of
X = Bfa (9-87a)
¢=aa (9-87b)
{=Ba (9-87¢)

By = Boye,i, (9-87d)
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we can rewrite (9-85¢) and (9-86) as

¢ = (Boa)em, - X (9-882)

£=(Bya) (e, — 1) — x° (9-88b)

With the preceding abbreviated notation and with p, = g, (9-85a) through
(9-85d) can be written in matrix form of

Fg=0 (9-89)

where F is a 4 X 4 matrix and g is a column matrix. Each is given by

i wi,a m¢ wlod m¢ i
00 Eh0 7 Knl®)
| 1) 0 G A

m¢ g,a Weya
7 JIm(X) Ja(x) gzK m(§) : K, (¢)
ALY 0 —K,(¢) o ]
Am
g= ?’ (9-89b)
D

m

Equation 9-89 has a nontrivial solution provided that the determinant of F of
(9-89a) is equal to zero [i.e., det (F) = 0]. Applying this to (9-89a), it can be shown
that it leads to [21]

———J o (X) Ko (&)[52 In(X)Kn(§) + ffm(x)Km(é)]

)J,,’,(x)]

+I2(x)| - (";f) K2(£) + ‘”ﬂg—i""K,;(s)]
Ho o ( §)2
7, (x) Kn(£) 7 GO1KA(E) = g)zfm(x>1<m(s>]=o (9-90)

Dividing all the terms of (9-90) by K2(§¢)/(w?uyea?) and regrouping, it can be
shown that (9-90) can be placed in the form of [21]

Gl(X)Gz(X) - G32(x) =0 (9-91)
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where

Ja(x) | Ko (§)7.(x)

Gi(x) = » EK_(£) (9-91a)
Lax) K (E).(x)
Gy(x) = KD (9-91b)
G ( = m_{J _1_ i 9-91
3X)_Boa/?, (X) 2o (9-91c)

¢ = (Boa)’e, — x° (9-91d)

£=y(Boa)(e, ~ 1) - x2 (9-91e)

Equation 9-91 is referred to as the eigenvalue equation for the dielectric rod
waveguide. The values of x that are solutions to (9-91) are referred to as the
eigenvalues for the dielectric rod waveguide.

In order for £ = aga to remain real and represent decaying fields outside the
dielectric rod waveguide, the values of x = B should not exceed a certain
maximum value. From (9-88b) this maximum value x, ., is equal to

Xmax = (dea)max = BOavsr -1= wa\l‘u'OeO(e" - 1) (9-92)

For values of 8/a greater than (9-92), the values of £ = aJa become imaginary and
according to (9-82b) the modified Bessel function of the second kind is reduced to a
Hankel function of the second kind that represents unattenuated outwardly travel-
ing waves. In this case the dielectric rod is acting as a cylindrical antenna because of
energy loss from its side. Therefore for a given value of m, there is a finite number »
of x,..’s (eigenvalues) for which the dielectric rod acts as a waveguide. Each
combination of allowable values of m, n that determine a given eigenvalue x,,,
represent the hybrid mode HEM,,,. HEM modes with odd values of the second
subscript correspond to HE modes whereas HEM modes with even values of the
second subscript correspond to EH modes. Thus HEM,, ,, , (n=1,2,3,...)
correspond to HE,, modes and HEM,, ,, (n =1,2,3,...) correspond to EH
modes. According to (9-88a), if the values of x exceed Boa‘/; (e, x > ,Boa\/; ),
then { = fB,a becomes imaginary and the waves in the dielectric rod become
decaying (evanescent) along the axis (z direction) of the rod.

The allowable modes in a dielectric rod waveguide are determined by finding
the values of x, denoted by x,,,, that are solutions to the transcendental equation
9-91. For each value of m there are a finite number of values of n (n =1,2,3,...).
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Examining (9-91), it is evident that for m = 0 (9-91) vanishes when

T™,,
Gxo,) = Jo (Xon) | K§(§0n) Jo(Xon) _ _Jl(XOn) _ K ($0n) Jo(X0n) _
WXon) = Xon €r£OnK0(£0n) Xon £r£OnKO(§On)
(9—93a)
TE,,
JO/(XOn) K6(£0n)J0(X0n) JI(XOn) K1(£On)JO(XOn)
= = — — =0
G2(X0n) Xon * g()nK0(£0n) Xon $OnKO(§On)
(9-93b)

since G3(Xo,) = 0, J§'(Xon) = —J1(Xon) and K((§p,) = — K (&,). Equation 9-93a
is valid for TM,,, modes and (9-93b) is applicable for TE,, modes.

The nonlinear equations 9-91 through 9-91e can be solved for the values of
X mn 1teratively by assuming values of x,,, and examining the sign changes of (9-91).
It should be noted that in the allowed range of x,,’s, G,, G,, and G; are
nonsingular. Computed values of x,, as a function of Bya for different HEM  ,
modes are shown in Figure 9-9 for ¢, = 20 and in Figure 9-10 for ¢, = 38 [21]. It
should be noted that for a given mn mode the values of x,,, are nonconstant and
vary as a function of the radius of the rod. This is in constrast to the circular
waveguide with conducting walls whose x,,, or x.,,, values in Tables 9-1 and 9-2
are constant for a given mode.

Once the values of x,,, for a given mode have been found, the corresponding
values of { = B,a can be computed using (9-91d). When this is done for a dielectric
rod waveguide of polystyrene (&, = 2.56), the values of 8,/8, for the HE,, mode as
a function of the radius of the rod are shown in Figure 9-11 [10]. It is apparent that
the HE,; mode does not possess a cutoff. In the same figure the values of 8,/8, for
the axially symmetric TE;, and TM; surface wave modes, which possess a finite
cutoff, are also displayed. Although in principle the HE,, mode has zero cutoff, the
rate of attenuation the fields outside the slab exhibit decreases as the radius of the
rod becomes smaller and the wavenumber B, approaches B,. Thus for small radii
the fields outside the rod extend to large distances and are said to be loosely bound
to the surface. Practically then a minimum radius rod is usually utilized which
results in a small but finite cutoff {22]. For the larger dielectric constant material, the
fields outside the dielectric waveguide are more tightly bound to the surface since
larger values of B, translate to larger values of the attenuation coefficient o)
through (9-83g).

Typical field patterns in the central core for the HE,;, TE,, TM,, HE,,,
EH,,, and HE,; modes, are shown in Figure 9-12 [23]. Both E- and H-field lines are
displayed over the cross section of the central core and over a cutaway a distance
A,/2 along its length. For all the plots, the ratio 7= x2/(x* + §*) = (B7)*/
[(BF)? + (a9)?] = 0.1.
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FIGURE 9-9 The first 13 eigen-
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(Source: D. Kajfez
and P. Guillon (Eds.),
Dielectric Resonators,
1986, Artech House,
Inc)

FIGURE 9-10 The first 13

eigenvalues of the di-

electric rod wave-
guide (&, = 38).
(Source: D. XKajfez

and P. Guillon (Eds.),
'Dielectric Resonators,
1986, Artech House,
Inc.)
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= FIGURE 9-11 Ratio of B8,/B,
L2 for first three
' surface-wave modes
on a polystyrene rod
11— (e, = 2.56). (Source:
R. E. Collin, Field
10 i | | 1 Theory of Guided
' 0.2 0.4 0.6 038 1.0 12 13 Waves, 1960, Mc-
2a/Ng Graw-Hill Book Co.)

For all modes the sum of x? + £2 should be a constant which will be a
function of the radius of the dielectric rod and its dielectric constant. Thus
according to (9-88b),

X2+ &= (,Boa)z(e, — 1) = constant (9-94)

For all modes, excluding the dominant HE,;, this constant should always be equal
to or greater than (2.4049)> = 5.7835; that is, excluding the HE;; mode,

V2= 2+ £2= (Bya)’(e, — 1) = (2.4049)° (9-94a)
or
2a 1 24049
P (9-94b)

The value of 2.4049 is used because one of the next higher-order modes is the TM
mode which, according to Table 9-2, is x,,, = Xo1 = 2.4049. For values of 2a/A,
smaller than that of (9-94b) only the dominant HE,, dipole mode exists as shown in
Figure 9-11.

For a dielectric rod waveguide the first 12 modes (actually first 20 modes if the
twofold degeneracy for the HE ,, or EH,,, is counted), in order of ascending cutoff
frequency, along with the vanishing Bessel function and its argument at cutoff, are
given:

Total
number of
propagating
Mode(s) J(Xmn) =0 Xmn modes
HE,, (HEM,;) Jix10) =0 x10=0 2
TEOI’TMOI?HEZX (HEM,)) Jo(xa) =0 xo = 2.4049 6
HE,, (HEM,;),EH,; (HEM,;), HE;; (HEM;))  Ji(x;1) =0 x;; = 3.8318 12
EH,, (HEMy,),HE,, (HEM,,) Jx2) =0 x5 = 51357 16

TEg,, TMy,, HE,, (HEM,;) Jo(X02) =0 Xgp = 5.5201 20
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According to (9-94a) a single dominant HE,; mode can be maintained within
the rod provided the normalized central core radius V < 2.4049. This can be
accomplished by making the radius a of the central core small and/or choosing,
between the central core and the cladding, a small dielectric constant ¢,. However,
the smaller the size of the central core, the smaller the rate of attenuation and the
less tightly the field outside it is attached to its surface. The normalized diameter
over which the e™! = 0.3679 = 36.79% field point outside the central core extends is
shown plotted in Figure 9-13 [16]. Although the fundamental HE,; mode does not
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(d)

fe) f)
FIGURE 9-12 (Continued).

cutoff as the core diameter shrinks, the fields spread out beyond the physical core
and become loosely bound.

Circular Dielectric Resonator

Dielectric resonators are unmetalized dielectric objects (spheres, disks, paral-
lelepipeds, etc.) of high dielectric constant (usually ceramic) and high quality fac-
tor Q that can function as energy storage devices. Dielectric resonators were first
introduced in 1939 by Richtmyer [24], but for almost 25 years his theoretical work
failed to generate a continuous and prolonged interest. However, the introduction in
the 1960s of material, such as rutile, of high dielectric constant (around 100)
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FIGURE 9-14 Circular dielectric resonator and its PMC modeling.
(a) Dielectric resonator. (5) PMC modeling.
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renewed the interest in dielectric resonators [25-30]. However, the poor temperature
stability of rutile resulted in large resonant frequency changes and prevented the
development of practical microwave components. In the 1970s low-loss and temper-
ature-stable ceramics, such as barium tetratitanate and (Zr-Sn)TiO, were introduced
and were used for the design of high performance microwave components such as
filters and oscillators. Because dielectric resonators are small, lightweight, tempera-
ture stable, high Q, and low cost, they are ideal for design and fabrication of
monolithic microwave integrated circuits (MMICs) and general semiconductor
devices. Such technology usually requires high Q miniature elements to design and
fabricate highly stable frequency oscillators and high performance narrowband
filters. Thus dielectric resonators have replaced traditional waveguide resonators,
especially in MIC applications, and implementations as high as 94 GHz have been
reported. The development of higher dielectric constant material (80 or higher) with
stable temperature and low-loss characteristics will have a significant impact on
MIC design using dielectric resonators.

In order for the dielectric resonator to function as a resonant cavity, the
dielectric constant of the material must be large (usually 30 or greater). Under those
conditions the dielectric—air interface acts almost as an open circuit which causes
internal reflections and results in the confinement of energy in the dielectric
material, thus creating a resonant structure. The plane wave reflection coefficient at
the dielectric—air interface is equal to

[Fo [ [E
— £y € € g, — 1 g, — large
F="0+"= - — = — _ e =41 (9-95)
Y L Y B e +1
£ £ &

and it approaches the value of +1 as the dielectric constant becomes very large.
Under these conditions the dielectric—air interface can be approximated by a
hypothetical perfect magnetic conductor (PMC) which requires that the tangential
components of the magnetic field (or normal components of the electric field) must
vanish (in contrast to the perfect electric conductor, PEC, which requires that the
tangential electric field components, or normal components of the magnetic field,
must vanish). This of course is a well known and widely used technique in solving
boundary-value electomagnetic problems. It is, however, a first order approxima-
tion, which usually leads to reasonable results. The magnetic wall model can be used
to analyze both the dielectric waveguide and dielectric resonant cavity. Improve-
ments to the magnetic wall approximation have been introduced and resulted in
improved data {31, 32].

Although the magnetic wall modeling may not lead to the most accurate data,
it will be demonstrated here because it is simple and instructive not only as a first
order approximation to this problem but also to other problems including antennas
(e.g., microstrip antenna). The geometry of the dielectric resonator is that of Figure
9-144a, whose surface is modeled with the PMC walls of Figure 9-145 which are
represented by the independent boundary conditions of

H(p=a,0<¢<27,0<z<h)=0 (9-96a)
H(0<p<a,0<¢<2mz=0=H(0<p<a,0<¢<2m,2z=h)=0
(9-96b)
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or
H(p=0a,0<¢<27,0<z<h)=0 (9-97a)
H(0<p<a,0<¢<27,z=0=H0<p<a,0<¢<2m,2z=h)=0
(9-97b)

Either of the preceding sets leads to the same results. Siace all the boundary
conditions of the first set involve only the H, component, they will be applied here.

A. TE’ MODES

The TE? modes can be constructed using the vector potential F, component of

(9-35), or
F(p,$,2) = ApyJ,(BD)[Cyc08 (mg) + D, sin(mg)]
X [Cycos (B,z) + Dysin(B,2)] (9-98)
where
m=0,1,2,... (9-98a)

The H, component is obtained using (6-80), or
1 1 3%, mB, 1
f a1

W lhgEg P

X[~ Cysin(B,z) + Dycos (B,2)] (9-99)

Hy=—j

- _ Y
*T T opgeg p 000z J..(Bé)[~C, sin (mé)+ D,cos (me)]

Applying (9-96a) leads to
Hy(p=a,0<¢<2m,0<z<h)

= ~jAmn mp; lJm(B:a)[—Czsin(m¢) + Dy cos (mg)]
wrp‘ded a :
x [~ Cysin(B,z) + Dycos(B,z)] = 0 = J,(Ba) = 0 = Bla = x,,
B = (XT’") (9-100)

where x,,, represents the zeroes of the Bessel function of order m, many of which
are found in Table 9-2. In a similar manner, the first boundary condition of (9-96b)
leads to

H(0<¢<a,0<¢<272z=0)

mp, 1 d .
ot ‘p‘Jm(Bpp)[_Cz sin (m¢) + D, cos (m¢)]

X[-G(0) + Dy(1)] =0= Dy =0 (9-100a)

- —jAmn
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while the second boundary condition of (9-96b) leads to

mp,
H(0<p<a,0<¢<2m z=h)=—jd,, (Bp)
rp'dedp

X [—C,sin(m¢) + D,cos (m¢)][~Cysin(B,h)] =0
= sin(B,h) =0 = B,h = pr

ki
B.=— pP=0L2... (9-100b)

Using (9-100) and (9-100b), the resonant frequency is obtained by applying
(9-4a) at resonance, that is,

Xmn\2 [ PTN?
B, = wyp.e, = 2ufpn, e, = \/( P ) + (7)

or

1 Xoun \2 pm\2 m=0,1,2,...
(£) mnp = \/( + —) n =1,273,... (9-101)
P 2mfpge, VA @ p=0,1,2,...

The dominant TEZ_ mode is the TE,, whose resonant frequency is equal to

mnp

2.4049
TE? Xot

= = 9-101a
(oo = 53— s 2malie, ( )

B. TM? MODES

The TM? modes are obtained using a similar procedure as for the TE® modes, but
starting with the vector potential of (9-41). Doing this leads to the resonant
frequency of

. m=20,1,2,...
Xoun P ) n=1.23... (9102)
p =123,...

TM™M?* =
(fr)mnp 2WW \/

where x/,, are the zeroes of the derivative of the Bessel function of order m, a
partial list of which is found on Table 9-1. The dominant TM;,, , mode is the TM{;,
mode whose resonant frequency is equal to

. 1 X \> (7 18412 7r 2
B = V) + (3 - ,f—\/ (5
TR 48y a h 2m/u e, h

(9-102a)
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A comparison of the resonant frequencies of (9-101) and (9-102) of the circular
dielectric resonator modeled by the PMC surface with those of (9-39a) and (9-45)
for the circular waveguide resonator with PEC surface, shows that the TEZ, ,of one
are the TM?  of the other, and vice versa.

mnp

C. TEy; MODE

Although the dominant mode of the circular dielectric resonator as predicted by the
PMC modeling is the TE,, mode (provided 4/a < 2.03), in practice the mode most
often used is the TE; s where 8 is a noninteger value less than 1. This mode can be
modeled using Figure 9-15. For resonators with PEC or PMC walls the third
subscript is always an integer (including zero), and it represents the number of
half-wavelength variations the field undergoes in the z direction. Since 8§ is a
noninteger and less than unity, the dielectric resonator field of a TE,, mode
undergoes less than one half-wavelength variation along its length 4. More accurate
modelings of the dielectric resonator [31, 33, 34] indicate that 8,k of (9-100b) is

ﬁzh=%+%3+p7r p=0,1,2,... (9-103)
where
«
e = tan"! | — coth (ayh;) (9-103a)
2 B,
a
% = tan~! [Ez coth(azhz)J (9-103b)
Xo \? 2
a = — | — Bsea (9-103¢)
a
Xo1 2 2
a = P B, (9-103d)

When p = 0 in (9-103), the mode is the TE,; where 8 is a noninteger less than
unity given by

1(d, ¥,

and it signifies the variations of the field between the ends of the dielectric resonator
at z = 0 and z = h. The preceding equations have been derived by modeling the
dielectric resonator as shown in Figure 9-15 where PEC plates have been placed at
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FIGURE 9-15 Modeling of circular dielectric rod resonator. (Source:
D. Kajfez and P. Guillon (Eds.), Dielectric Resonators,
1986, Artech House, Inc.)

z= —h,and z = h + hy [21]. The medium in regions 1-5 is usually taken to be air.
Thus the dielectric resonator has been sandwiched between two PEC plates each
placed at distances #, and h, from each of its ends. The distances 4, and %, can be
chosen to be 0 < Ay, h, < .

Example 9-5. Find the resonant TE;; mode and its resonant frequency when
the distances h; and h, of Figure 9-15 are zero, h; = h, = 0; that is, the
dielectric resonator has been sandwiched between two PEC plates, each plate
touching each of the ends of the dielectric resonator. Assume the resonator has
radius of 5.25 mm, height of 4.6 mm, and dielectric constant of ¢, = 38.

Solution. Since h; = h, = 0, then according to (9-103a) and (9-103b)
— = % =tan" ! (o0) = 5

Thus 8 of (9-104) is equal to

and the resonant TE,;; mode is the TE,,,. For this mode B.# is, according to
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(9-103) with p = 0, equal to

Bzh=7r=>ﬁz=

>3

Its resonant frequency is identical to (9-101) of the PMC modeling which
reduces to

2.4049 \? (W)z

TE® _ 1 T
(f)on = 2'”\/;‘75; \/( 4 ) + h

3% 10" [/ 2.4049
 2m/38 ( 5.25

2 . 2
+ (—) = 6.37 GHz
4.6

When compared to the exact value of 4.82 GHz for a dielectric resonator
immersed in free space, the preceding value is + 32% in error. A more accurate
result of 4.60 GHz (error of —4.8%) can be obtained using (9-103)—(9-104) by
placing the two PEC:s at infinity (A, = h, = o0); then the resonator is isolated
in free space.

Optical Fiber Cable

Optical communications, which initially started as a speculative research activity,
has evolved into a very practical technique which brings new dimensions to
miniaturization, data handling capabilities, and signal processing methods. This
success has been primarily attributed to the development of fiber optics cables,
which in 1970 exhibited attenuations of 20 dB/km and in the early 1980s have been
reduced to less than 1 dB/km. The development of suitable solid state diode sources
and detectors has certainly eliminated any remaining insurmountable technological
barriers and paved the way for widespread implementation of optical communica-
tion techniques for commercial and military applications. This technology has
spread to the development of integrated optics which provide even greater miniatur-
ization of optical systems, rigid alignment of optical components, and reduced space
and weight.

A fiber optics cable is a dielectric waveguide, usually of circular cross section,
that guides the electromagentic wave in discrete modes through internal reflections
whose incidence angle at the interface is equal to or greater than the critical angle.
The confinement of the energy within the dielectric strucure is described analytically
by Maxwell’s equations and the boundary conditions at dielectric—dielectric
boundaries, in contrast to the traditional metallic-dielectric boundaries in metallic
waveguides. Such analyses have already been discussed in Section 8.7 for planar
structures and Section 9.5.1 for circular geometries.

The most common geometries of fiber cables are those shown in Figure 9-16.
They are classified as step-index multimode, graded-index multimode, and single-mode
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step-index [14, 16]. Typical dimensions, index-of-refraction distributions, optical ray
paths, and pulse spreading by each type of cable are also illustrated in Figure 9-16.
Therefore fiber optics cables can be classified into two cases: single-mode and
multimode fibers.

Single-mode fibers permit wave propagation at a single resolvable angle
whereas multimode cables transmit waves that travel at many resolvable angles all
within the central core of the fiber. Both single- and multimode fibers are fabricated
with a central core of high index of refraction (dielectric constant) surrounded by a
cladding of lower index of refraction. The wave is guided in the core by total
internal reflection at the core-cladding interface. Single-mode cables usually have a
step-index where the diameter of the center core is very small (typically 2-16 um)
and not much larger than the wavelength of the wave it carries. Structurally they are
the simplest and exhibit abrupt index-of-refraction discontinuities along the core-
cladding interface. Usually the index of refraction of the central core is about 1.471
and that of the cladding is 1.457.

Step-index multimode cables also exhibt a well defined central core of con-
stant index of refraction surrounded by a cladding of lower index of refraction. In
contrast to the single-mode step-index the multimode step-index possesses a central
core whose diameter is about 25-150 pm. When the wavelength of light is of the
order of 10 pm (near infrared region) and the central core diameter is 100 pm, such
a cable can support as many as 25,000 modes (usually there are about 200 modes).
However, as the central core diameter approaches 10 um (one wavelength), the
number of modes is reduced to one and the cable becomes a single-mode fiber.
Because of its multimode field structure, such a cable is very dispersive and provides
severe signal distortion to waveforms with broad spectral frequency content. Typi-
cally the index of refraction of the central core is about 1.527 and that of the
cladding is about 1.517.

Graded-index multimode cables also possess a relatively large central core
(typical diameters of 20-150 um) whose index of refraction continuously decreases
from the core center toward the core-cladding interface at which point the core and
cladding indexes are identical. For this cable the waves are still contained within the
central core and they are continuously refocused toward the central axis of the core
by its continuous lensing action. The number of modes supported by such a cable is
usually about 2000, and such a multimode structure provides waveform distortion
especially to transient signals. All cables possess an outside cladding that adds
mechanical strength to the fiber, reduces scattering loss that is due to dielectric
discontinuities, and protects the guiding central core from absorbing surface con-
taminants that the cable may come in contact with.

For the graded-index multimode fiber the index of refraction n(p) [n(p)
= Ve, (p) ] of the central core exhibits a nearly parabolic variation in the radial
direction from the center of the core toward the cladding. This variation can be
represented by [16]

a—p

np)=n 1+A(—a—)a] 0O<p<a (9-105)

where n_.(p) = index of refraction of the central core (usually = 1.562 on axis)
n = index of refraction of the cladding (usually = 1.540)
a = radius of the central core
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A = parameter usually much less than unity (usually 0.01 < A < 0.02)
a = parameter whose value is close to 2 for maximum fiber bandwidth

It has been shown by Example 5-6 that for the dielectric—dielectric interface of the
fiber cable to internally reflect the waves of all incidence angles, the ratio of the
index of refraction of the central core at the interface to that of the cladding must
be equal to or greater than V2, that is, n(a)/n > V2. However this is not
necessary if the angles of incidence of the waves are not small.

The modes that can be supported by the step-index cable (either single mode
or multimode) can be found using techniques outlined in Section 9.5.1 for the
dielectric rod waveguide. These modes are, in general, HEM (HE or EH) hybrid
modes. The applicable equations are those of (9-81a) through (9-94b) where &,
should represent the square of the index-of-refraction ratio of the central core to
that of the cladding [i.e., €, = (n,/n)?]. The field configurations of the graded-index
cable can be analyzed in terms of Hermite-Gaussian functions [35]. Because of the
complexity, the analysis will not be presented here. The interested reader is referred
to the literature [11, 16].

Dielectric Covered Conducting Rod

Let us consider the field analysis of a dielectric covered conducting circular rod, as
shown in Figure 9-17 [36-38]. The radius of the conducting rod is a while that of

FIGURE 9-17 Geometry of dielectric covered conducting rod.
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the dielectric cover is b. The thickness of the dielectric sleeving is denoted by ¢
(t = b — a). When the radius of the conducting rod is small, the rod will be
representative of a dielectric covered wire. In this section we will consider the TM?
and TE? modes. An extended discussion of the modes with azimuthal symmetry, no
¢ variations, will be conducted.

A. TM* MODES

For the TM7,, modes, the fields in the radial direction inside the dielectric sleeving
must be represented by standing wave functions while those outside the dielectric
cover must be decaying in order for the rod to act as a waveguide. Therefore the
potential function A4, can be written as

a<p<b
Al = [Ame(deP) + Bme(dep)][Cfcos(m¢) + Dz"sin(mcp)]

X [Age—jﬁzz + B3de+jﬂzz] (9'1063)

b<p< o

A% = 4K, (a%p)[CPcos (me) + DY sin (mo)][ A% + Bl*#:2] (9-106b)

For the positive traveling waves of the lowest-order mode that possesses
azimuthal symmetry (m = 0), the vector potentials reduce to

a<p<bh
a? = [480,(Bo) + BIY,(Bip)] e (9-107)
where
2
(B)" + B2 = B3 = ,e.83 (9-107a)
and
bsp=<ow
A2 = A3Ko(alp) e P (9-108)
where

—(a®)* + B2 = B2 (9-108a)

P
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The corresponding electric and magnetic fields can be written as

a<psbh
1 aZAd ,B d
Ef=—j Lo 2P L adug(Be) + BEYy(Blo) e (9-10
p j‘*’ﬂdsd ap[‘)z “’Pdsd[ 0 O(Bpp) 0 O(Bpp)]e (9 9a)
E? - o4z 9-109b
¢ Jw,uded d¢dz B (®- )
1 (32 (84)*
Ed - —_ 2 Ad — ;NP Ad d, + dY d —jB.z
: wyded( 252 Bd) := =) wudfd[ 35 (B + BéYo(Bib)]e
(9-109¢)
H¢ 1104 (9-109d)
Fopap 39
d 1 aAj : dyr d, dvy s d, —jB,z
Hi=~——== — 22 [adsy(Bo) + BEYS(Blo)] e - (9-109%)
g dp Ka
Hi=0 (9-109f)
d
"= 9-109
a( 'dep) ( g)
b<p<m
1 924° a8
EY= —j Z = Pz ACK 0 —JB.z _
. J ohoee 399z wpges 0 O(app)e (9-110a)
£ 1 424"
= J‘*’P«ofo > 390z = (9-110b)
1 9?2 (a{o)2
EO - _ — 4+ 2 AO = + N PS40 0 —JB.z _
z Oloto ( 922 By ) z J wuosoAOKO(app)e (9-110c)
o 1104°
= —— = 9-110d
' Bop 99 ( )
1 94° a®
Hl= — ———= = — L2 AK{(alp)e P2 9-110
¢ ko 9p po ilee) (>-110¢)
H?=0 (9-110f)
) d
~ 3(a% (9-110g)
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The vanishing of the tangential electric fields at p = a and the continuity of
the tangential components of the electric and magnetic fields at p = b requires that

ENp=a,0<¢<2m,2)=0 (9-111a)
EXp=b0<¢<2m,2)=E%p=5b,0<¢ <27, z) (9-111b)
H(p=b,0<¢<2m,2)=HNp=b0<¢<27,z) (9111c)

Applying (9-111a) leads to

Il
<

A8Jy(Bla) + B{Y,(Bla) (9-112)

or

d
B¢ = —Ag% (9-112a)
o
whereas (9-111b) leads to
()

— 2 [ 4ds,(B7p) + BIY,(Bb)] = o)

A%K (% 9-113
W €y W€y 0 O(ap ) ( )

which by using (9-112a) can be written as

moeo (BT oy Ja(Bia)Yo(Bsb)
AgKo(agb)=—Ag_0_°(a_g) [Jo(ﬂpb)_ 0 Yo(Bpga) (9-113a)

The continuity of the tangential magnetic field at p = b, as stated by (9-111c),
leads to

d 0
_ N—:[ASJO/(IBde) + BYYy(B)] = - %AgK(;(agb) (9-114)

which by using (9-112a) can be written as

o B Jo(Bfa) vy (Bb)
A3K4(alb) =A‘é—ja—g[10'(ﬁ;‘b) - = ol B;a) (9-1142)
Dividing (9-114a) by (9-113a) leads to
Ko'(“gb) -l "‘_2 [JO'(deb)YO(de") _JO(dea)Yo'(deb)] (9-115a)
Ko(alb) e\ B ) [1o(Bb)Y,(Bla) ~ Jo(Ba) Yo( Bb)]
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Subtracting (9-108a) from (9-107a) leads to

(Bp"')2 + (%‘3)2 = Bi(pe, — 1) (9-115b)

which along with the transcendental equation 9-115a can be used to solve for B¢
and ag. This can be accomplished using graphical or numerical techniques similar to
the ones utilized in Section 8.7 for planar structures.

The technique outlined and implemented in Section 8.7 to solve the wave
numbers for planar dielectric waveguides is straightforward but complicated when
utilized to solve for the wave numbers B¢ and «) of (9-115a) and (9-115b). An
approximate solution can be used to solve (9-115a) and (9-115b) simultaneously
when the thickness of the dielectric cladding ¢ = b — a is small. Under these
conditions the Bessel functions JO(deb) and YO(,BP"b) can be expanded in a Taylor
series about the point B7a, that is

dJo( B7b)
To(B6) = Jo( Bfa) + — -2 Bi(b - a)
0 d(B87b) -
= Jo(Bla) - B (b — a)J,(Bfa) (9-116a)
dY,( Bib)
YO('Bodb) = YO(dea) + 0( ; ) de(b - a)
d ‘B:b Bb=pBla
= Y,(Bla) - BH(b — a)V,(Bla) (9-116b)
dJy(Bfe)
’ d = 0 (4
W) = e |,
dJ,( Bb
= —J(B) = —|J,(Bla) +71%(73%T) B2(b — a)
P Blb=pBga

I}

-[alae) + 510 - 0| o) - (o)

- le(/;:a)(l -

b—a

I

J3(B7b) ) + B4(b — a)JO(B:a)] (9-116¢)

Yy (Bb) = - LYl(Bp"a)(l - a) + Bi(b - a)YO(B:a)] (9-116d)
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Therefore the numerator and denominator of (9-115a) can be written, respectively,
as

Ji (Bib)Yo( Béa) - Jo(Béa) Vs (Bp)
= ~Yo(@:’a)[Jl(/s,:‘a)(l - —
+JO(Bp"’a)[Yl(dea)(l _

( - “*‘)[Jo Bla)Y,(Bla) - Yo(Bla) 1 (Bia)]  (9-117a)

Jo(Bs6) Yo(Ba) — Jo( Ba) Yo( B)
= Yo(Ba)[Jo(Ba) — B(b — a) (Ba)]

a) + BA(b - a)JO(dea)]

a) + Bi(b — a)YO(Bja)}

~Jo( Bia)[ Yo(Bla) - BI(b ~ a)Vy(Bla)]
= B(b — a)[ Jo(Bia) v,(Bla) ~ Yo(Ba)s(B2a)] (9-117b)

Substituting (9-117a) and (9-117b) into (9-115a) leads to

; b—a ; b—a
Ko’(agb) & ao I Rz al T T4 (9-118)
Kol adb & Bi(b - a) £ (de)2 b—

For small values of a (i.e., a < A,) the attenuation constant a is of the same
order of magnitude as B, and the wave is loosely bound to the surface so that a"b is
small for small values of b — a. Under these conditions

, _dKy(ado)| 1
k4(al) ) T ~K,(al) = " b (9-119a)
Ko(a%) = —In(0.89a%) (9-119b)

so that (9-118) reduces for e, = ¢,¢, to

b—-a

1 0 21 -
a
bin(0.89a%) (Bd) b-a

(B4)'(b - a) = —e,b( 2 )(ag)zln (0.89a%) (9-120)
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Substituting (9-115b) into (9-120) for (B8)* leads for t = b —a < a to

or

[/302(8, -1) - (ag)z](b —a) = —e,b(l - b—;—a)(ag)zln (0.89a%) (9-121)

e,b(a0)" 1n (0.89a%) = [~B3(e, — 1) + (a0)(6—a) | (9-1212)

Example 9-6. A perfectly conducting wire of radius a = 0.09 cm is covered
with a dielectric sleeving of polystyrene (&, = 2.56) of radius b = 0.10 cm. At
a frequency of 9.55 GHz, determine the attenuation constants o), 8., and ,de
and the relative field strength at p = 2A, compared to that at the outside
surface of the dielectric sleeving (p = b).

Solution. At f= 9.55 GHz,

30 x 10° 27
A0= 9—ng—10—9 = 31414Cm=BO= A_O =2rad/Cm
\ A, 3.1414 o634 27 27 39 rad
‘= e T Vise " om = By =3 = Tgeq — ETad/em

Since the thickness ¢ of the dielectric sleeving is much smaller than the
wavelength,

t=b-a=010-009=001lcm <A,=1.9634cm < A, =3.1414cm

then the approximate relation of (9-121a) is applicable. Using an iterative
procedure, it can be shown that

al = 0.252 Np/cm

is a solution to (9-121a). Using (9-108a),

B.= B2+ ()’ = (2)* + (0.252)* = y4.0635 = 2.0158 rad/cm

and B¢ is found using (9-107a) as

B =B:- B2 = J(32)* — (2.0158)* = V6.1765 = 2.485 rad/em
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The field outside the sleeving is of decaying form represented by the
modified Bessel function Ky(alp) of (9-108). Thus

E(p=2),) E(p=2mcm) K,(p = 27 cm)
E(p=b) E(p=010cm) K,(p = 0.10 cm)

—-a
Coe™ %

0
%P | pem  0.1631

ot 61426

= 0.0266 = 2.66%

0

a,p

p=0.10 cm

Therefore at a distance of p = 2A, the relative field has been reduced to a very
small value; at points further away, the field intensity is even smaller.

For the dielectric covered wire and the dielectric rod waveguide, we can define
an effective radius as the radial distance at which point and beyond the relative field
intensity is of very low value. If we use the 2.66% value of Example 9-6 as the field
value with which we can define the effective radius, then the effective radius for the
wire of Example 9-6 is a, = 2\, = 27 cm.

The rate of attenuation ag can be increased and the wave can be made more
tightly bound to the surface by increasing the dielectric constant and/or thickness
of the dielectric sleeving. This, however, results in greater attenuation and larger
losses of the wave along the direction of wave travel (axis of the wire) because of the
greater field concentration near the conducting boundary.

B. TE* MODES

Following a procedure similar to that used for the TMZ,, modes, it can be shown
that for the dielectric covered conducting rod of Figure 9-17 the TE?,, positive
traveling waves of the lowest-order mode also possess azimuthal symmetry (no ¢
variations, m = 0) and the vector potential can be written as

aspsbh
Fé = [485,(Bio) + BEY,(Bo)] e~ (9-122)
where
(B)" + B2 = B2 = ,e,82 (9-122a)
b<p< o

F? = A3K,(alp) e (9-123)
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(9-123a)

Leaving the details for the reader as an end of chapter exercise, the equations
for the TEZ, modes corresponding to (9-113a), (9-114a), (9-115a), (9-115b), and

(9-121a) for the TM§, modes, are given by

dap

o B J’(,dea)Y’(B:b)
AR (o) = Azf—o[""(" ) )

|

Kq(agb) ud(aﬂ) [ 5 () Ys (8fa) — %

Koia2b5 - _;; B_: [JO(deb)Yo’(ﬂpda) —Jol(

2

(B4)" + (a2)” = B2(p,e, — 1)

w,b(b—a)(a?)’ 1n(0.89a%) = 1
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PROBLEMS

9.1.

9.2.

Design a circular waveguide filled with a lossless dielectric medium whose relative
permeability is unity. The waveguide must operate in a single dominant mode over a
bandwidth of 1.5 GHz. Assume that the radius of the guide is 1.12 cm.

(a) Find the dielectric constant of the medium that must fill the cavity to meet the
desired design specifications.
(b) Find the lower and upper frequencies of operation.

An air-filled circular waveguide of radius a has a conducting baffle placed along its
length at ¢ = 0 extending from p = 0 to a, as shown in Figure P9-2. For TE®
modes, derive simplified expressions for the vector potential component, the electric
and magnetic fields, and the cutoff frequencies, eigenvalues, phase constant along
the axis of the guide, guide wavelength, and wave impedance.

Also determine the following.

(a) The cutoff frequencies of the three lowest-order propagating modes in order of
ascending cutoff frequency when the radius of the cylinder is 1 cm.

(b) The wave impedance and guide wavelength (in cm) for the lowest-order mode at
f =15 f, where f, is the cutoff frequency of the lowest-order mode.

Hint:

Jia(x) =0 for x =1.1655,4.6042
J(x) =0 for x = 2.4605,6.0293

Jn(x) =0 forx = 3.6328

FIGURE P9-2
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9.3. Repeat Problem 9.2 for TM? modes.
Hinz:
Ji1,(x) =0 for x = 3.1416,6.2832
Ji0(x) =0 forx =4.4934
Js2(x) =0 forx = 5.7635
9.4. The cross section of a cylindrical waveguide is a half circle, as shown in Figure P9-4.

Derive simplified expressions for the vector potential component, electric and
magnetic fields, eigenvalues, and cutoff frequencies for TE* modes and TM? modes.

FIGURE P9-4

9.5. Repeat Problem 9.4 for the waveguide cross section of Figure P9-5.

FIGU