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Pontryagin’s Principle

 Before diving headlong into the derivation of Kappa guidance, it is prudent to discuss the 
Pontryagin Principle

 This means of optimization was developed by Lev Pontryagin and his students 
 Developed in Russia in the mid 1950s, with the name “Pontryagin’s Maximum Principle”
 This optimization method was not well known outside of scholarly circles in the USA for 

decades after its development due to the ongoing cold war between the Russia and the 
USA

 The Euler-Lagrange equation is a special case of the Pontryagin Principle

 Core principles
 Uses the Hamiltonian and Lagrangian of the system, in conjunction with costates to 

determine an optimal control (can be minimized or maximized)
 There are as many as 5 conditions for the Pontryagin Principle to optimize a system

 All 5 conditions may not be necessary
 We’ll discuss the conditions and then use the Pontryagin Principle to develop Kappa 

guidance

gfb-2



Copyright © 2015 by Lockheed Martin Corporation

Pontryagin Parameters

 The Pontryagin Principle can be used for problems far more complicated than the one we’re 
about to tackle. We wont use all these parameters, but they are provided in the table for 
completeness

 The general case also requires a number of Lagrangian multipliers
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Symbol Parameter
t Independent variable 

x State vector 

u Control variable 

e(xf, tf) Endpoint equality constraint vector 

E(xf, tf) Endpoint cost (Mayer cost) vector 

N(x, t) Interior equality constraint vector 

C(x, u, tf) Control variable equality constraint 

Symbol Parameter
Endpoint constraint covector 

Control constraint covector 

Interior constraint covector 

The  and   symbols 
indicate the parameters 
needed to derive the 
original kappa guidance 
law
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Conditions of the Pontryagin Principle 

  
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Conditions of the Pontryagin Principle 

  
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Using the Pontryagin Principle

 Some care must be used when using the Pontryagin Principle 
 Improper problem set-up is often an issue
 Proper characterization of the problem is key

 Now that some background has been given, the kappa guidance law will be derived using the 
Pontryagin Principle

 Further reading on the subject of optimization and the Pontryagin Principle is readily 
available. Two suggested books are
 Ross, I. Michael. A Primer on Pontryagin’s Principle in Optimal Control. 2009
 Bryson and Ho. Applied Optimal Control. Taylor & Francis, 1975
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  
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Traditional Assumptions Used in Guidance Law Optimization Theory Become Poorer 
as the Path Length of the Trajectory Increases
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Optimization Hurdles

  
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Back to Basics

 In order to properly set up this problem given that missile speed is NOT considered constant, 
one goes back to basics

  
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Removal of the Speed Dependency

  
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V

Missile path 

 

The Concept of Optimizing Curvature Vice Acceleration Commands is Why the 
Guidance Law is Called Kappa Guidance
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Removal of the Time Dependency

  
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Summary of State Variables

  

Parameter Traditional Method Efficient Method

Independent Variable

Control

State Variables

Auxiliary State Variables
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Kappa Guidance

 Let’s return back to the problem at hand – Kappa guidance

 Kappa guidance is an attempt to consider the zero-lift drag on a projectile as it is guided along 
a path to a specified intercept point

 Kappa guidance was developed at RCA in Moorestown, NJ in the mid 1970s
 It has since been implemented in numerous tactical missile systems
 It has been analyzed, discussed and evaluated in open literature since its initial 

publication in open literature (Chin-Fang Lin, Modern Navigation Guidance and Control 
Processing, Prentice-Hall, 1991)

 Kappa guidance is most simply (and was originally ) derived using the Pontryagin Principle 
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Defining the Geometry

 The figure to the right shows the missile’s 
relationship to its intended intercept point as 
well as angular definitions and accelerations 
acting upon the missile

 The necessary geometric definitions are 
provided
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State Equations of Motion

  
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A Brief Recap

  

gfb-18



Copyright © 2015 by Lockheed Martin Corporation

What is the Magnitude of b?

  
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Term Rationale
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Describing the Change in Speed

  
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Setting Up the Pontryagin Equations

  
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The Differential Equation for the 
Optimal Trajectory

  
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Solution to the Differential Equation

  
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The Conventional Form of Kappa 
Guidance

  
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Kappa Guidance Gains

  
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Kappa Guidance Gains, Illustrated
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The guidance law increases the 
importance of the trajectory shaping 
as the missile approaches intercept
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The Kappa Guidance Trajectory

  
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